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Abstract. Typhoid is a major public health concern in many developing countries where safe water supply,
food hygiene and environmental sanitation are the significant challenges. In this paper, we formulate and analyze a deterministic mathematical model for Typhoid fever with vaccination, screening and treatment of carrier
individuals via a system of nonlinear ordinary differential equations. The basic reproductive number is computed and the stability of the disease free equilibrium is investigated. Sensitivity analysis of the reproductive
number shows that, the rates of recruitment, screening, treatment of carriers, vaccination, and the rate at which
vaccine wanes are the parameters that needs special attention in controlling the disease. The impact of screening and treatment on the basic reproduction number as well as the dynamics of each subpopulation are also
investigated through numerical simulations.
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1

Introduction

Typhoid fever is a communicable disease, found only in human and occurs due to systemic infection
mainly by Salmonella typhi organism[7] . The disease is endemic in many developing countries and despite
recent progress in water and sanitation coverage, it remains a substantial public health problem. Globally, it
is estimated that typhoid causes over 16 million cases of illness each year, resulting in over 600,000 deaths[6] .
Typhoid has a long and storied history as a public health scourge. Salmonella enterica serovar Typhi (S. Typhi)
is a human restricted bacterial pathogen transmitted via faecal contamination of food and water[10] . While
improvements in water and sanitation led to the elimination of typhoid from most developed countries during
the twentieth century, the global burden of typhoid fever has recently been estimated to be between 13.5 and
26.9 million episodes and 190,000 to 216,000 deaths annually[3] .
Several mathematical models have been developed to explain the dynamics of the disease[1, 4–8] , but hardly
few models include screening and treatment of carrier individuals. [8] developed a deterministic model for the
transmission dynamics of typhoid fever in order to study the impact of time dependent screening of infectious
individuals. In his model he did not consider the case where carriers may undergo serious sickness and become
symptomatic. We want to fill this gap by developing an SVIIcR model of typhoid fever with screening and
treatment of carrier individuals and study its dynamics. We assume that all susceptible individuals are equally
likely to be infected by infectious individuals in case of contact and that there is a constant recruitment rate to
the susceptible population. Furthermore, we assume that the rate of transmission for carriers is greater than that
of symptomatic infectious individuals.
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This paper is organized into; introduction, model formulation, model equations, feasibility region, stability
analysis, sensitivity analysis, numerical results, discussions, conclusion, acknowledgement, conflicts of interest
and reference sections.
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dependent screening of infectious individuals. In his model he did not consider the case where carriers
Model formulation

may undergo serious sickness and become symptomatic. We want to fill this gap by developing an
SVIIcR model of typhoid fever with screening and treatment of carrier individuals and study its dynamics.
We assume that all susceptible individuals are equally likely to be infected by infectious individuals in
case of contact and that there is a constant recruitment rate to the susceptible population. Furthermore, we
assume that the rate of transmission for carriers is greater than that of symptomatic infectious individuals.
This paper is organized into; introduction, model formulation, model equations, feasibility region,
stability analysis, sensitivity analysis, numerical results, discussions, conclusion, acknowledgement,
conflicts of interest and reference sections.

In this paper, we develop a typhoid transmission model with vaccination, screening and treatment. In order to study the impact of the parameters on the dynamics of typhoid fever, the model formulated considers the
human population, N (t) divided into five subpopulations namely; susceptible S(t), vaccinated V (t), infectious
I(t), carriers Ic (t) and recovered individuals after treatment R(t). The individuals are recruited into the sus2. Model Formulation
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Table 1 and the compartmental diagram for the model is shown by Fig.1.

