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Abstract. The nonlinear fractional-order Volterra integro-differential equations are used in many mathematical modeling of various physical phenomena arising in heat conduction in materials with memory, fluid mechanics, biological models, and chemical kinetics. In the present paper, we extend a reliable modification of
the Adomian decomposition Method (ADM) presented in[34] for solving nonlinear fractional-order Volterra
integro-differential equations. In this method Taylor expansion is used to establish a new iterative formula. We
use software Mathematica for computations. The results obtained by a new modified ADM are compared with
exact solutions and coupled with graphical representations. The solutions obtained using a new modified ADM
are in well agreement with exact solutions. It is observed that a new modified ADM is reliable, efficient and
achieves better accuracy.
Keywords: Fractional derivative, nonlinear fractional-order Volterra Integro-differential equation, modified
decomposition Method, Adomian polynomials

1

Introduction

Fractional calculus is a generalization of ordinary differential equations and integration to arbitrary non
integer orders. The origin of fractional calculus goes back to Newton and Leibniz in the seventieth century. In
recent years, fractional differential equations (FDEs) have been proved to be valuable tools in the modeling
of many phenomena in various fields of applied sciences and engineering such as acoustic control, signal processing, porous media, electrochemistry, viscoelasticity, rheology, polymer physics, proteins, electromagnetics,
optics, medicine, economics, astrophysics, chemical engineering, chaotic dynamics, statistical physics and so
on. (See [2, 7–9, 21, 24, 27, 28, 33, 37]) and the references therein). However, most fractional-order equations
do not have analytic solutions. Therefore, it is very important to develop new techniques for finding approximate or exact solutions of FDES. Due to its importance in different field, it is receiving increasing attention and
has held a central place in attention researchers and mathematicians.
Recently, many approximate and numerical Methods have developed. These methods including homotopy analysis method[12, 32] , homotopy perturbation method[1, 16] , variational iteration method[15, 17, 18] , Chebyshev spectral method[13, 14] , fractional Adams method[25] , new iterative method[11, 19, 20] and various other
methods[27, 33, 42, 43] .
Adomian decomposition method[3–6, 10, 40–42] , which is a famous systematic method, is broadly used in
solution of linear and nonlinear functional equations. This method was developed by G. Adomian[3–6] . Adomian well introduced this method in his books [3] and [4]. The ADM is an effective technique, which provides
well-organized algorithms for analytic approximate solutions and numeric simulations for real-world applications in the applied sciences and engineering. The method presents the solution as an infinite series and each
∗

Corresponding author. E-mail address: huzn@openmba.com.
Published by World Academic Press, World Academic Union

34

S. Tate, H.T. Dinde: A New Modification of Adomian Decomposition Method

term can be easily determined. Wazwaz[40–42] introduced modification in the ADM, which make the computational procedure easy and further accelerate the convergence of the series solution. Rach et al.[34] proposed a
new modification of the ADM for resolution of higher-order inhomogeneous nonlinear differential equations.
This new modified decomposition method provides a significant advantage for computing the solution’s Taylor
expansion series, both systematically and rapidly. Khodabakshi et al.[26] extend this modification of ADM for
different type of initial value problems (IVPs) for fractional differential equations (FDEs) and compared the
obtain results with exact solutions. They observe that the present method can give a more accurate approximation.
In [36], Shawagfeh extended the application of the ADM for solving nonlinear FDEs. He found that
ADM gives exact solutions of linear equations and an approximate solutions of nonlinear equations with good
accuracy. In 2006, Jafari and Daftardar-Gejji[22] presented a system of nonlinear FDEs using ADM. Also in
[23] they have solved nonlinear fractional boundary value problems. They observed that by increasing the
number of iterations one can attain the desired accuracy. In [31], Momani introduced an algorithm based on
ADM for the solution of linear and nonlinear multi-order FDEs. He concluded that the ADM in its general form
gives a reasonable minimal calculations, is the effective technique and easy to implement and is applied for the
multi-order FDEs in general form.
Let us now recall the basic principles of the ADM using the equation in the form

Lu + Ru + N u = g.

(1)

Where N is a nonlinear operator, L is the highest-order derivative which is assumed to be invertible, R
is a linear differential operator of less order than L and g is the specified analytic input function. Applying the
inverse operator L−1 on both sides of Eq. (1) yields.
u(x) = φ(x) + L−1 (g(x)) − L−1 (Ru(x)) − L−1 (N u(x)).

