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Abstract. This paper presents a 1-2 suppliers-retailers model with delayed bounded rationality. The retailers have
their own products, and their products aren’t manufacturer’s products’ substitutes, products are epiphytic relationship. The phenomenon of chaos and other complex phenomena are reported using stability region,bifu 1rcation,attractors etc. We also introduce delayed decision into the model, study the influence of delayed decision on the
stability of the model. The results show that the system’s stability is mainly determined by the delay coefficient, appropriate delay coefficient can enhance the stability of the system, the inappropriate delay coefficient will reduce the
stability of the system. In addition, we cannot simply think that more merchants adopt delayed decision can improve
the stability of the system.
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1. Introduction
Puu[1] first discovered bifurcation and chaos exist in Duopoly Cournot model.Bischi[2] and others introduced the bounded rationality into Cournot duopoly game model with linear cost for the first time. The
dynamic behavior of Bowley model under bounded rationality is studied by Agiza[3]. Since then, incomplete
information has been introduced into the classic Cournot Oligopoly game model.The oligopoly enterprises
are no longer the same type of decision makers, but also different type of decision makers. Literature [4-7]
studied different types of heterogeneous duopoly game model, discussed the existence conditions and stability conditions of bounded equilibrium point and Nash equilibrium point.The complex dynamical behavior of
the system is proved by numerical simulation of bifurcation, chaos, singular attractor and sensitivity, depending on initial conditions. The document [4] is the study of linear demand function and linear cost function,
Cournot model with bounded rationality and complete rationality; literature [5] is the study of linear demand
function and nonlinear cost function, double oligopoly game model of limited rationality and complete rationality; literature[6]is the study of nonlinear the demand function and linear cost function, Cournot model
with bounded rationality and complete rationality; literature [7] is the study of linear demand function and
asymmetric cost function, Cournot model with bounded rationality and complete rationality of the literature.
Literature [8-9] studied a totally heterogeneous three oligopoly game model, analyzed the complex dynamic
characteristics of the model. The difference is that the literature [8] is studied under linear cost functions,
while the literature [9] is studied under nonlinear cost functions.Yao[10-11] improved the bounded rationality dynamic Cournot model, which were introduced into the advertising market and the financial field respectively, and analyzed the evolution process of the improved model.
Oligopoly competition between enterprises on the one hand is the production competition, on the other
hand is the price competition. The earliest research on the price competition between the oligarch enterprises
model is put forward by Bertrand in 1883[12].In document [13], a bounded rational duopoly Bert Rand model is proposed, and the dynamic characteristics of the model are analyzed.Ma[14] considered the macroeconomic model of money supply with time delays, discussed the effect of delay variation on system stability
and Hopf bifurcation.literature[15] studied the Cournot-Bertrand duopoly model, analyzed the stability of the
fixed points, and recognized the chaotic behavior of the system.The [16] manufacturers to use the delayed
bounded rationality hypothesis establishes dynamic game model of the market based on the theoretical analysis. The application of the complicated systematic complexity of the state system. Our Fengshan [17] improved three oligopoly price game model, restricting the production cost function using the limited resource
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condition, study the influence on the time delay changes the dynamic characteristics of the system such
as.Ahmed[18]on a dynamic product differentiation Bertrand duopoly game model based on the gradient adjustment mechanism take the limited rationality of the model in the enterprise update each cycle of price.

2. The one master-two slaves price game model
2.1 Assumptions
The following assumptions are made to develop our model in this paper.
(1) There are one manufacturer and two retailers(1 and 2) . Manufacturer is a master,has negative effects on Retailers.Retailers can’t affect manufacturer.
(2) Retailers can Product their products,which are substitutes,with manufacturer’s products are epiphytic relationship.
(3) Both the demand functions and the cost functions are linear, and the price is used as the decision objective.
(4) Three businessmen are bounded rationality.

