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Abstract. The prevalence of herpes simplex virus type 2 (HSV-2) is on the rise within the general population and no perfect vaccine has been found yet. In this paper, a mathematical model for the spread of HSV-2
is developed and analysed. The impact of counselling/educational campaigns, vaccination and treatment are
examined. The disease free equilibrium has been shown to be globally asymptotically stable when the reproduction number is less than unity. Furthermore, by the Krasnoselskii sub-linearity trick and the Lyapunovs
functional approach we managed to show the local and global stability of the endemic equilibrium respectively. Results from the study suggest that vaccination of more high risk susceptible individuals with a vaccine
of high efficacy would be crucial in combating HSV-2 epidemic. Further, we applied optimal control theory to
the proposed model. The optimal control is characterised and numerically solved. Overall, the application of
optimal control theory in the study suggests that, more effort should be devoted to vaccination and treatment.
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1

Introduction

Herpes simplex virus type 2 (HSV-2) is a sexually transmitted infection, with prevalence that is increasing
in many populations and geographical areas[13] . HSV-2 has infected 22% of the general population in the US
and up to 60% of the general population in many developing countries[43, 59] . It is characterised by weakness
and fever, headache, nerve pains, itching, lower abdominal pain, urinary difficulties, yeast infections and
vaginal discharge in women. There are 1.5 million new HSV-2 infections among 15∼19 year old females
in sub-Saharan Africa every year and an estimated 23.6 million HSV-2 infections per year worldwide in
adults[32] . In 2003, for instance, up to 536 million people aged 15∼49 years were living with HSV-2 globally
and 23.6 million new infections were recorded in that year[32] . In the United States of America (USA), annual
health costs for STIs has reached US$17 Billion[17] , with HSV-2 chewing up $541 million, making it the third
most costly STI after HIV-1 and human papillomavirus (HPV)[44] . There are no common programmes that
are there, for the control of HSV-2. Current recommendations to prevent HSV-2 acquisition and transmission
in individuals include symptom recognition, consistent condom use, abstinence during symptomatic periods,
and the use of antiviral therapy[12, 53, 56, 57] . Some meta-analysis have shown that prior infection with HSV2 increases the risk of HIV acquisition by as much as threefold in women and twofold in men, and that
interventions to control HSV-2 infection could prevent as many as 50% to 60% of new HIV infections[21] .
Though HSV-2 infection is more common in women than in men, as many as 85% of HIV positive people are
infected with HSV-2. Thus, a control of HSV-2 will enable us to indirectly also reduce the prevalence of HIV.
Humans are the only known reservoirs of HSV-2. Safe and effective prevention of HSV-2 is the ultimate goal of a HSV-2 vaccine research. Because, the correlate of protective immunity is unknown, testing
the efficacy of prophylactic vaccines requires prospective follow up of the persons at high risk for HSV-2
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acquisition[29] . Several platforms have been tested for prophylactic HSV-2 vaccines; these have been recently
reviewed[28, 60] . The most promising and advanced have been recombinant glycoprotein vaccines, with more
than 20 000 human volunteers studies in clinical trials[29] . The field of HSV-2 vaccine is rapidly evolving,
although the results of all the prophylactic vaccines were disappointing. There have been some success in the
treatment of HSV-2, by using some suppressive anti viral therapy, and disclosure of HSV-2 serostatus, and
each approximately halve the risk of transmission[12, 56, 57] . Access to care, treatment, compassionate understanding and knowledegable counselling about transmission are often poor and sometimes non-existent[11] .
Thus, those people with less education (and its actually more people) will tend to assume that the vanishing
of clinical symptoms implies that they are no longer infectious. Hence, they begin to spread the disease to
their respective spouce(s) and other fellow humans. HSV-2 causes severe pain in the clinical phase, thus there
is really a need for treatment. Even though there is no treatment to eradicate herpes simplex virus from the
body, but they can reduce the frequency, duration and severity of outbreaks. A prophylactic vaccine would
be valuable from both the patient and public health standpoint, if it where to meet or exceed the efficacy of
currently available preventive measures. The prevalence of HSV-2 infection is not that uniform, with some
populations bearing a greater burden of the disease than others. Potential risk factors that influence HSV-2
transmission rates have been identified, largely from observational prospective and retrospective studies. Risk
factors can be categorised as biological or behavioural, and can be markers of the population subgroups that
are likely to acquire HSV-2[55] . Focusing our intervention strategies on these high risk susceptibles may be of
much help in the fight against HSV-2.
Mathematical models have become invaluable management tools for epidemiologists, both shedding light
on the mechanisms underlying the observed dynamics as well as making quantitative predictions on the effectiveness of different control measures. The literature and development of mathematical epidemiology are well
documented and can be found in [2, 4, 8]. Mathematical modelling provides an alternative means to define
our problems, organize our thoughts, understand our data, communicate and test our understanding, and make
predictions. A number of mathematical models have been developed, revised and adapted over time and applied to several different research questions on HSV-2. Podder and Abba[45] , developed a mathematical model
for HSV-2 which takes into account disease transmission by infected individuals in the quiescent state and
an imperfect HSV-2 vaccine. White and Garnett[58] , developed a simple mathematical model to explore the
influence of the natural history of HSV-2 and the impact of the anti viral therapy. Schwartz et al.[51] developed
a mathematical model to predict the potential public health impact of imperfect therapeutic HSV-2 vaccines.
More other mathematical models have looked into mathematical modelling of HSV-2 transmission dynamics
focusing on a number of different issues, see [1, 15, 18, 23, 24, 33, 49, 50], to mention just a few. Most of
these models did not include the exposed class, and for those which did [45], their quiescent/dormant class
was taken as being infectious. The major contribution of this model was in assessing the effect of focusing
our HSV-2 vaccine towards the high risk individuals. The paper also seeks to answer the effect of being a low
risk susceptible to HSV-2 and also assessing the best method for controlling HSV-2 epidemic, whether to stay
as a low risk individual, getting vaccinated or by making sure every HSV-2 infected individual adheres to the
anti-viral treatment. In this model, we have included the exposed class, and taken our quiescent class as being
non-infectious, since the spread of genital herpes is unrecognized virus shedding, often allowing transmission
from individuals who are not aware that they are infected or who are not having a recurrence[55, 61] . Some
people who are infectious, do not know that they are shedding the virus, so it would be very difficult to tell
who is shedding or not. Thus, we took everyone who is infectious into one class, that is the infectious class,
and those who will not be shedding during that time, would be under the dormant class. It is worth noting that,
someone may not be infectious for the rest of his/her life, hence the quiescent class would be best taken as
being non-infectious. To the best of our knowledge, no one has yet explored the issue of HSV-2 and the risk
of the susceptible populations, and also the application of optimal control theory to the modelling of HSV-2,
hence we found some relevance into pursuing this study.
The paper is structured as follows. The HSV-2 transmission model is formulated in the next Section.
Analytic results of the model system are presented in Section 3. Simulation results and projection profiles
of HSV-2 are presented in Section 4. In Section 5 optimal control theory has been applied to the model
formulation in Section 2. Summary and concluding remarks round up the paper.
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2