Fig. 1: The compartmental diagram for the Typhoid

3

Model equations

From the description of the dynamics of typhoid and with the aid of the compartmental diagram in Fig. 1,
we have the following set of ordinary differential equations:
dS
= Λ + φV + δR − (π + µ)S − (αI + γIc )S.
dt

(1)

dV
= πS − (φ + µ)V.
dt

(2)

dI
= β(αI + γIc )S + ωIc − (η + ψ + d1 + µ)I.
dt

(3)

WJMS email for subscription: info@wjms.org.uk

Nkuba Nyerere: Modeling the Impact of Screening and Treatment

300

Table 1: Parameters used in the model and their description

4

Parameter
Λ
φ
δ
π
α
γ

Value
0.0005
0.33
0.025
0.75
0.0025
0.0125

Reference
Assumed
Lauria et al. (2009)
Assumed
Assumed
Mushayabasha (2013)
Mushayabasha (2013)

β

0.5

Kalajdzievska & Li (2011)

θ
ω
η
µ
ψ
σ

0.4
0.01
0.04 (3%-5%)
1/60/365
0.10 (7-10 days)
0.75

Mushayabasha (2014)
Assumed
Mtua et al (2015)
Mpeshe et al. (2014)
Assumed
Assumed

d1

0.066

Mushayabasa (2014)

d

0.004

Mushayabasa (2014)

Description
Recruitment rate
Rate at which the vaccine wanes
Rate at which recovered individuals become susceptible
Rate at which susceptible individuals are vaccinated
Transmission rate for symptomatic infectious individuals
Transmission rate for carrier individuals
Proportion of newly infected individual who became
symptomatic
Screening rate for carrier individuals
Rate at which carriers develop symptoms
Rate at which infectives become carriers
Natural mortality rate of individuals
Recovery rate of symptomatic infected individuals
Treatment rate of the carrier individuals after screening
Disease-induced mortality rate of
symptomatic individuals
Disease-induced mortality rate of carriers

dIc
= (1 − β)(αI + γIc )S + ηI − (ω + θσ + d + µ)Ic .
dt

(4)

dR
= ψI + θσIc − (δ + µ)R.
dt

(5)

dN
= Λ − µN − d1 I − dIc ≤ Λ − µN.
dt

(6)

Feasibility region
Form (3.1) we have:

Thus,

N (t) = Λ − µN ≤
As t → ∞, e−µt → 0 and hence N (t) ≤

Λ
µ.


Λ
1 − e−µt + N (0)e−µt .
µ

Therefore, the model can be studied in the feasible region



Λ
5
D = (S, V, I, Ic , R) ∈ R+ : S + V + I + Ic ≤
.
µ
which is bounded and positively invariant.

5

Equilibrium points
Setting the left hand side of eq. (1) equal to zero, we have:
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0 = Λ + φV + δR − (π + µ)S − (αI + γIc )S.

(9)

0 = πS − (φ + µ)V.

(10)

0 = β(αI + γIc )S + ωIc − (η + ψ + d1 + µ)I.

(11)

0 = (1 − β)(αI + γIc )S + ηI − (ω + θσ + d + µ)Ic .

(12)

0 = ψI + θσIc − (δ + µ)R.

(13)

The disease-free equilibrium exists and is unique, given by:

0

0

0

0



0

(S , V , I , Ic , R ) =


Λπ
Λ(φ + µ)
,
, 0, 0, 0 .
µ(π + φ + µ) µ(π + φ + µ)

(14)

The endemic equilibrium E ∗ = (S ∗ , V ∗ , I ∗ , Ic ∗ , R∗ ) such that S ∗ , V ∗ , I ∗ , Ic ∗ , R∗ > 0 exists and is
unique. For E ∗ to exist in the feasible region D, the necessary and sufficient condition is that:

0 < S∗ <

Λ(φ + µ)
Λ(φ + µ)
or
≥ 1.
µ(π + φ + µ) µ(π + φ + µ)S ∗

(15)

From eq. (1)-(5), let y ∗ = αI ∗ + γIc ∗ , then
0 = βy ∗ S ∗ + ωIc − (η + ψ + d1 + µ)I.

(16)

0 = (1 − β)y ∗ S ∗ + ηI − (ω + θσ + d + µ)Ic .

(17)

From eq. (16) which gives

y∗ =

−ωIc ∗ + (η + ψ + d1 + µ)I ∗
,
βS ∗

(18)

and substitution to eq. (17) we have:

I∗ =
Now from y ∗ = αI ∗ + γIc ∗ =
S∗ =

η
β

ω
β

+


+ θσ + d + µ Ic∗
(1−β)
β

.