2.2 symbol description
pi (t ), i  1, 2,3 said the business i ‘s product price in the t period;
Qi (t ) said in the t period,the demand of the market for the business i ’s products;
ai said when the price is zero, the the biggest market demand for the product i ;

bi is the own price sensitive coefficient of Qi (t ) ;
d said the price sensitive factor of two ratailers’influence each other;
k said the adverse impact of manufacturer cause on retailers;
ci said the marginal cost of business i ;
i (t ) said the profit of business i .
2.3 The model
According to the actual situation, and refer to scholars’ previous research [19-20].Each business's demand function
can be written :

Q1 (t )  a1  b1 p1 (t )
Q2 (t )  a2  b2 p2 (t )  dp3 (t )  kp1 (t )

(1)

Q3 (t )  a3  b3 p3 (t )  dp2 (t )  kp1 (t )
where

ai , bi , d , k are positive constant. b2 , b3  d ,that is, the impact of the price of the product itself on the demand

is greater than the impact of the substitute goods.
Each business's cost function can be written:

Ci (t )  ciQi (t ), i  1, 2,3

(2)

 i (t )  pi (t )Qi (t )  Ci (t )  Qi (t )  pi (t )  ci  , i  1, 2,3

(3)

The profit of business i can be written:

According to the hypothesis, the dynamic price adjustment mechanism for each merchant is as follows:

pi (t  1)  pi (t )   i pi (t )

 i (t )
, i  1, 2,3.
pi (t )

(4)

where  i is coefficient that capture the speed at which business i adjust its price according to the consequent marginal change in its profit, respectively.
Each business's marginal profit can be written:
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1 (t )
 a1  2b1 p1 (t )  b1c1
p1 (t )
 2 (t )
 a2  2b2 p2 (t )  dp3 (t )  kp1 (t )  b2c2
p2 (t )

(5)

 3 (t )
 a3  2b3 p3 (t )  dp2 (t )  kp1 (t )  b3c3
p3 (t )
we can get the one master-two slaves price game model by substituting (5) into (4):

 p1 (t  1)  p1 (t )  1 p1 (t )  a1  2b1 p1 (t )  b1c1 

 p2 (t  1)  p2 (t )   2 p2 (t )  a2  2b2 p2 (t )  dp3 (t )  kp1 (t )  b2c2 

 p3 (t  1)  p3 (t )   3 p3 (t )  a3  2b3 p3 (t )  dp2 (t )  kp1 (t )  b3c3 

(6)

2.4 Equilibrium point and stability analysis of the model
In order to study the stability of dynamical systems (6), according to the definitions of fixed points, let

pi (t  1)  pi (t ) ,We can get the eight fixed points as follows:

 a b c
 a bc


a b c 
E1   0, 0, 0  , E2   0, 0, 3 3 3  , E3   0, 2 2 2 , 0  , E4   1 1 1 , 0, 0  ,
2b2
2b3 

 2b1



 2a b  2b2b3c2  a 3 d  b3c3d 2a3b2  2b2b3c2  a 2 d  b2c2 d 
E5   0, 2 3
,
,
4b2b3  d 2
4b2b3  d 2


 a bc
2a b  2b1b3c3  a1k  b1c1k 
E6   1 1 1 , 0, 3 1
,
4b1b3
 2b1

 a  b c 2a b  2b1b2c2  a1k  b1c1k 
E7   1 1 1 , 2 1
,0 ,
4b1b2
 2b1


E *   p1* , p2* , p3* 
Where

p1* 

a1  b1c1
2b1

p2* 

4a2b1b3  4b1b2b3c2  2a3b1d  2b1b3c3d  k  2b3  d  a1  b1c1 
8b1b2b3  2b1d 2

p3* 

4a3b1b2  4b1b2b3c3  2a2b1d  2b1b2c2 d  k  2b2  d  a1  b1c1 
8b1b2b3  2b1d 2

According to the literature of Li[21], E1 , E2 ,

, E7 are the unstable bounded equilibrium point, only the Nash

*

equilibrium point E has the economic meaning when

 p1*  0
 *
 p2  0
 *
 p3  0
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The local stability of each equilibrium point is studied below,the Jacobian matrix of System (6) at point