Model formulation

This paper attempts to assess the possible ways of managing the HSV-2 epidemic, by employing some
possible intervention strategies on the high risk susceptibles and the low risk susceptibles against HSV-2. The
entire population is divided into the following sub-group compartmentals: the low risk susceptibles (L); the
high risk susceptibles (H); the vaccinated susceptibles (V ); the exposed individuals (E); the infectious individuals showing clinical symptoms (I); the quiescent and non infectious individuals (D). Thus the population
at time t, N (t) is given by,
N = L + H + V + E + I + D.
(1)
The susceptible individuals are increased by a constant inflow into the population at rate Λ. A fraction π0 of
these individuals being low risk and the complementary fraction, π1 = 1−π0 being high risk individuals. This
is reasonable because the underlying population is made up of adults only and juveniles mature into these two
classes. Individuals in different subgroups suffer from natural death at a rate µ, which is proportional to the
number in each class. High risk susceptibles, are individuals with previous STDs infections (including HSV),
sexually active individuals with multiple sex partners, those having first sexual intercourse at an early age
(mostly < 15 years), low socio-economic status, immuno-compromised individuals (including HIV positive
patients), sexually active adults who do not practice safe sex and the commercial sex workers[30, 36, 41, 52, 55] .
All other individuals would be regarded as being low risk susceptibles. Susceptible low risk, high risk and the
vaccinated individuals acquir HSV-2 infection at rate (1 − θl )λ, λ and (1 − θv )λ, respectively. The role of
vaccine efficacy is played by θv , and the protective factor for being a low risk susceptible individual by θl . If
θv = θl = 0, then vaccination and being a low risk individual are not effective; θv = θl = 1 corresponds to
completely effective vaccination and being a low risk individual. Then the fact that 0 < θl , θv < 1 implies
that to some degree, vaccination and being a low risk individual have an effect in reducing the prevalence
of HSV-2. The low risk individuals become high risk individuals at rate ρ. The exposed individuals develop
clinical symptoms at rate φ becoming infectious. The infectious individuals move to the quiescent class at
rate r, through treatment. The individuals in the quiescent class revert to the infectious class showing clinical
symptoms at rate q, for r ≥ q. It is worth noting that our quiescent class contains infected but non infectious
individuals, as previously defined and applied[50, 51] . Low and high risk susceptible individuals are vaccinated
at rate γ and (1 − α)γ respectively. α ∈ (0, 1), is a modification parameter which accounts for the resistance
which may be shown by some of the high risk susceptible individuals towards vaccination. The vaccine wanes
out at rate κ. The force of infection for our model is given by,
λ=

βcI
,
N

(2)

β is the transmission probability per contact, c is the per capita contact rate. It is worth noting that, on its own,
HSV-2 does not kill people, so there is no disease induced death rate. The model flow diagram is shown in
Fig. 1. Based on the assumptions, the following system of differential equations describes the model:
L0 = π0 Λ + κV − (1 − θl )λL − (µ + ρ + γ)L,
H 0 = π1 Λ + ρL + κV − λH − (µ + (1 − α)γ)H,
V 0 = γL + (1 − α)γH − (1 − θv )λV − (µ + 2κ)V,
E 0 = (1 − θl )λL + λH + (1 − θv )λV − (µ + φ)E,
I 0 = φE + qD − (µ + r)I,
Q0 = rI − (µ + q)D.

2.1

(3)

Model basic properties

Lemma 1. The equations preserve positivity of solutions.
Proof. The vector field given by the right hand side of (3) points inward on the boundary of R6 \{0}. For
example, if H = 0 then H 0 = π1 Λ + ρL + κV ≥ 0. All other components are similar.
WJMS email for subscription: info@wjms.org.uk
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right hand side of (3)
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the boundary
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µ
example, if H = 0 then H = π Λ + ρL + κV ≥ 0. All other components are similar.
Lemma 1. The equations preserve positivity of solutions.

L1

′



6

1

Proof. The norm L1 norm of each non-negative solution is N and it satisfies the inequality N 0 ≤ Λ − µN .
4
Λ
Λ
Solutions to the equation M 0 = Λ − µN are monotone increasing and bounded by if M (0) < . They are
µ
µ
Λ
0
0
monotone decreasing and bounded above if M (0) ≥ . Since N ≤ M the claim follows.
µ


Λ
6
Corollary 1. The region Ω = (L + H + V + E + I + D) ∈ R+ : N ≤
, is invariant and attracting for
µ
system (3).
Theorem 1. For every non-zero, non-negative initial value, solutions of model system (3) exist for all times.
Proof. Local existence of solutions follow from standard arguments since the right hand side of (3) is locally
Lipschitz. Global existence follows from the a-priori bounds.

