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Abstract. In this paper a class of nonlinear programming (NLP) problems is considered. The linear combination property of intervals (LCPIs) is used to convert an NLP problem into an equivalent NLP problem. The
LCPI states that any continuous function on a compact and connected domain can be shown as a linear combination of its minimum and maximum. By the LCPI idea we obtain a new NLP problem, the variables of which
are fewer than the variables of the main NLP problem. Also, the obtained equivalent problem is linear with
respect to the new added variable. Therefore, solving the new NLP problem is easier than solving the main one.
Finally, some numerical examples are provided to endorse the efficiency of idea in solving NLP problems.
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1

Introduction

NLP problems are utilized in many applications including mathematics, engineering, management sciences and finance. Moreover, such applications contain digital signal processing, structural optimization, neural networks, mechanical engineering and medical optimization [17, 18, 21] . Optimal solutions have important
economical and practical impacts on these applications.
Except for trivial cases, it is hard to solve nonlinear programming problems exactly. Hence, numerical and
approximate methods have been proposed to search for optimal solutions of these problems. The procedure of
solving an NLP problem involves searching for optimal points in the corresponding search space.
Since nonlinear objectives have many local minimums and nonlinear constraints are hard to deal with,
finding global optimal solution of an NLP is a challenging task.
A large number of optimization methods have been proposed to solve NLP problems [1, 4–7, 18] . Nonlinear
optimization methods are classified into local and global methods.
Local optimization methods include gradient descent, Newton, quasi Newton and conjugate gradient methods, etc. (see [3–5, 13, 15, 16, 22] and references therein). These methods converge to a local minimum from
some initial point. Such a local minimum is globally optimal only when the objective is quasi-convex and the
feasible region is convex, which rarely happens in practice. For nonlinear optimization problems, a local minimum may be very far from the global minimum. To overcome local minimality, global optimization methods
have been developed [10, 12, 14, 24, 25] .
Global optimization methods look for globally optimal solutions . These methods perform global and local
searches in regions. The mechanism of a global search method is to escape from local minimum, while it is not
so for local search methods.
Nevertheless, a lower bound for global optimum of the objective function can not be given after any
finite number of iteration, unless the objective satisfies certain conditions, such as Lipschitz conditions and
boundedness of the search space.
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However, in the real world, many applicable nonlinear optimization models are large-scale and have many
variables and constraints. Therefore, it is hard and time consuming to find their global and even local optimal
solutions. Hence, solving an equivalent problem with fewer constraints is of interest to researchers. Also, converting a nonconvex, nonsmooth nonlinear problem into a convex and smooth one is very advantageous. Now,
in this paper we use a very famous theorem stating that any continuous function on a compact and connected
domain can be shown as a linear combination of its minimum and maximum [9, 19, 20, 23] and propose a method,
named LCPI, to convert an NLP problem into an equivalent one which has fewer variables than the main problem and is very easier to solve than the main NLP problem. Also, we can calculate an approximate optimal
solution with less errors and less CPU time.
The paper is organized as follows: In Section 2 the LCPI idea for converting a nonlinear optimization
problem into an equivalent NLP is described. Some theorems are proved and an algorithm is proposed to
solve the NLP problems. Section 3 is devoted to numerical examples. In this section, nonlinear problems are
converted into equivalent problems with fewer variables. Finally, conclusions are given in Section 4.

2

LCPI for converting an NLP problem

In this section, we use LCPI for converting an NLP problem into an equivalent NLP problem. The LCPI
states that any continuous function on a compact and connected domain can be shown as a linear combination
of its minimum and maximum (see [9, 19, 20, 23]).
We consider the following class of NLP problems:
min (or max) F (x, y)
subject to

gi (x) = 0, i = 1, · · · , m,
hj (x) ≤ 0, j = 1, · · · , p,

(1)