( p1, , p2 , p3 ) is needed:

0
1  1  a1  4b1 p1  b1c1 

J 
 2 kp2
1   2  a2  4b2 p2  dp3  kp1  b2c2 

 3kp3
 3dp3
0


 2 dp2

1   3  a3  4b3 p3  dp2  kp1  b3c3  

(8)

The stability of each equilibrium point can be investigated by the eigenvalues of the characteristic polynomial of
its Jacobian matrix.
The Jacobian matrix of E1 is

0
0
1  1  a1  b1c1 



J ( E1 )  J (0, 0, 0)  
0
1   2  a2  b2c2 
0


0
0
1   3  a3  b3c3  
Easy to get its eigenvalues are i  1   i  ai  bi ci  , Obviously, i  1 i  1, 2,3 , so E1 is an unstable equilibrium point. Similarly, the above seven bounded equilibria are unstable.

The local stability of Nash equilibrium point E* is studied below.the Jacobian matrix of the E* is

1  21b1 p1*

0
0


*
*
*
*
J ( E )    2 kp2
1  2 2b2 p2
 2 dp2 
  3 kp3*
 3dp3*
1  2 3b3 p3* 

By calculating, we know that its characteristic polynomial is p( )   3  A 2  B  C
Where A  21b1 p1*  2 2b2 p2*  2 3b3 p3*  3

B   21b1 p1*  1 2 2b2 p2*  2 3b3 p3*  2    2 2b2 p2*  1 2 3b3 p3*  1   2 3d 2 p2* p3*

C   21b1 p1*  1 2 2b2 p2*  1 2 3b3 p3*  1   2 3d 2 p2* p3*  21b1 p1*  1

According to the Jury conditions, the necessary and sufficient condition of the local stability of Nash
equilibrium point should satisfy the following conditions:

1  A  B  C  0
1  A  B  C  0

C 1

 B  AC  1  C 2


(9)

The above (9) formula is the stability condition for Nash equilibrium. Because of its complexity, we
give numerical simulation analysis.

2.5 numerical simulation analysis
For the sake of convenience, consider the actual market competition,we assign some values to parameter:

a1  6, a2  5, a3  4.5, b1  0.5, b2  0.4, b3  0.5, c1  0.3, c2  0.35,

c3  0.25, d  0.2, k  0.5, p1  0   6, p2  0   2, p3  0   1.5

(10)
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It is obvious that, the parameters satisfy (7), which is no business will exit the market.Right now,
E =(6.15,3.125, 2.175) .
According to (9), we can get 3-dimensional stability region of the Nash equilibrium point (see Fig.1).A
two-dimensional stable domain can be obtained by projecting the 3D stable domain to each plane.
*

Fig. 1: 3-dimensional stability region of the Nash equilibrium point in the space 1 ,  2 ,  3  .

When  2  0.5 ,  3  0.5 ,figure 2 shows the price bifurcation diagram of the system with 1 .
Similarly, figures 3 and 4 show the price bifurcation diagram of the system with  2 ,  3 respectively. We
can see that p2 with p3 have similar evolutionary trajectory, but p1 always remain the same. The reason is that
we assume that retailer 1 and retailer 2 have no effect on the price setting of the manufacturer.