3

Model analysis

In this section, we present the stability analysis of the equilibrium points and we begin by looking at the
disease free equilibrium.
3.1

Disease-free equilibrium and the basic reproduction number
Model system (3) has a disease-free equilibrium given by, E0 = (L0 , H0 , V0 , E0 , I0 , D0 ), where
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Λ((µ + 2κ)π0 + γ(1 − α)(µπ0 + κ))


,
L0 =


2

µ(1 − α)γ + µ(µ + ρ)(µ + 2κ) + γ(µ(µ + κ)(2 − α) + ρ(1 − α)(µ + 2κ))




Λ(µ2 π1 + γκ + µπ1 (γ + 2κ) + ρ(µ + 2κ)(π1 − π0 ))


H
=
,
0


µ(1 − α)γ 2 + µ(µ + ρ)(µ + 2κ) + γ(µ(µ + κ)(2 − α) + ρ(1 − α)(µ + 2κ))

Λγ((1 − α)γ + µ(1 − απ1 ) + ρ(1 − α)(π1 − π0 ))
E0 =
V0 =
,


2

µ(1 − α)γ + µ(µ + ρ)(µ + 2κ) + γ(µ(µ + κ)(2 − α) + ρ(1 − α)(µ + 2κ))




E0 = 0,




I0 = 0,



D0 = 0.

(4)

The linear stability of E0 is governed by the basic reproduction number R0 which is defined as the spectral
radius of the next generation matrix[54] . Biologically, the reproduction number is defined as the number of
secondary infections generated by a single infectious individual during his/her entire infectious period when
introduced to a completely naive population. Using the next generation matrix approach and the notation
defined in van den Driessche and Watmough[54] , the non negative matrix F and the non singular matrix V , for
new infection terms and the remaining transfer terms are respectively given ( at the disease free equilibrium )
by




βc(1 − θl )L βc(1 − θv )V
βcH
φ+µ 0
0
0
+
+
0


N
N
N

 . (5)
µ + r −q
F = 0
0
0  , and V = −φ
0
−r
µ+q
0
0
0
We now consider different possibilities
Case 1. Low risk only
We set π1 = κ = ρ = γ = 0, θv = α = π0 = 1. Then the spectral radius is given by
RL =

βcφ(µ + q)(1 − θl )
.
µ(µ + φ)(µ + q + r)

(6)

Biologically RL measures the average number of secondary HSV-2 cases that are being produced by an HSV2 infective who is a low risk individual during his/her infectious period, in the absence of vaccination and the
high risk individuals in the community.
Case 2. High risk only
We set π0 = κ = ρ = γ = 0, θl = θv = π1 = 1. Then the spectral radius is given by
RH =

βcφ(µ + q)
.
µ(µ + φ)(µ + q + r)

(7)

Biologically RH measures the average number of secondary HSV-2 cases that are being produced by an HSV2 infective who is a high risk individual during his/her infectious period, in the absence of vaccination and the
low risk individuals in the community.
Case 3. The general case
In the presence of low risk individuals, high risk individuals and vaccination, the spectral radius is given by
RLHV =

βcφ(µ + q)(k1 + k2 θv + k3 θl )
,
(µ + φ)(µ + q + r)k4

(8)

where
k1
k2
k3
k4

= γ((γ + ρ)(1 − α) + (µ + κ)(2 − α)) + µ2 + 2κµ + ρ(µ + 2κ)(π1 − π0 ),
= γ(ρ(1 − α)(π1 − π0 ) + γ(1 − α) + µ(1 − απ1 ),
= µ(µ + 2κ)π0 + γ(1 − α)(κ + µπ0 ),
= µγ 2 (1 − α) + µ(µ + ρ)(µ + 2κ) + γ(µ(2 − α)(µ + κ) + ρ(1 − α)(µ + 2κ)).

(9)
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RLHV measures the average number of new HSV-2 infections generated by a single HSV-2 infective during
his/her infectious period whilst amongst vaccinated, low risk and high risk individuals, and also in the presence
of vaccination and other intervention strategies.
Case 4. In the absence of vaccination
We set γ = κ = 0, α = 1. Then the spectral radius is given by
RV =

βcφ(µ + q)(ρ + µ(1 − π0 ) + µπ0 θl )
.
µ(µ + φ)(µ + ρ)(µ + q + r)

(10)

Biologically RV measures the secondary number of HSV-2 cases generated by a single infected HSV-2 individual during his/her entire infectious period in a totally naive (susceptible) population which is composed of
both low and high risk individuals, but in the absence of vaccinated individuals and vaccination programmes.
We now examine the effects of varying the transmission probability (β) on the reproduction number (R).
Fig. 2 shows the effects of varying the transmission probability on the reproductive number. Fig. 2 illustrates
the relationship and behaviour of RL , RH , RV , RLHV for varying the rate of acquiring HSV-2 infection.
It shows that RH > RV > RL > RLHV for the given parameters in Table 1. This implies that vaccination
coupled with treatment is the most effective way of combating HSV-2. By looking at the graph of RV , we
safely conclude that treatment alone is not that effective in HSV-2 control. Currently, there is no effective
vaccine for HSV-2[28, 29] , measures such as counselling/educational campaigns can be put in place to try
reduce the rate of the low risk susceptibles becoming high risk susceptibles, and this in turn can help reduce
the prevalence of HSV-2.