y ∈ Y,
where X = {x ∈ Rn |gi (x) = 0, i = 1, · · · , m, hj (x) ≤ 0, j = 1, · · · , p}, Y ⊆ Rk is a compact and
connected set and F : X × Y → R is a continuous function.
Definition 1. A feasible solution (x∗ , y ∗ ) is an optimal solution for NLP problem (1) if F (x∗ , y ∗ ) ≤ F (x, y)
for any feasible point (x, y) ∈ X × Y.
At first, we state the following theorems and utilize them to convert the NLP Problem (1) into an equivalent
problem with a reduced number of variables. Moreover, by this idea we reduce the complexity of problem.
Theorem 1. Let F : X × Y → R be a continuous function where Y is a compact and connected subset of Rk .
Then, for any arbitrary (but fixed) x ∈ X , the set {F (x, y) : y ∈ Y} is a closed interval in R.
Proof. Let x ∈ X be given and Y ⊂ Rk be a compact and connected set. Since continuous functions preserve
compactness and connectedness, the set {F (x, y) : y ∈ Y} is a compact and connected set in R. Therefore,
{F (x, y) : y ∈ Y} has lower and upper bounds, thus it is a closed interval in R.
Now, for any arbitrary x ∈ X , assume that the lower and upper bounds of the closed interval {F (x, y) : y ∈ Y}
are F1 (x) and F2 (x), respectively. Thus, we have
F1 (x) ≤ F (x, y) ≤ F2 (x), ∀y ∈ Y.

(2)

F1 (x) = min{F (x, y)|y ∈ Y}, x ∈ X

(3)

F2 (x) = max{F (x, y)|y ∈ Y}, x ∈ X .

(4)

In other words:
and

WJMS email for subscription: info@wjms.org.uk

M.H. Noori Skandari,: LCPI method to find optimal solutions

52

Theorem 2. Let functions F1 (x) and F2 (x) be defined by relations (3) and (4), respectively. Then, they are
uniformly continuous on X .
Proof. The proof is similar to that of Theorem 2.2 in [9].
Lemma 1. Let a, b ∈ R. For any x ∈ [a, b] there exists λ ∈ [0, 1] such that x = λa + (1 − λ)b.
Theorem 3. Assume that x ∈ X is given. Also, let F : X × Y → R be a continuous function where Y is a
compact and connected subset of Rk . Then, for any y ∈ Y, there exists a λ ∈ [0, 1] such that
F (x, y) = λF2 (x) + (1 − λ)F1 (x), λ ∈ [0, 1].

(5)

Proof. The proof is a result of Lemma 1 and relations (3) and (4).
Now, by Theorem 3, we can convert problem (1) into the following problem:
min (or max) G(x, λ) = λF2 (x) + (1 − λ)F1 (x)
s.t. gi (x) = 0, i = 1, · · · , m,
hj (x) ≤ 0, j = 1, · · · , p,

(6)

0 ≤ λ ≤ 1.
Applying the following theorem, we show that the optimal solutions of the main problem can be found by
using those of the new NLP problem.
Theorem 4. Let (x̂, λ̂) be an optimal solution of (6). Then, there exists ŷ = (yˆ1 , · · · , yˆk ) such that (x̂, ŷ) is an
optimal solution of NLP (1).
Proof. Let (x, λ) ∈ X × [0, 1]. Then:
λ̂F2 (x̂) + (1 − λ̂)F1 (x̂) ≤ λF2 (x) + (1 − λ)F1 (x),

(7)

and gi (x̂) = 0, ∀i and hj (x̂) ≤ 0, ∀j. We define ψ(y) = F (x̂, y), ∀y ∈ Y. Now, by Theorem 3, for any y ∈ Y,
there exists λ ∈ [0, 1] such that
ψ(y) = λF2 (x̂) + (1 − λ)F1 (x̂).
Assume that α = λ̂F2 (x̂) + (1 − λ̂)F1 (x̂). Since ψ(y) is continuous, by the intermediate value theorem, there
exists ŷ ∈ Y such that ψ(ŷ) = α, that is F (x̂, ŷ) = λ̂F2 (x̂) + (1 − λ̂)F1 (x̂). On the other hand by (7), we have
F (x̂, ŷ) = λ̂F2 (x̂) + (1 − λ̂)F1 (x̂) ≤ λF2 (x) + (1 − λ)F1 (x) = F (x, y),
i.e. (x̂, ŷ) is an optimal solution for NLP (1).
Theorem 5. Let (x̂, ŷ) be an optimal solution of NLP (1). Then, there exists λ̂ ∈ [0, 1] such that (x̂, λ̂) is an
optimal solution of NLP (6).
Proof. The proof is similar to that of Theorem 4.
It is important to note that, the new equivalent NLP problem (6) has the following prominences, in comparison with the main one:
•
•
•