Fig. 2: Bifurcation diagram of price with respect to
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Fig. 3: Bifurcation diagram of price with respect to

2

when

1  0.3, 3  0.5

Fig. 4: Bifurcation diagram of price with respect to

3

when

1  0.3, 2  0.5

Figure 5,6,7show that the singular attractors of the system when 1

 0.45,  2  0.4,3  0.4 .
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Fig. 5:Strange attractor in

 p1 , p2 , p3 

Fig. 6: Strange attractor in
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 p1 , p2 

space when

plane when

1  0.45,  2  0.4,3  0.4

1  0.45,  2  0.4,3  0.4
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 p2 , p3  plane when 1  0.45,2  0.4,3  0.4

Fig. 8: Sensitive dependence on initial conditions for system (6)

Fig. 8 is to verify that the system (6) is sensitive to initial conditions.The initial value of the red curve in
the diagram is ( p1 (0), p2 (0), p3 (0))  (6.0, 2.0,1.5) ,the blue curve in the diagram is

( p1 (0), p2 (0), p3 (0))  (6.0001, 2.0,1.5) .we can see that subtle changes in initial prices can have a major
impact on the outcome.

3. delaying bounded rationality price game model
3.1 The model
the pi (t  1) in period t  1 is always adjusted based on the previous price pi (t ) .Sometimes considered pi (t  1) , pi (t  2) , pi (t  3) and so on.The price adjustment strategy is stated as follows:

 i ( p D )
pi (t  1)  pi (t )   i pi (t )
, i  1, 2,3
piD

(11)
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Where p D  p1D , p2D ,

, pTD  ， Pi D   wi pi (t  l ) ， wl  0,  wl  1 ， l  0,1,
T

T

l 0

l 0

,T .

For simplicity, let T  1 ,That is, when the merchant determines the product price of the t  1 period, it
will consider the marginal profits of the t period and the t  1 period, The discrete systems as follows:

 p1 (t  1)  p1 (t )  1 p1 (t ) a1  2b1  (1  w1 ) p1 (t )  w1 p1 (t  1)   b1c1

 p2 (t  1)  p2 (t )   2 p2 (t ) a2  2b2  (1  w2 ) p2 (t )  w2 p2 (t  1)  

d  (1  w2 ) p3 (t )  w2 p3 (t  1)   k  (1  w2 ) p1 (t )  w2 p1 (t  1)   b2c2  (12)


 p3 (t  1)  p3 (t )   3 p3 (t ) a3  2b3  (1  w3 ) p3 (t )  w3 p3 (t  1)  

d  (1  w3 ) p2 (t )  w3 p2 (t  1)   k  (1  w3 ) p1 (t )  w3 p1 (t  1)   b3c3 


When wi  0 ,the system (12) is the system (6).
In order to facilitate the study, the system (12) is changed into the following six-dimensional system:

ui (t  1)  pi (t ) (i  1, 2,3)

 p1 (t  1)  p1 (t )  1 p1 (t ) a1  2b1  (1  w1 ) p1 (t )  w1u1 (t )   b1c1

 p2 (t  1)  p2 (t )   2 p2 (t ) a2  2b2  (1  w2 ) p2 (t )  w2u2 (t )  

d  (1  w2 ) p3 (t )  w2u3 (t )   k  (1  w2 ) p1 (t )  w2u1 (t )   b2c2 


 p3 (t  1)  p3 (t )   3 p3 (t ) a3  2b3  (1  w3 ) p3 (t )  w3u3 (t ) 

d  (1  w3 ) p2 (t )  w3u2 (t )   k  (1  w3 ) p1 (t )  w3u1 (t )   b3c3 


(13)

3.2 numerical simulation analysis
Let  2  3  0.5, w2  w3  0 ,Figure 9-Figure 12 show the price bifurcation diagram of the system
with 1 when w1  0.1,0.2,0.4,0.7 respectively. As compared with figure 2( w1  0 ), we can see that in figure 9- Figure 11, the range of  1 that makes the system stable is increased, but in figure 12,the range of  1
that makes the system stable is reduced. It’s easy to get that when w1 has other values, we will get a similar
result. So, we can get the conclusion: an appropriate delay weighting factor can enhance the stability of the
system; an inappropriate delay weight factor will reduce the stability of the system.