Fig. 2: Effect of varying the effective contact rate (β) on the reproduction numbers

3.1.1

Global stability of the disease free equilibrium

Lemma 3. The disease free equilibrium E0 of system (3) is locally asymptomatically stable (LAS) if R0 ≤ 1
and unstable if R0 > 1.
Following Kamgang and Sallet (2008)[31] , we write the system (3) in the form,
x01 = A1 (x) · (x1 − x∗1 ) + A12 · (x2 ),
x02 = A2 (x)x2 ,

(11)

(H1) The system is defined on a positively invariant set Ω of the non negative orthant. The system is dissipative on Ω.
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(H2) The sub system x01 = A1 · (x1 , 0) · (x1 − x∗1 ) is globally asymptotically stable at the equilibrium x∗1 on
the canonical projection of Ω on Rn+1 .
(H3) The matrix A2 (x) is Metzler (a Metzler matrix is a matrix with off diagonal entries non negative ([3])
and irreducible for any given x ∈ Ω.
(H4) There exists an upper-bound matrix A2 for M = {A2 (x)x ∈ Ω} with the property that either
A2 < M or if A2 < M, (i.e., A2 = maxΩ M) then for any x ∈ Ω such thatA2 = A2 (x), x ∈ Rn+1 ×
{0} (i.e., the points where the maximum is realized are contained in the disease-free submanifold)
(H5) α(A) ≤ 0 are satisfied. If conditions (H1 − H5 ) are satisfied, then E0 is globally asymptotically stable
for in Ω.
We express the sub system x01 = A1 · (x1 , 0) · (x1 − x∗1 ) as
L0 = π0 Λ + κV − (µ + ρ + γ)L,
H 0 = π1 Λ + ρL + κV − (µ + (1 − α)γ)H,
V 0 = γL + (1 − α)γH − (µ + 2κ)V.

(12)

This is a linear system which is globally asymptotically stable at the equilibrium corresponding to E0 , which
satisfies conditions H1 and H2 .
The matrix A2 (x) is given by

−(µ + φ)

A2 (x) = 
φ
0

βc(1 − θl )L βc(1 − θv )V
βcH
+
+
N
N
N
−(µ + r)
r

0




,
q
−(µ + q)

(13)

which is an irreducible matrix. The upper bound for x ∈ Ω is given by

−(µ + φ)

A2 = 
φ
0

βc(1 − θl )L0 βc(1 − θv )V0 βcH0
+
+
N
N
N
−(µ + r)
r

0





q
−(µ + q)

(14)

which is not attained on Φ and which is not the corresponding block in the Jacobian matrix of the system at E0
(where N = Λ/µ and L0 , H0 , V0 are as defined in Eq.(4)). Thus, we obtain only a sufficient condition. Then
condition (H5) is equivalent to RLHV ≤ 1. The condition α(A) ≤ 0 can be expressed by,
βcφ(µ + q)(k1 + k2 θv + k3 θl )
≤1
(µ + φ)(µ + q + r)k4

(15)

which is the reproduction number for our system (3), with k1 , k2 , k3 and k4 as defined in Eq. (9).
Seeing that the hypothesis (H1), (H2), (H3), (H4) and (H5) have been satisfied. Then, by Lemma (3)
we have the following result.
Theorem 2. The disease-free equilibrium (E0 ) of model system (3) is globally asymptotically stable (GAS) if
R0 ≤ 1 and unstable if R0 > 1.
3.2

Endemic equilibrium and stability analysis

System (3) has three possible endemic equilibrium points, namely (a) low risk only, (b) high risk only,
(c) coexistence of high risk and low risk individuals.
3.2.1

Low risk only

We set π1 = κ = ρ = γ = 0, θv = α = π0 = 1, so that there are no high risk individuals in the
community. Thus, model system (3) reduces to
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L0 = Λ − (1 − θl )λL − µL,
E 0 = (1 − θl )λL − (µ + φ)E,
I 0 = φE − (µ + r)I + qD,
D0 = rI − (µ + q)D.
For system (16), it can be shown that the region


Λ
4
Σ = (LL , EL , IL , DL ) ∈ R+ : N ≤
µ

(16)

(17)

is invariant and attracting. Thus, the dynamics of HSV-2 focusing on low risk individuals would be considered
in Σ. System (16) has an endemic equilibrium given by

Λ

,
L∗L =


∗

µ + λ (1 − θl )




λ∗ Λ(1 − θl )

∗


EL = (µ + φ)(λ∗ (1 − θ ) + µ) ,
l
E∗L =
(18)
∗ Λφ(µ + q)(1 − θ )

λ
l

∗

IL =
,


µ(µ + φ)(µ + q + r)(µ + λ∗ (1 − θl ))





rλ∗ Λφ(1 − θl )

∗ =
DL
,
µ(µ + φ)(µ + q + r)(µ + λ∗ (1 − θl ))
in terms of the force of infection λ∗ . Substituting Eq. (18) into the force of infection λ∗ we have,
λ∗ h(λ∗ ) = λ∗ (Aλ∗ + B),

(19)

where λ∗ = 0 corresponds to the disease free equilibrium and h(λ∗ ) = 0 corresponds to the existence of the
endemic equilibrium point where
1 − θl
A=
, B = 1 − RL .
(20)
µ
A is always positive and B is negative or positive if RL is greater than or less than one.
Theorem 3. The endemic equilibrium E∗L exists whenever RL > 1.
Proof. By examining the linear equation Aλ∗ + B = 0 we have that
B
1 − RL
=−
.
(21)
A
A
But, the disease is endemic when the force of infection λ∗ > 0, and this implies that RL > 1. Therefore the
endemic equilibrium E∗L exists wherever RL > 1.
λ∗ = −

local stability of the low risk only endemic equilibrium
∗ ). Since there is no disease induced death
Our endemic equilibrium is given by E∗L = (L∗L , EL∗ , IL∗ , DL
rate in our model, thus, it can be shown that

dN (t)
= Λ − µN (t).
(22)
dt
Λ
Hence, it follows from (22) that, N (t) →
= N ∗ as t → ∞. Further by using the substitution that
µ
L = N ∗ − E − I − D in model (16) gives the following reduced model,
(1 − θl )βcI(N ∗ − E − I − D)
− (µ + φ)E,
N∗
0
I = φE − (µ + r)I + qD,
D0 = rI − (µ + q)D.
E0 =