(2)

Where φ is determined by using the given initial values. The ADM decomposes the solution into a rapidly
convergent series

u(x) =

∞
X

un (x),

(3)

n=0

and then decomposes the nonlinear operator N u into a series

N u(x) =

∞
X

An ,

(4)

n=0

where the An, depending on u0 , u1 , u2 , ......, un are called the Adomian polynomials, and are obtained for the
nonlinearity N u by the definitional formula
∞

An =

X
1 dn
N
(
uk λk )|λ=0 , n ≥ 0,
n! dλn

(5)

k=0

where λ is a grouping parameter of convenience. Then the standard Adomian recursion scheme:
u0 (x) = φ(x) + L−1 g(x),
un+1 (x) = −L−1 (Run (x) + An (x)),
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is given.
In this paper, we mainly consider the nonlinear fractional-order Volterra integro-differential equation of
this kind:

α

Zx

D u(x) − λ

k(x, t)F (u(t))dt = f (x),x ∈ [0, 1],

(7)

0

ui (0) = δi , i = 0, 1, 2, 3, ........., r − 1, r ∈ N.

(8)

ui (x) stands for the ith order derivative of u(t); δi is real constant; λ is real known constant, f ∈
L2 [0, 1), k ∈ L2 ([0, 1))2 are given functions; u(t) is the solution to be determined; Dα (r − 1 < α ≤ r)
is the fractional derivative in the Caputo sense and F (u(x)) is a polynomial of with constant coefficients. For
convenience, we put F (u(x)) = [u(x)]q where q > 1 is a positive integer.
Many mathematical modeling of various physical phenomena contain nonlinear fractional-order Volterra
integro-differential equations, such as heat conduction in materials with memory. Moreover, these kind equations always arise in fluid dynamics, biological models, and chemical kinetics[35] . Zhu and Fan[44] used Second
Chebyshev wavelet operational matrix method to find approximate solution of integro-differential equation of
type (7)-(8). Momani et al.[30] and Momani[29] has obtained local and global existence and uniqueness solutions
of the integro-differential equation given by (7)-(8). In. 2017, Tate and Dinde[38] used New Iterative Method
for approximate solution of integro-differential equation of type (7)-(8).
The main objective of the present paper is to extend a reliable modification of the ADM presented in [34]
for solving nonlinear fractional Volterra integro-differential equations. The advantage of this modified method
is that we first compute the Taylor expansion series for f in Eq. (7) and next we apply the operator L−1 on
it. Due to this we can admit various types of analytic functions as , since sometimes it is difficult to compute
L−1 (f ) when L−1 is a fractional integral and f is a trigonometric or exponential function.
This paper is organized as follows: in Section 2 some facts and results about fractional calculus and related
properties are given, we clarify the steps of the new modification for solving nonlinear fractional-order Volterra
integro-differential equations in Section 3. In Section 4, we discussed some numerical examples to confirm the
applicability and the advantages of this new method. The conclusion is given in Section 5.

2

Preliminaries:

In this section, we recall some basic definitions and facts about fractional calculus, which will be used
later. For more details see [27, 33, 39].
A real function f (x) is said to be of class C, if f (x) is piecewise continuous on (0, ∞) and integrable on
any finite subinterval of (0, ∞).
Definition 1. Let f (x) be a function of class C, then the Riemann- Liouville fractional integral of order
α > 0, is defined as

1
I f (x) =
Γ (α)
α

Zx

(x − t)α−1 f (t)dt, α > 0, x > 0,

0

I 0 f (x) = f (x).
Definition 2. Let α be a positive real number, such that m − 1 < α ≤ m, m ∈ N and let f m (x) exist and
be a function of class C. Then the Caputo fractional derivative of f is defined as
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α

D f (x) = I

m−α




dm
f (x) .
dtm

We have the following properties of fractional integrals and derivatives:
1)I α I β f = I α+β f, α, β ≥ 0.
(γ+1)
2)I α xγ = Γ Γ(γ+α+1)
xγ+α , α > 0, γ > −1.
m−1
P (k) xk
f (0) k! , m − 1 < α ≤ m.
3)I α Dα f (x) = f (x) −
k=0

In next section we propose the modified Adomian decomposition method for solving the nonlinear
fractional-order Volterra integro-differential equations.

3

Method analysis:
Consider the nonlinear fractional-order Volterra integro-differential equation:
Zx

Dα u(x) − λ

k(x, t)[u(t)]q dt = f (x),x ∈ [0, 1],

(9)

0

ui (0) = δi , i = 0, 1, 2, ...r − 1, r ∈ N.