The number of variables has reduced from n + k to n + 1.
The new problem is linear with respect to the new variable λ, in which the main problem is nonlinear with
respect to y1 , · · · , yk .
By this transformation, the time of solving an NLP problem can be reduced.
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Remark 1. Note that the main problem might be nonconvex, whereas the new problem might be convex.
Therefore, we can use the KKT optimality conditions to find the optimal solutions of the new problem and
hence, the optimal solutions of the main problem. Let the functions F1 (.), F2 (.), gi (.), i = 1, . . . , m and
hj (.), j = 1, . . . , p be differentiable. The KKT optimality conditions for problem (6) can be calculated as
follows:

λ∇F2 (x) + (1 − λ)∇F1 (x) + (F2 (x) − F1 (x))+


p

m
P
P



µ
∇g
(x)
+
ξj ∇hj (x) + δ − ε = 0,
i
i



i=1
j=1


m

P


µi gi (x) = 0,



i=1

 P
m
ξj hj (x) = 0,

i=1



δ(λ − 1) = 0,




ελ = 0,





µi f ree, ∀i = 1, ..., m,




ξ ≥ 0, ∀j = 1, ..., p,

 j
δ ≥ 0, ε ≥ 0,

(8)

∂F
∂F
where OF (x) = ( ∂x
, · · · , ∂x
).
n
1

By the given theorems and discussions, the main algorithm for solving the NLP problem (1) can be
proposed by the following steps:
Algorithm
Step 1: Define sets X and Y ;
Step 2: Using relations (3) and (4), calculate functions F1 (.) and F2 (.) and obtain the optimal solution y ∗
for the NLP problem (1);
Step 3: Obtain the optimal solution (x∗ , λ∗ ) for the NLP problem (6).

3

Numerical examples

In this section, we solve three NLP problems by using the proposed approach. Here, the obtained nonlinear
programming (NLP) problems are solved by FMINCON toolbox in MATLAB software based on the SQP
method, interior point method and active-set method. Also, a PC with RAM 4GB is utilized.
Example 1. Consider the following NLP problem:


Minimize F (x, y) = ln (x1 − 0.5)2 y1 + x42 + (y2 − 1)2 + ey1 + 2
subject to

x21 + x22 = 0.25,
2x1 − cos(πx2 ) = 0,
0 ≤ y1 ≤ 1, 0 ≤ y2 ≤ 1,

(9)

where (x∗1 , x∗2 , y1∗ , y2∗ ) = (0.5, 0, 0, 1) is the exact optimal solution and exact optimal objective value is
F (x∗ , y ∗ ) = ln3. We define X = (x1 , x2 ) : x21 + x22 − 0.25 = 0, 2x1 − cos(πx2 ) = 0 , and Y =
{(y1 , y2 ) : 0 ≤ y1 ≤ 1, 0 ≤ y2 ≤ 1} . By relations (3) and (4), for any arbitrary (x1 , x2 ) ∈ X, we have


F1 (x1 , x2 ) = Minimum ln (x1 − 0.5)2 y1 + x42 + (y2 − 1)2 + ey1 + 2)
y=(y1 ,y2 )∈Y
(10)
= ln(x42 + 3),
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and



F2 (x1 , x2 ) = Maximum ln (x1 − 0.5)2 y1 + x42 + (y2 − 1)2 + ey1 + 2)
y=(y

 1 ,y2 )∈Y
= ln (x1 − 0.5)2 + x42 + e + 3 .

(11)

By relation (10), it is obvious that (y1∗ , y2∗ ) = (0, 1).
Now, the corresponding minimization problem (6) is as follows:
Minimize G(x, λ) = λ(ln((x1 − 0.5)2 + x42 + e + 3)) + (1 − λ)ln(x42 + 3))
subject to x21 + x22 − 0.25 = 0,
2x1 − cos(4πx2 ) = 0,
0 ≤ λ ≤ 1.