We claim the following result.
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Theorem 4. The unique endemic equilibrium, E∗L , of the reduced model (23), is locally asymptotically stable
whenever RL > 1.
Proof. The proof is based on using a technique in [26] (see also [22, 37, 45, 47]), which employs a Krasnoselskii sub-linearity trick. The approach essentially entails showing that the linearisation of the system (23),
around the equilibrium E∗L , has no solutions of the form
Z(t) = Z0 eτ t ,

(24)

with Z0 = (Z1 , Z2 , Z3 ) and τ, Zi ∈ C (i = 1, 2, 3), and Re(τ ) ≥ 0. The consequence of this is that the
eigenvalues of the characteristic polynomial associated with the linearised method will have negative real part
(in which case, the unique endemic equilibrium, E∗L , is locally asymptotically stable).
Substituting a solution of the form (24) into the linearised system of (23) around E∗L gives the following system
of linear equations,





∗
(1 − θl )βcIL∗
(1 − θl )βcL∗L (1 − θl )βcIL∗
(1 − θl )βcDL
τ Z1 = −
Z2 −
Z3 ,
+ t1 Z1 +
−
N∗
N∗
N∗
N∗
τ Z2 = φZ1 − t2 Z2 + qZ3 ,
τ Z3 = rZ2 − t3 Z3 ,

(25)

where t1 = µ + φ, t2 = µ + r, t3 = µ + q.
Solving for Z3 from the third equation of (25) and substituting the result into the remaining equations of
(25) and simplifying give the equivalent system







1
(1 − θl )βcI ∗
1 (1 − θl )βcL∗ (1 − θl )βcI ∗
1 (1 − θl )βcI ∗
1+
τ+
Z1 =
−
Z2 −
Z3 ,
t1
N∗
t1
N∗
N∗
t1
N∗


φ
q
τ
Z2 =
+ Z3 ,
1+
(26)
t2
t2 t2


τ
r
1+
Z3 =
Z3 .
t3
t3
Adding the first and the third equations of (26) and substituting Z2 from the third equation to the first equation
and moving all the negative terms to their respective left-hand sides gives the following,
Z1 [1 + F1 (τ )] + Z3 [1 + F3 (τ )] = (M Z)1 + (M Z)3 ,
Z2 [1 + F2 (τ )] = (M Z)2 ,
where,




(1 − θl )βcIL∗
(1 − θl )βcIL∗
τ
1
τ
t3 + τ
F1 (τ ) =
τ+
, F2 (τ ) = , F3 (τ ) =
+
1+
t1
N∗
t2
t3
t1 N ∗
r
with


0


φ
M =

 t2
0

(1 − θl )βcL∗L
N ∗ t1
0
r
t3

0

(27)




q
.

t2 
0

(28)

In the above calculations, the notation M (Z)i (with i = 1,2,3) denotes the ith coordinate of the vector M (Z).
It should be further noted that the matrix M has non-negative entries, and the equilibrium E∗L satisfies E∗L =
M E∗L . Furthermore, since the coordinates of E∗L are all positive, it then follows that if Z is a solution of (27),
then it is possible to find a minimal positive real number s such that
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kZk ≤ sE∗L

(29)

where, kZk = (kZ1 k, kZ2 k, kZ3 k) with the lexicographic order, and k · k is a norm in C.
The main goal is to show that Re(τ ) < 0. Assume the contrary (i.e. Re(τ ) ≥ 0). We then need to
consider two cases: τ = 0 and τ , 0. Assume the first case (i.e., τ = 0). Then (26) is a homogeneous linear
system in the variables Zi (i = 1, 2, 3). The determinant of system (26) corresponds to that of the Jacobian of
the system (23) evaluated at E∗L , which is given by



L∗L
1
∗
∗
(30)
Θ=−
µ(1 − θl )βcI (µ + r + q) + N µ(µ + φ)(µ + r + q) 1 − ∗ RL .
N
N
By solving (23) at the endemic state E∗L , and using the first equation of (23), it can be shown that,
L∗L
1
.
=
∗
N
RL

(31)

Thus Θ < 0. Consequently, system (26) can only have one trivial solution Z = 0 (which corresponds to the
disease free equilibrium, E0 ).
Consider next the case τ , 0. In this case, by assumption, Re(τ ) > 0. Thus, |1 + Fi (τ )| > 1 for
s
i = 1, 2, 3. Now define F (τ ) = min |1 + Fi (τ )|, for i = 1, 2, 3. Then, F (τ ) > 1. Therefore,
< s. Since
F (τ )
s is minimal positive real number such that |Z| ≤ sE∗L , then
|Z| >

s
E∗ .
F (τ ) L

(32)

Taking norms from both sides of the second equation of (27) and using the fact that M is a non-negative
matrix give that
F (τ )kZ2 k ≤ M (kZk)2 ≤ s(M kE∗L k)2 ≤ sIL∗ .
(33)
s ∗
I which contradicts with (32). Hence, Re(τ ) <
Then, it follows from the above inequality that kZ2 k ≤
F (τ ) L
∗
0, so that the endemic equilibrium, EL , is locally asymptotically stable if RL > 1.
The epidemiological impact of Theorem (4) is that the disease will persist in the community if the reproduction
threshold (RL ) exceeds unity. Using a Lyapunov function, global asymptomatic stability of our reduced model
(23) can be easily shown. We claim the following result:
Theorem 5. The endemic equilibrium point for the low risk only individuals E∗L , is globally asymptomatically
stable whenever RL > 1.
3.2.2

High risk only

This occurs when we the whole community consists of high risk individuals only. The endemic equilibrium is given by

Λ

L∗H =
,



µ + λ∗




λ∗ Λ

∗


EH = (µ + φ)(µ + λ∗ ) ,
E∗H =
(34)

λ∗ Λφ(µ + q)

∗

IH =
,


µ(µ + φ)(µ + q + r)(µ + λ∗ )