(19)

(ψ + d1 + µ)

−ωIc ∗ +(η+ψ+d1 +µ)I ∗
βS ∗

we have:

η(θσ + d + µ) + (ψ + d1 + µ)(ω + θσ + d + µ)
.
α(ω + β(θσ + d + µ)) + γ(η + (1 − β)(ψ + d1 + µ)

(20)
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Now, define R0 by
Λ(φ + µ)
.
µ(π + φ + µ)S ∗

(21)

Λ(φ + µ) α(ω + β(θσ + d + µ)) + γ(η + (1 − β)(ψ + d1 + µ))
.
µ(π + φ + µ) η(θσ + d + µ) + (ψ + d1 + µ)(ω + θσ + d + µ)

(22)

R0 =
Then, have

R0 =

6

Global stability of the dfe

In this section, we analyze the global stability of the disease-free equilibrium point by applying the[2]
approach. We write model system (1) in the form:


dXs
dt
dXi
dt

= A(Xs − XDF E,s ) + A1 Xi
= A2 Xi

where Xs is the vector representing the non-transmitting compartments and Xi is the vector representing the
transmitting components. The DFE is globally asymptotically stable if A has real negative eigenvalues and A2
is a Metzler matrix (i.e. the off-diagonal elements of A2 are non-negative).
From system (3.1) we have: Xi = (I, Ic )T and Xs = (S, V, R)T . We need to check whether a matrix A
for the non-transmitting compartments has real negative eigenvalues and that A2 is a Metzler matrix. From the
equation for non-transmitting compartments in (1) we have:



−(φ + µ)
π
0
.
φ
−(π + µ)
δ
A=
0
0
−(δ + µ)
d Xs
dt

A direct computation shows that, the eigenvalues of A are real and negative. This implies that the system
= A(Xs − XDF E,s ) + A1 Xi is locally and globally asymptotically stable at DFE.

A2 =

αβS ∗ − (η + ψ + d1 + µ)
γβS ∗ + ω
∗
∗
(1 − β)αS + η
(1 − β)γS − (ω + θσ + d + µ)



Furthermore, A2 is a Metzler matrix. Thus, the DFE is globally asymptotically stable.


0
A1 =  −αS ∗
ψ


0
−γS ∗  ,
θσ

and


V −


Xs − XDF E,s = 

S
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π(η(θσ+d+µ)+(ψ+d1 +µ)(ω+θσ+d+µ))
α(φ+µ)(ω+β(θσ+d+µ))+γ(η+(1−β)(ψ+d1 +µ))
η(θσ+d+µ)+(ψ+d1 +µ)(ω+θσ+d+µ)
− α(ω+β(θσ+d+µ))+γ(η+(1−β)(ψ+d
1 +µ))
αI ∗ +γIc ∗
δ+µ



.

.
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7

Sensitivity analysis

The total human mortality and morbidity attributable to Typhoid fever can be best reduced by investigating
the relative importance of the parameters featuring in the basic reproduction number. Sensitivity analysis is
commonly used to determine the robustness of model predictions to parameter values (since there are usually
errors in data collection and presumed parameter values). To determine how best we can do in order to reduce
human mortality and morbidity due to Typhoid fever, it is necessary to know the relative importance of the
different factors responsible for its transmission and prevalence. Thus we use it to discover parameters that have
a high impact on basic reproduction number, R0 and should be targeted by intervention strategies. Therefore, we
calculate the sensitivity indices of the reproductive number, R0 to the parameters in model (1). We know that,
initial disease transmission is directly related to R0 . The sensitivity indices tell us how vital each parameter is to
disease transmission and prevalence. The explicit expression of R0 is given by the eq. (22). Since R0 depends
only on twelve parameters, we derive an analytical expression for its sensitivity to each parameter using the
normalized forward sensitivity index[9] as follows:

ΛR0 =

σ R0 =

∂R0
Λ
= +1.
×
∂Λ
R0

∂R0
σ
×
= −0.77.
∂σ
R0

In a similar fashion we compute the sensitivity indices for all parameters used in eq. (22). Table 2 shows
the sensitivity indices of R0 with respect to the twelve parameters.
Table 2: Sensitivity indices of R0 with respect to each parameter
Parameter
Λ
α
γ
φ
β
ψ
ω
π
η
d1
d
σ
θ
µ

Sensitivity Index
+1
+0.21
+0.79
+0.69
-0.34
-0.17
-0.01
-0.69
+0.07
-0.11
-0.01
-0.77
-0.77
-1

From Table 2, we see that, the most sensitive parameters are recruitment rate, Λ, transmission rate for
carrier individuals, γ, natural mortality rate of individuals, µ, treatment rate of the carrier individuals after
screening, σ, rate at which susceptible individuals are vaccinated, π, screening rate for carriers individuals,
θ, transmission rate for symptomatic infectious individuals, α, and Proportion of newly infected individual
who became symptomatic, β. For almost all parameters, the sign of the sensitivity indices of R0 (i.e., whether
R0 increases or decreases when a parameter increases) agrees with an intuitive expectation from the model
parameters. However, in examining the sensitivity analysis, it is not biologically reasonable (neither ethical nor
practical) to suggest that the human mortality rate, µ, to be increased in order to control the disease. From
this parameters, we focus on intervention programs in order to reduce the basic reproduction number, R0 .
0
For, R
Λ = +1, this means that, increasing (or decreasing) of Λ by 10% increases (or decreases) R0 by 10%.
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Similarly, the sensitivity index for the transmission rate of carrier individuals, γ is +0.79 means that, increasing
(or decreasing) of γ by 10% increases (or decreases) R0 by 7.9%. The negative sign of the sensitivity index
of R0 with respect to d, σ, µ, β, ψ and π imply an inverse relationship between these parameters and R0 . For
instance, 10% increase (or decrease) in leads to approximately a 7.7% decrease (or increase) in R0 . Indeed, if a
large number of carrier individuals are treated after screening, a decrease in the transmission rate of the disease
is expected. Therefore, to minimize the transmission of Typhoid in a population, this study recommends that,
the screening and treatment of carrier individuals should be implemented.

8

Numerical results

In this section we give numerical simulation for model system (1) for the purpose of verifying some of the
analytical results. This is done8.byNumerical
using Results
a set of parameter values whose sources are mainly from literature as
this section
we give
numericalsimulation
simulation for model
systemTable
(3.1) for 1
thepresents
purpose of verifying
well as estimation in order toIn have
more
realistic
results.
the parameter values and
some of the analytical results. This is done by using a set of parameter values whose sources are
their respective sources. Fig.mainly
2 illustrates
the
variations
in
basic
reproduction
number
as the screening rate for
from literature as well as estimation in order to have more realistic simulation results.
Table 1 presents the parameter values and their respective sources.
carrier individuals varies. Fig. 1 illustrates the variations in basic reproduction number as the screening rate for carrier
individuals varies.

Fig.screening
1: The effect ofrate
screening
for carrier
s on basic
basic reproduction
number number
Fig. 2: The effect of
forrate
carrier
s on
reproduction
It can be seen from Fig. 1 that, as the screening rate increases, the effective number of secondary
infections caused by typical infected individual during his entire period of infectiousness
decreases. This is due to the fact that screening makes people aware of their disease status and
It can be seen from Fig.makes
2 that,
the
screening
rate
increases,
the decide
effective
secondary
themas
take
some
precautions and
more
importantly some
to start number
treatment soof
as to
limit transmission of the disease as well as to reduce the possibility of their disease to progress to
caused by typical infected individual
during
his
entire
period
of
infectiousness
decreases.
This
is due
symptomatic stage.

infections
to the fact
that screening makes peopleOnaware
of their disease status and makes them take some precautions and more
the other hand, the study was interested to know the dynamics for each subpopulation as
and treatmentso
of as
typhoid
carrier transmission
individuals as well of
as the
vaccination
controls
importantly some decide to screening
start treatment
to limit
disease
as are
well as to reduce the
implemented in the community. Fig. 2 presents the findings.
possibility of their disease to progress to symptomatic stage.
On the other hand, the study was interested to know the dynamics for each subpopulation as screening and
treatment of typhoid carrier individuals as well as vaccination controls are implemented in the community. Fig.
3 presents the findings.