JIC email for contribution: editor@jic.org.uk

Journal of Information and Computing Science, Vol. 13(2018) No. 2, pp 100-116

109

Fig. 9: Bifurcation diagram of price with respect to

1

with delay

Fig. 10: Bifurcation diagram of price with respect to

1

with delay w1  0.2, w2  w3  0

w1  0.1, w2  w3  0
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Fig. 11: Bifurcation diagram of price with respect to

1

with delay w1  0.4, w2  w3  0

Fig. 12: Bifurcation diagram of price with respect to

1

with delay

w1  0.7, w2  w3  0

Let 1  0.45,  2  3  0.5 ,At this point the system is unstable,that’s because  1 beyonds the stability
domain.figure 13 shows the price bifurcation diagram of the system with w1 when w2  w3  0 .As we can see
from the diagram, an appropriate delay coefficient, w1 , increases the system from chaos to stability and then
to chaos.figure 14 shows the price bifurcation diagram of the system with wi ,It has the same trajectory as
figure 13.This means that even more businesses adopt delayed decision, and no further enhance stability.
Figure 15 shows a three dimensional singular attractor of a system approaching its Nash equilibrium point
when w1  0.25, w2  w3  0 .Compare Figure 15 (with delay) with figure 5 (without delay), again, it is
proved that the proper delay coefficient will enhance the stability of the system.
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Fig. 13: Bifurcation diagram of price with respect to w1 when

Fig. 14:Bifurcation diagram of price with respect to

w2  w3  0

wi (i  1, 2,3)
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Fig. 15: Three-dimensional strange attractors when

w1  0.25, w2  w3  0

Let 1  0.3,  2  3  0.9 ,at this time,  1 is in the stable domain,  2 ,  3 beyond the stability domain.
Figures 16 and 17 show only the price bifurcation diagram of retailer 1 or only retailer 2 use delayed decision. Figure 18 shows the price bifurcation diagram when two retailers all use delayed decision.At this point,
more businesses adopt delayed decisions that will enhance system stability. Figure 19 shows the price bifurcation diagram of the system with wi (i  1, 2,3) ,it has the same trajectory as figure 18.At this point, the stability of the system has not been further enhanced. Therefore, it cannot be said that more businesses using
delayed decision-making will make the stability of the system increase.

Fig. 16: Bifurcation diagram of price with respect to w2 when w1  w3  0
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Fig. 17: Bifurcation diagram of price with respect to w3 when w1  w2  0

Fig. 18: Bifurcation diagram of price with respect to w2 and w3 when w1

0
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Fig. 19: Bifurcation diagram of price with respect to

wi (i  1, 2,3)

Let 1  0.3,  2  3  0.5 ,the system is stable.figure 20 shows the price bifurcation diagram of the
system with wi (i  1, 2,3) .the system from stability to chaos with the bigger of wi .Figure 21 shows threedimensional strange attractors with wi  0.56 .This further proves that the delay decision does not necessarily increase the stability of the system, and the stability is mainly determined by the size of the delay coefficient.

Fig. 20: Bifurcation diagram of price with respect to
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wi  0.56

4. Conclusions
This paper established a one master-two slaves price game model with bounded rationality, the stability
of the model is analyzed. And the decision delay into the model, and analyses its influence on the stability of
the model. The results showed that the appropriate delay coefficient can enhance the stability of the system;
delay coefficient of inappropriate will reduce the stability of the system moreover, the system stability is
mainly determined by the delay coefficient. In addition, not simply that more businesses with delayed decision can improve the stability of the system.

5. Acknowledgements
This research is partially supported by the National Nature Science Foundation of China (71271103,
71371087).The authors are grateful to the reviewers for their helpful comments and valuable suggestions.