 ∗
rλ∗ Λφ

DH =
.
µ(µ + φ)(µ + q + r)(µ + λ∗ )
Using the same analysis as in Section 3.2.1, it can be shown that the endemic equilibrium E∗H makes biological
sense whenever RH > 1. Furthermore, using the similar analysis as in Section 3.2.1, the stability of E∗H can
be established. We now discuss the co-existence of high risk and low risk individuals in the community.
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3.2.3

Interior endemic equilibrium

When both the high risk and the low risk individuals exists, system (3) has an endemic equilibrium given
by (not computed due to its complex nature)
∗
∗
∗
∗
∗
E∗LHV = (L∗LHV , HLHV
, VLHV
, ELHV
, ILHV
, DLHV
)

(35)

∗
The permanence of the disease destabilises the disease free equilibrium E0 since RLHV
> 1, thus, the endemic
equilibrium exists.
Having various definitions for persistence[20, 27] , we will utilize the definitions by Freedman et al.[19] .
System (3) is said to be uniformly persistent if
n
o
min lim inf L(t), lim inf H(t), lim inf V (t), lim inf E(t), lim inf I(t), lim inf D(t) >  (36)
t→∞

t→∞

t→∞

t→∞

t→∞

t→∞

for some  > 0 for all initial points in int Ω.
A uniform persistence result given in [19] requires the following hypothesis (M ) to be satisfied. We
denote that E is a closed positively invariant subset X on which a continuous flow G is defined and N is the
maximal invariant set of ∂G on ∂E. Suppose N is a closed invariant set and there exists a cover {Nα }α∈A of
N, where A is a non empty index set, Nα ⊂ ∂E, N ⊂ Uα∈A Nα , and {Nα }(α ∈ A) are pairwise disjoint
closed invariant sets. Furthermore, we propose the following hypothesis.
Hypothesis (M )
(a) all Nα are isolated invariant sets of the flow G,
(b) {Nα }α∈A is acyclic, that is, any finite subset of {Nα }α∈A does not form a cycle[10] ,
(c) any compact subset of ∂E contains, at most, finitely many sets of {Nα }α∈A .
Lemma 4. (see [10]). Let E be a closed positively invariant subset of X on which a continuous flow G is
defined. Suppose there is a constant  > 0 such that G is point dissipative on {X : x ∈ X, d(x, ∂E) ≤
} ∩ int E and the assumption (M ) holds. Then the flow G is uniformly persistent if and only if
W + (Nα ) ∩ {X : x ∈ X, d(x, ∂E) ≤ } ∩ int E = ∅

(37)

for any α ∈ A, where W + (Nα ) = {y ∈ X : ∆+ (y) ⊂ Nα }.
Now, we can obtain the following result.
Theorem 6. System (3) is uniformly persistent in int Ω if RLHV > 1.
Proof. Suppose RLHV > 1. We show that system (3) satisfies all the conditions of Lemma 4. Choose X = R6
and E = Ω. The vector field of system (3) is transversal to the boundary of Ω on its faces except the L−axis,
H−axis and V −axis, which are invariant with respect to system (3) on the L−axis, H−axis and V −axis the
equations for L, H and V are
L0 = π0 Λ + κV − (ρ + µ + γ)L
H 0 = π1 Λ + κV + ρL − (µ + (1 − α)γ)H
V 0 = γL + (1 − α)γH − 2κV − µV

(38)

which implies that
L(t) →
H(t) →
V (t) →

Λ((µ + 2κ)π0 + γ(1 − α)(µπ0 + κ))
,
µ(1 −
+ µ(µ + ρ)(µ + 2κ) + γ(µ(µ + κ)(2 − α) + ρ(1 − α)(µ + 2κ))
Λ(µ2 π1 + γκ + µπ1 (γ + 2κ) + ρ(µ + 2ω)(π1 − π0 ))
,
µ(1 − α)γ 2 + µ(µ + ρ)(µ + 2κ) + γ(µ(µ + κ)(2 − α) + ρ(1 − α)(µ + 2κ))
Λγ((1 − α)γ + µ(1 − απ1 ) + ρ(1 − α)(π1 − π0 ))
,
µ(1 − α)γ 2 + µ(µ + ρ)(µ + 2κ) + γ(µ(µ + κ)(2 − α) + ρ(1 − α)(µ + 2κ))
α)γ 2

(39)
(40)
(41)
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as t → ∞. Therefore, E0 is the only ω − limit point on the boundary of Ω. As the maximal invariant set
on the boundary of ∂Ω of Ω is the singleton {E0 } and E0 is isolated when RLHV < 1, thus the hypothesis
(M ) holds for system (3). The flow induced by f (x) is point dissipative ∂E by the positive invariance of E.
Because of W + (N ) = {y ∈ X : ∆+ (y) ⊂ N }, where ∆+ (y) is the omega limit of y, when RLHV < 1,
we have that E is contained in the set W + (N ) and for RLHV > 1, W + (N ) = ∅. Therefore, the uniform
persistence of system (3) is equivalent to E0 being unstable, and the theorem is proved.
Theorem 7. The endemic equilibrium point ELHV of the system (3) guaranteed by theorem (6) is globally
asymptotically stable for RHLV > 1.
Proof. To prove this theorem,we make use of the Lyapunov functional theorem, to which we show that our
interior endemic equilibrium point is the only stationary point of the Lyapunov function. To do that, we
change the variable such that: S = x1 , H = x2 , V = x3 , E = x4 , I = x5 and D = x6 . Define a function
V (x1 , x2 , x3 , x4 , x5 , x6 ) by:
V = x1 − x∗1 Inx1 + x2 − x∗2 Inx2 + x3 − x∗3 Inx3 + x4 − x∗4 Inx4 + x5 − x∗5 Inx5 + x6 − x∗6 Inx6 . (42)
This implies that,