(10)

We suppose that f (x) is the analytic, so has Taylor expansion series:

f (x) =

∞
X

fn

n=0

xn
.
n!

(11)

By properties of the fractional integral and derivatives we have:

α

α

I D u(x) = u(x) −

r−1
X

uj (0)

j=0

1
I (f (x)) =
Γ (α)
α

Zx

xj
j!

∞

(x − s)

α−1

1 X fn
f (s)ds =
Γ (α)
n!
n=0

0

Zx

(x − s)α−1 sn ds

0

Now, applying the integral operator I α to both sides of Eq. (9) we obtain

u(x) =

r−1
X
k=0

xk
u (0) +
k!
k

Zx

∞

1 X fn
Γ (α)
n!
n=0

0

Zx
(x − s)

α−1 n

α

Zx

s ds + λI (

0

k(x, t)[u(t)]q dt).

0

By Eqs. (3) and (4), Eq. (12) becomes:
∞
X
n=0

u(x) =

r−1
X
j=0

xj
u (0) +
j!
j

Zx

∞

1 X fn
Γ (α)
n!

0

WJMS email for contribution: submit@wjms.org.uk

n=0

Zx
(x − s)
0

Zx
∞
X
s ds + λI ( k(x, t)
An (t)dt)

α−1 n

α

0

n=0

(12)
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Now, we set the following recursion scheme:
u0 (x) = δ0 ,

u1 (x) = δ1 x,
...
ur−1 (x) =

Zx

fn
un+r (x) =
n!Γ (α)

(x − s)

δr−1 xr−1
(r − 1)!
Zx
s ds + λI ( k(x, t)An (t)dt)

α−1 n

α

0

0

Hence, we can approximate the solution u∗ (x) by:

φm+1 =

m
X

un (x),

n=0

that gives:

lim φm+1 (x) =

m→∞

4

∞
X

un (x) =u∗ (x).

n=0

Numerical examples:
EXAMPLE 4.1. Consider the following equation[44]

α

Zx

D y(x) +

[y(t)]2 dt = f (x), 0 ≤ x ≤ 1, 1 ≤ α ≤ 2.

(13)

0

Where f (x) = sinh(x) + 12 cosh(x) sinh(x) − x2 and subject to the initial conditions y(0) = 0, y 0 (0) = 0
The equation with known exact solution for the special case α = 2 is y(x) = sinh x. Applying I α on both
sides of equation (4.1) and using the initial condition lead to

α

α

Zx

y(x) = 0 + x + I (f (x)) − I (

[y(t)]2 dt),

0

the first few coefficients fn = f n (0) are given by :
f0 = 0, f1 = 1, f2 = 0, f3 = 3,...and the few Adomian polynomials for [y(x)]2 are:
A0 (x) = y0 2 (x),
A1 (x) = 2y0 (x)y1 (x),
A2 (x) = 2y0 (x)y2 (x) + y1 2 (x),
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...
by the new modified recursive scheme:
y0 (x) = 0,
y1 (x) = x,
fn
n!Γ (α)

yn+1 (x) =

Rx

Rx
(x − s)α−1 sn ds − I α ( An (t)dt), n = 1, 2...

0

0

Calculating explicitly with the help of Mathematica, we get
y0 (x) = 0,
y1 (x) = x,
x1+α
y2 (x) = (α+α
2 )Γ (α) ,
3+α

y3 (x) = − Γ2x
(4+α) ,
2x3+2α Γ (4+α)
(3+α)Γ (2+α)Γ (4+2α) ,
5+2α Γ (5+α)
5+2α Γ (5+α)
− α(1+α)8x
y5 (x) = − (1+α)8x
2
2
(2+α)Γ (α)Γ (7+2α)
(2+α)Γ (α)Γ (7+2α)
x3+3α Γ (3+2α)
.
+ α2 (1+α)
2
Γ (α)2 Γ (4+3α)

y4 (x) =

6x3+α
Γ (4+α)

−

And so on. The five-term approximate solution is
3+α
2x3+2α Γ (4+α)
x1+α
6x3+α
− Γ2x
(4+α) + Γ (4+α) − (3+α)Γ (2+α)Γ (4+2α)
(α+α2 )Γ (α)
5+2α Γ (5+α)
5+2α Γ (5+α)
− α(1+α)8x
− (1+α)8x
2
2
(2+α)Γ (α)Γ (7+2α)
(2+α)Γ (α)Γ (7+2α)
x3+3α Γ (3+2α)
+ α2 (1+α)
.
2
Γ (α)2 Γ (4+3α)

y(x) = x +

We have plotted the solution of Example. 4 in Fig. 1 and the exact solution, for the case α = 2. It is
remarkable to note that the graph of Modified ADM and exact solution coincide.
1.2