6. References
［1］. Puu T. The chaotic duopolies revisited. Journal of Economic Behavior and Organization, 1998, 33(3): 385-394
［2］. Bischi G I, Naimzada A. Global analysis of a dynamic duopoly game with bounded rationality. Adances in
Dynamics Games and Application, Basel: Birkhouser, 1999, 361-385
［3］. Agiza H N, Hegazi A S, Elsadany A A. The dynamics of Bowley’s model with bounded rationality. Chaos,
Solitons &Fractals, 2001, 12: 1705—1717
［4］. Agiza H N, Elsadany A A. Chaotic dynamic in nonlinear duopoly game with heterogeneous players. Applied
Mathematics and Computation, 2004, 149: 843-860
［5］. Tomasz D T. Nonlinear dynamics in a heterogeneous duopoly game with adjusting players and diseconomies
of scale. Commun Nonlinear Sci Numer Simulat, 2011, 16: 296-308
［6］. Fabio T. Heterogeneous duopoly with isoelastic demand function. Economic Modelling, 2010, 27: 350-357
［7］. Jixiang Zhang,Qingli Da,Yanhua Wang.Analysis of bounded rational Game Model in oligopoly Market[J].Chinese Management Science,2006,14(5), 109-113
［8］. Elabbasy E M, Agiza H N, Elsdany A A. The dynamics of triopoly game with heterogeneous players. Internatioinal Journal of Nonlinear Science, 2007, 3: 83-90
［9］. Elabbasy E M, Agiza H N, Elsdany A A. Analysis of nonlinear triopoly game with heterogeneous players.
Computers and Mathematics with Applications, 2009, 57: 488-499
［10］. Hongxing Yao,Feng Xu.Complexity Analysis of the Game Model of duopoly Limited rational Advertising
Competition[J].Theory and Practice of System Engineering,2005(12):32-37
［11］. Hongxing Yao,Chengyao Wu,Xinzhi Liu.Analysis and Control of a Financial Cournot chaotic Model[J].Theory and Practice of System Engineering,2007(5):55-62
JIC email for subscription: publishing@WAU.org.uk

116

Liu Geng：Research on the complex features about Stackelberg game model with retailers have dual identities

［12］. Bertrand J. Revue de la thórie de la recherche sociale et des recherches sur les principes math’ematiques de la
thématiques de la th’eorie des rechesses. J des Savants, 1883, 499-508
［13］. Zhang Jixiang, Da Qingli, Wang Yanhua. The dynamics of Bertrand model with bounded rationality. Chaos,
Solitons & Fractals, 2009, 39: 2048-2055
［14］. MaJH,TuHL.Analysis of the stability and Hopf bifurcation of money supply delay incomplex macroeconomic
models.NonlinearDyn2014,76(1):497–508.
［15］. MaJH,PuXS.The research on Cournot-Bertrand duopoly model with heterogeneous goods and its complex
characteristics.NonlinearDyn2013,72(4):895–903.
［16］. Junhai Ma,Kefei Wu,Oligopoly Price Game in Chinese Beer Market and its delay decision[J],Journal of Systems Engineering,2013,28(6):717-728
［17］. Fengshan Si,Zizhen Zhang,Jing Wang.Complex dynamic properties of a three-oligarch price game model with
time delay[J].Journal of Binzhou University,2016,32(2):41-47
［18］. Ahmed E,Elsadany A A,Tonu Puu. On Bertrand duopoly game with differentiated goods[J].Applied Mathematics and Computation,2015,251:169-179.
［19］. Wei J, Zhao J, Li Y J. Pricing decisions for complementary products with firms’ different market powers[J].
European Journal of Operational Research, 2013, 224: 507-519.
［20］. Mukhopadhyay S K, Yue X H, Zhu X W. A Stackelberg model of pricing of complementary goods under information asymmetry[J]. International Journal of Production Economics, 2011, 134: 424-433.
［21］. Li X,Qian S P,Controlling unstable discrete chaos and hyperchaos systems[J]. Applied Mathematics, 2013, 4:
1-6.

JIC email for contribution: editor@jic.org.uk