∂V
x∗
= 1 − i , i = 1, 2, 3, 4, 5, 6.
(43)
∂xi
xi
By equating the partial derivatives to zero and solve for xi we get, xi = x∗i , i = 1, 2, 3, 4, 5, 6. We can see that
the endemic equilibrium is the only stationary point of the function V (x1 , x2 , x3 , x4 , x5 , x6 ).
∂2V
x∗i
=
, i = 1, 2, 3, 4, 5, 6.
xi
∂x2i

(44)

It is clear that the second partial derivative of the function V (x1 , x2 , x3 , x4 , x5 , x6 ) with respect to xi
for all i, is positive, hence the endemic equilibrium point is the global minimum point of the function
V (x1 , x2 , x3 , x4 , x5 , x6 ), for all v ∈ R6 and V 0 = 0 only at the interior endemic equilibrium point.
Further, the function V (x1 , x2 , x3 , x4 , x5 , x6 ) is continuous everywhere by properties of continuous functions and has first order partial derivatives. Therefore to conclude that the function V (x1 , x2 , x3 , x4 , x5 , x6 ) is
a Lyapunov function, it requires us to prove that, the rate of change of the function V (x1 , x2 , x3 , x4 , x5 , x6 )
with respect to time is less than or equal to zero as t approaches infinity. Now,
X
x0 (t)
(45)
V 0 (t) =
(xi − x∗i ) i , i = 1, 2, 3, 4, 5, 6.
xi (t)
Since the set of solutions for the system of (3) is bounded, there exist a positive real number k such that,
k = min xi , i = 1, 2, 3, 4, 5, 6 hence
X
x0 (t)
1X
(xi − x∗i ) i
≤
(xi − x∗i )x0i (t), i = 1, 2, 3, 4, 5, 6.
(46)
xi (t)
k
Also, since
N 0 (t) = Λ − µN,
where 0 < N ≤

(47)

Λ
, =⇒ 0 ≤ N 0 (t) < N hence, the derivatives are also bounded, that is x0i (t) ∈ L∞ . Thus,
N
1X
ΛX
(xi − x∗i )x0i (t) <
(xi − x∗i ), i = 1, 2, 3, 4, 5, 6.
(48)
k
k

Therefore

ΛX
(xi − x∗i ), i = 1, 2, 3, 4, 5, 6.
k
Using the result derived from Barbalat lemma,
X
(xi − x∗i ) −→ 0, i = 1, 2, 3, 4, 5, 6, as t −→ ∞,
V 0 (t) <

(49)

(50)

hence V 0 (t) < 0, this implies that the function V (x1 , x2 , x3 , x4 , x5 , x6 ) is a strict Lyapunov function with the
endemic equilibrium point only stationary as its stationary point, which is a global minimum point. Thus the
endemic equilibrium point ELHV is globally asymptotically stable for RLHV > 1.
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4

Population level effects

In order to illustrate the results of the foregoing analysis, we have simulated model (3) using the parameters
in Tab. 1. Unfortunately, the scarcity of the data on HSV-2 and the risk of susceptibility limits our ability to
calibrate, nevertheless, we assume some of the parameters in the realistic range for illustrative purposes. These
parsimonious assumptions reflect the lack of information currently available on HSV-2. Reliable data on the
risk of transmission of HSV-2 and the risk of susceptibility would enhance our understanding and aid in the
possible intervention strategies to be implemented.
Table 1: Model parameters and their interpretations.
Definition
Recruitment rate
Proportion of recruited individuals
Natural death rate
Contact rate
HSV-2 transmission probability
Rate of becoming high risk susceptibles
Rate of vaccination
Waning of vaccine
Progression rate to symptoms development
by the exposed individuals
Activation rate of the infectious in the
quiescent class
Rate at which infectious individuals revert
to the quiescence state
High risk individuals resistance to vaccination
Modification parameter for lesser vaccinated
individuals becoming exposed
Modification parameter for lesser low risk
individuals becoming exposed

Symbol
Λ
π0 , π 1
µ
c
β
ρ
γ
κ
φ

Baseline values(Range)
10000yr−1
0.7, 0.3
0.02(0.015-0.02)yr−1
3(0-1.0)
0.01(0.001-0.03)yr−1
variable
0.6(0-1.0)
0.5
(365/18)yr−1

Source
[39]
Assumed
[6]
[7]
[9, 12, 38, 57]
Assumed
[45]
[35, 57]
[50]

r

(365/3)yr−1

[50]

q

(365/2)yr−1

[50]

α
θv

0.5(0-1.0)
0.74(0-1.0)

Assumed
[5]

θl

0.4(0-1.0)

Assumed

Fig. 3: Simulations of model system (3) showing the effects of varying α from 0.0 to 1.0 with a step size
of 0.2, with the arrow showing the direction of increase of α. The rest of the parameters are fixed on their
baseline values from Tab. 1

From Fig. 3 we observe that increasing the resistance of the high risk susceptibles towards vaccination, we
note that both Fig. 3(a), quiescent population and Fig. 3(b), infectious individuals increase. It is worth noting
that, for low levels of the high risk susceptible individuals towards vaccination, both the quiescent and the
infectious individuals decrease, hence it would be very crucial to vaccinate as many high risk susceptibles as
possible, or to employ educational campaigns/counselling as a control strategy to the low risk individuals to try
and make them stay as low risk susceptibles. Numerical results on Fig. 4 are in agreement with earlier findings,
which have shown that recruitment of low risk individuals has an effect on the increase of cumulative HSV-2
cases. It is worth noting that, for the case where we have some low risk susceptibles individuals becoming high
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Fig. 4: Simulations of model system (3) showing the effects of increasing the proportion of incoming susceptibles who are high risk individuals on the cumulative HSV-2 cases over a period of 60 years. Fig. 4(a) having
ρ = 0.6, varying π1 and Fig. 4(b) having ρ = 0.0, also varying π1 . The rest of the parameters are fixed on their
baseline values

risk susceptibles, more cumulative HSV-2 cases are generated, meaning the high risk susceptibles have a big
effect on the cumulative HSV-2 cases. Numerical results on Fig. 3 are also in agreement with earlier findings