(12)

We solve the NLP problem(12) and obtain the approximate optimal solution (x∗1 , x∗2 , λ∗ ).
The optimal solutions (x∗1 , x∗2 , y1∗ , y2∗ ) are illustrated in Table 1. Moreover, the optimal objective value
∗
F (x , y ∗ ) is given in Table 2.
Table 1: Optimal values of variables in Example 3.1
Approximate optimal
solution x∗2
0.00000005

Approximate optimal
solution x∗1
0.50000000

Optimal
solution y1∗
0.00000000

Optimal
solution y2∗
1.00000000

Now, we solve the main NLP problem (9) by SQP method, interior point method and active-set method,
directly. The results are given in Tab. 2. As one can see, the absolute error and CPU time of solving the NLP
problem (9) by the proposed algorithm, are less than the absolute error and CPU time of the utilizing SQP,
interior point and active-set methods, directly.
Table 2: Comparing the results of solving problem (9) directly and by new algorithm

CPU time (s)
Objective value
Absolute error

Solving problem (9)
by SQP method
1.863
1.11923157
0.02061928

Solving problem (9)
by interior point method
1.109610
1.11923157
0.0206132

Solving problem (9)
by activeset method
0.664829
1.11923157
0.0206192

Solving problem (9)
by new algorithm
0.514
1.09861228
0.00000000

Example 2. Consider the following NLP problem:
Minimize F (x, y) = x21 tan( π6 y1 + π4 ) + x22 cos( π2 y2 )
subject to x2 − cos(4πx1 ) = 0, −1 ≤ x1 ≤ 1, 0 ≤ x2 ≤ 1,
y12 + y22 ≤ 1, 0 ≤ y1 ≤ 1, 0 ≤ y2 ≤ 1.

(13)

where (x∗1 , x∗2 , y1∗ , y2∗ ) = (0, 1, 0, 1) is the exact optimal solution and F (x∗ , y ∗ ) = 0 is the exact optimal
objective value.
=
{(x1 , x2 ) : x2 − cos(4πx1 ) = 0, −1 ≤ x1 ≤ 1, 0 ≤ x2 ≤ 1} and Y
=
 AssumeX
(y1 , y2 ) : y12 + y22 ≤ 1, 0 ≤ y1 ≤ 1, 0 ≤ y2 ≤ 1 . By relations (3) and (4), for any arbitrary
(x1 , x2 ) ∈ X, we have

π
π 
π
(14)
x21 tan( y1 + ) + x22 cos( y2 ) = x21 ,
F1 (x1 , x2 ) = Minimum
6
4
2
y=(y1 ,y2 )∈Y
and
F2 (x1 , x2 ) = Maximum
y=(y1 ,y2 )∈Y



π
π 
5π
π
x21 tan( y1 + ) + x22 cos( y2 ) = x21 tan( ) + x22 ,
6
4
2
12
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Here, the arguments of minimum in problem (14) are y1∗ = 0 and y2∗ = 1 .
The equivalent NLP problem (6) is as follows:
2
2
Minimize G(x, λ) = λ(x21 tan( 5π
12 ) + x2 ) + (1 − λ)x1
subject to x2 − cos(4πx1 ) = 0, −1 ≤ x1 ≤ 1,
0 ≤ x2 ≤ 1,
0 ≤ λ ≤ 1.

(16)

Now, we solve the NLP problem (16) to find the approximate optimal solution (x∗1 , x∗2 , λ∗ ).
The results of resolving the NLP problems (14) and (16) are given in Table 3. Also, the compared results
of solving problem (13) directly (i.e. by SQP, interior point and active-set methods) and by our algorithm are
given in Table 4. The results show high accuracy of the method with respect to the utilizing the other methods.