Fig. 2: Time series plot for the subpopulations

Fig. 3: Time series plot for the subpopulations
Fig. 2 shows that, the number of infected as well as carrier individuals decreases as time
increases. This implies that vaccination, screening and treatment of individual have a significant
contribution in reducing or eradication of typhoid fever in the population. For instance the
population
for symptomatic
individuals
decrease
to treatment
while thatdecreases
of carrier s
the
number
of infected
as well
as due
carrier
individuals
decreases due to screening and treatment as time increases.

Fig. 3 shows that,
as time increases. This
implies that vaccination, screening and treatment of individual have a significant contribution in reducing or
9. Discussion
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has been analyzed. To study the effect of the initial transmission, the basic reproduction
number R0 for model was computed. Computation show that the disease-free equilibrium is
globally asymptotically stable when R0 < 1 and unstable otherwise. This means that it is possible
to control the disease during its initial stage.
To determine the relative effect of changes of parameter value in R0, a sensitivity analysis was
established. Results show that the most sensitive parameters to R0 are the recruitment rate,  , and
the natural death rate,  . The positive sign of the sensitivity index of R0 with respect to  , implies that
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eradication of typhoid fever in the population. For instance the population for symptomatic individuals decrease
due to treatment while that of carrier s decreases due to screening and treatment as time increases.

9

Discussion

In this paper, a model to investigate the impact of screening and treatment on the dynamics of typhoid has
been analyzed. To study the effect of the initial transmission, the basic reproduction number R0 for model was
computed. Computation show that the disease-free equilibrium is globally asymptotically stable when R0 < 1
and unstable otherwise. This means that it is possible to control the disease during its initial stage.
To determine the relative effect of changes of parameter value in R0 , a sensitivity analysis was established.
Results show that the most sensitive parameters to R0 are the recruitment rate, µ, and the natural death rate,
Λ. The positive sign of the sensitivity index of R0 with respect to Λ, implies that increase in Λ, increases R0 ,
while the negative sign of the sensitivity index of R0 with respect to µ implies that increase in µ decrease R0 .
The other more sensitive parameters to R0 are the screening rate of carriers θ, and the treatment rate of the
screened individuals σ. The negative sign of sensitivity indices corresponding to θ and σ indicates that increase
in these parameters reduces R0 . Thus, for a control of the disease we need to increase the rate of screening
of the carrier individuals as well as the rate of treatment of the screened individuals. Though vaccination is
important for prevention of many diseases, analysis shows that vaccination rate is not more sensitive compared
to screening rate and treatment rate of screened individuals. This could be due to the lack of awareness of
susceptible individual and the knowledge about the disease.
To analyse the variation of the population of each compartment in the model with respect to time, numerical simulations were performed. The results for numerical simulation are shown in Fig. 3. Form the graph it can
be seen that the graphs for susceptible and vaccinated population switch with those for infected and recovered
individuals and remained constant, nearly after 10 days which is likely to be the incubation period of typhoid
fever. This means that increase in the screening rate as well as the rate of treatment of screened individuals will
increase the recovery rate which in turn will reduce the infection rate and help to control the disease.

10

Conclusion

Typhoid fever remains to be a potential threat to human in many countries due its nature of infection where
a person may become infected without showing any symptoms. Sensitivity analyses have shown that increase
in screening rate followed by treatment of carriers reduces the basic reproduction, and hence, effective and
efficient application of the screening and treatment will increase the recovery of the infected individuals and
provide an opportunity for the control of the disease. Knowledge about the disease is also very important in
order to increase the rate of vaccination and hence reduce the initial transmission.
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