Approximate Solution:
1.0

Exact Solution:

0.8

0.6

0.4

0.2

0.2

0.4

0.6

0.8

1.0

Fig. 1: Approximate solution of Example.1 for α = 2
EXAMPLE 4.2. Consider the following equation[44]

Dα y(x) −

Zx

[y(t)]3 dt = f (x), c ≤ x < 1, 0 < α ≤ 1,

(14)

0

where f (x) = ex − 13 e3x + 13 and subject to the initial conditions y(0) = 1. The value of α = 1 is the only case
for which the exact solution is y(x) = ex .
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Applying I α on both sides of Eq. 14 and using the initial condition, we obtain:

y(x) = 1 + I α (f (x)) + I α (

Zx

[y(t)]3 dt),

0

f n (0)

the first few coefficients fn =
are given by :
f0 = 1, f1 = 0, f2 = −2, f3 = −8, ...and the few Adomian polynomials for [y(x)]3 are
A0 (x) = y0 3 (x),
A1 (x) = 3y0 2 (x)y1 (x),
A2 (x) = 3y0 2 (x)y2 (x) + 3y0 (x)y 2 1 (x),
...
by the new modified recursive scheme:
y0 (x) = 1,
yn+1 (x) =

fn
n!Γ (α)

Rx

Rx
(x − s)α−1 sn ds + I α ( An (t)dt), n = 0, 1, 2, 3, 4...

0

0

Calculating explicitly with the help of Mathematica, we get
y0 (x) = 1,
α
y1 (x) = αΓx(α) +
y2 (x) =

x1+α
,
(α+α2 )Γ (α)
1+2α
3x
(2+x+2α)
.
Γ (3+2α)

And so on. The five term approximate solution is
2x2+α
xα
x1+α
αΓ (α) + (α+α2 )Γ (α) − α(2+3α+α2 )Γ (α)
3+α
4+2α
3x1+2α (2+x+2α)
26x4+α
− Γ8x
− Γ24x
(4+α) − Γ (5+α) +
Γ (3+2α)
(5+2α)
135x1+3α Γ (2+2α)
+ (1+α)2 (1+2α)(3+2α)(3+4α)(5+4α)Γ
(1+α)2 Γ (2+3α)
648x1+3α αΓ (2+2α)
+ (1+α)2 (1+2α)(3+2α)(3+4α)(5+4α)Γ (1+α)2 Γ (2+3α)

y(x) = 1 +

+......
We have plotted the three-term, four-term and five-term approximate solution of Example 4 in Fig. 2 and
the exact solution, for the case α = 1.
Table 1: Absolute errors for Example 4.2 using a reliable modification of ADM
x
0.1
0.5
1

E3 [x]
3.477373 × 10−5
2.569068 × 10−2
0.517507

E4 [x]
9.913571 × 10−6
1.268314 × 10−2
0.473762

E5 [x]
7.66086 × 10−6
5.233282 × 10−3
0.327244

We computed the absolute error at x = 0.1, 0.5 and x = 1. The following notations will be used:
E3 [x] = |ex − φ3 (x)| , E4 [x] = |ex − φ4 (x)| , E5 [x] = |ex − φ5 (x)|
Table 1 shows the absolute error in Example 4 using a reliable modification of ADM. Further improvement
on the accuracy level can be made by finding more terms in the Adomian series solution and by taking more
terms in the Taylor expansions of f (x).
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3.0

3 - term approximate solution
4 - term approximate solution
5 - term approximate solution

2.5

Exact solution

2.0

1.5

0.2

0.4

0.6

0.8

1.0

Fig. 2: Approximate solution of Example.2 for α = 1

5

Conclusion

In this paper, we have successfully developed a reliable modification of the Adomian decomposition
method (ADM) presented in [34] and we use it to solve the nonlinear fractional-order Volterra integrodifferential equation. Sometimes it is very difficult to compute fractional integral of analytic function, when
it is a trigonometric or exponential function. This new modified ADM overcomes such difficulties by allowing
to express function as a Taylor series. We have discussed two numerical examples of nonlinear fractional-order
Volterra integro-differential equations to confirm the applicability and the advantages of the proposed Method.
The solutions obtained, graphs plotted and absolute error computed through the mathematical software Mathematica. The achieved results are being well in agreement with exact solutions. It is observed that the proposed
method is simple and it can be efficiently applied to a large number of similar fractional problems.
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