Table 3: Comparing the results of solving problem (9) directly and by new algorithm
Approximate optimal
solution x∗1
0.00000000007

Approximate optimal
solution x∗2
1.0000000000

Optimal
solution y1∗
0.00000000

Optimal
solution y2∗
1.00000000

Table 4: Comparing the results of solving problem (13) directly and by new algorithm
Solving problem
(13) by interior
point method
3.914989
5.11×10−9
5.11×10−9

Solving problem
(13) by SQP method
CPU time (s)
Objective value
Absolute error

0.626
0.1×10−8
0.1×10−8

Solving problem
(9) by activeset method
1.972576
9.67×10−16
9.67×10−16

Solving problem
(13) by new
Algorithm
0.507
0.5×10−18
0.5×10−18

In the following example, we solve a nonsmooth NLP problem. As it can be seen, using the LCPI technique, we can convert some nonsmooth problems to equivalent smooth ones. It is obvious that solving the
equivalent smooth problem is very faster than solving the main nonsmooth NLP problem.
Example 3. Consider the following nonsmooth NLP problem:
Minimize F (x, y) = e−|y1 −1|x1 + |y2 − 1| (x2 − 1)2
subject to x1 + x22 ≤ 1, x1 ≥ 0, x2 ≥ 0,
0 ≤ y1 ≤ 1, 0 ≤ y2 ≤ 2.

(17)

where (x∗1 , x∗2 , y1∗ , y2∗ ) = (1, 0, 0, 1) is the exact optimal solution and F (x∗ , y ∗ ) = e−1 is the exact optimal
objective value.
Let

X = (x1 , x2 ) : x1 + x22 ≤ 1, x1 ≥ 0, x2 ≥ 0
and
Y = {(y1 , y2 ) : 0 ≤ y1 ≤ 1, 0 ≤ y2 ≤ 2} .
Using relations (3) and (4), for any arbitrary (x1 , x2 ) ∈ X, we have


e−|y1 −1|x1 + |y2 − 1| (x2 − 1)2 = e−x1
F1 (x1 , x2 ) = Minimum

(18)

y=(y1 ,y2 )∈Y

and
F2 (x1 , x2 ) = Maximum
y=(y1 ,y2 )∈Y




e−|y1 −1|x1 + |y2 − 1| (x2 − 1)2 = 1 + (x2 − 1)2 .

(19)
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Here, the arguments of minimum in problem (18) are y1∗ = 0 and y2∗ = 0.
By relations (18) and (19), the equivalent minimization problem (6) is obtained as follows:
Minimize G(x, λ) = λ(1 + (x2 − 1)2 ) + (1 − λ)e−x1
subject to x1 + x22 ≤ 1, x1 ≥ 0, x2 ≥ 0, 0 ≤ λ ≤ 1.

(20)

Now, we solve the obtained smooth NLP problem (20) and find the approximate optimal solution (x∗1 , x∗2 , λ∗ ).
The obtained results are given in Table 5.
Table 5: Optimal values of variables in Example 3
Approximate optimal
solution x∗1
1.000000000

Approximate optimal
solution x∗2
0.000000002

Optimal
solution y1∗
0.00000000

Optimal
solution y2∗
1.00000000

Moreover, we calculate the objective function F (x∗ , y ∗ ) that is compared with the exact value of problem
(17) in Table 6. The obtained optimal objective values by the SQP, interior point and active-set methods are
far from the exact objective value. The results show the high accuracy of the method with respect to the other
methods.
Table 6: Comparing the results of solving problem (17) directly and by new algorithm
Solving problem
(17) by SQP method
CPU time (s)
Objective value
Absolute error

4

0.377
0.610863134
0.242983693

Solving problem
(17) by interior
point method
4.245378
0.4139844
0.046104958

Solving problem
(17) by activeset method
0.690984
0.3690997
0.00122025

Solving problem
(17) by new
Algorithm
0.236
0.367879441
0.000000000

Conclusion

In this work, we showed that a class of NLP problems can be converted into the equivalent nonlinear
problems such that the complexity of the new obtained problems are reduced and the number of decision
variables is fewer than that of the main problems. Thus by the LCPI idea, we can reduce the time needed
for solving the problems. Also, we showed that by using LCPI method, we can convert some nonsmooth (or
onconvex) NLP problems into equivalent smooth (or convex) NLPs. Therefore, by the proposed approach we
can solve a wide class of NLP problems, faster and more easily.
However, applying the idea of this paper for solving nonlinear mutliobjective optimization problems [2, 8, 11]
can be a worthwhile direction for the future investigation.
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