Fig. 5: Simulations of model system (3) showing the effects of varying ρ (the rate of low risk susceptibles
becoming high risk susceptibles) from 0.0 to 1.0 with a step size of 0.25

that have shown that an increase on the rate of low risk susceptibles becoming high risk susceptibles results in
an increase of cumulative HSV-2 cases. In order to investigate the effects of variations in RVT to its constituent
parameters, we used Latin Hypercube Sampling and Partial Rank Correlation Coefficients (PRCCs) with 1000
simulations per run. Latin Hypercube Sampling is a statistical method that allows for an efficient analysis of
parameter variations across simultaneous uncertainty ranges in each parameter[25, 48] . PRCCs illustrate the
degree of the effect that each parameter has on the outcome.
In order to investigate the effects of variations in RVT to its constituent parameters, we used Latin Hypercube Sampling and Partial Rank Correlation Coefficients (PRCCs) with 1000 simulations per run. Latin
Hypercube Sampling is a statistical method that allows for an efficient analysis of parameter variations across
simultaneous uncertainty ranges in each parameter[25, 48] . PRCCs illustrate the degree of the effect that each
parameter has on the outcome. Fig. 6 illustrates the PRCCs using RHLV as the output variable. HSV-2 transmission probability is also found to support the spread of HSV-2 as noted by its high positive PRCC. It is
surprising that the PRCCs show that the rate of becoming high risk susceptibles plays a more critical role in
the spread of HSV-2. However, the rate of reverting to the quiescence state through treatment is shown to have
an effect on reducing RHLV . Vaccine efficacy and the low risk protective factor are also found to have an
effect on the reduction of HSV-2 as noted by their negative PRCCs.
Since the rate of becoming a quiescent individual (r), vaccine efficacy (θv ), the rate of becoming a high
risk susceptible (ρ) and the protective factor of being a low risk individual (θl ), have significant effects on
RLHV , we examine their dependence on RLHV in more detail. We used Latin Hypercube Sampling and Monte
Carlo simulations to run 1000 simulations, where all parameters were simultaneously drawn from across their
ranges. Fig. 7 illustrates the effect of varying the four sample parameters will have on RLHV . If the vaccine
efficacy is high, then RLHV < 1, and the disease can be controlled. However, if the vaccine efficacy is low
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Fig. 6: Partial rank correlation coefficients showing the effect of parameter variations on RLHV using ranges
in Tab. 1. Parameters with positive PRCCs will increase RLHV when they are increased, whereas parameters
with negative PRCCs will decrease RLHV when they are increased.

Fig. 7: Monte Carlo Simulations of 1000 sample values for four illustrative parameters (θv , θl , ρ, and r),
chosen via Latin Hypercube Sampling

then RLHV > 1 and the disease will persist. It is worth noting that, the same scenario happens to the rate of
individuals becoming quiescent through treatment. If the rate of individuals becoming quiescent individuals
is high, then we have that RLHV < 1, and if the levels are low, we have that RLHV > 1. Thus, vaccine
efficacy and treatment can be used as important tools in the fight against HSV-2. Fig. 7(b) illustrates that for
high levels of people becoming high risk susceptibles then RLHV > 1, and if we have low levels of people
becoming high risk susceptible individuals then RLHV < 1, and the disease can be controlled.

5

Optimal counselling/educational campaigns, prophylactic vaccine and treatment

In this section our goal is to solve the following problem: given initial population sizes of all the six
subgroups, L, H, V , E, I and D, find the best strategy in terms of combined efforts of educational campaigns/counselling, prophylactic vaccines and treatment that would minimise the cumulative HSV-2 cases
while at the same time also minimising the cost of educational campaigns/counselling, prophylactic vaccines
and treatment. Naturally, there are various ways of expressing such a goal mathematically. In this section, for
a fixed T, we consider the following objective functional:
Z
J(u1 , u2 , u3 ) =

tf

[V + D − B1 H − B2 E − B3 I − (A1 u21 + A2 u22 + A3 u23 )]dt

(51)

0

subject to
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L0 = π0 Λ + κV − u2 γL − (1 − θl )λL − (1 − u1 )ρL − µL,
H 0 = (1 − u1 )π1 Λ + (1 − u1 )ρL + κV − λH − u2 (1 − α)γH − µH,
V 0 = u2 γL + u2 (1 − α)γH − 2κV − (1 − θv )λV − µV,
E 0 = (1 − θl )λL + λH + (1 − θv )λV − (µ + φ)E,
I 0 = φE + qD − u3 rI − µI,
D0 = u3 rI − (µ + q)D.

(52)

The parameter B1 , B2 and B3 represent the weight constants of the high risk, exposed and the infectious populations, while the parameters A1 , A2 and A3 are the weights and cost of educational campaigns/counselling,
vaccination and treatment for the controls u1 , u2 and u3 , respectively. The terms u21 , u22 and u23 reflect effectiveness of the educational campaigns/counselling, vaccination and treatment in the control of the disease.
The values u1 = u2 = u3 = 1, represent maximum effectiveness of educational campaigns/counselling,
vaccination and treatment measures. We therefore seek an optimal control u∗1 , u∗2 and u∗3 such that
J(u∗1 , u∗2 , u∗3 ) = max{J(u1 , u2 , u3 )|u1 , u2 , u3 ∈ U},

(53)

where, U = {u1 (t), u2 (t), u3 (t)|u1 (t), u2 (t), u3 (t) is measurable : 0 ≤ a11 ≤ u1 (t) ≤ b11 ≤ 1, 0 ≤ a22 ≤
u2 (t) ≤ b22 ≤ 1, 0 ≤ a33 ≤ u3 (t) ≤ b33 ≤ 1, t ∈ [0, tf ]}.
The basis framework of this problem is to characterize the optimal control and prove the existence of the
optimal control and uniqueness of the optimality system.
5.1

Existence of an optimal control

The existence of an optimal control is proved by a result from Fleming and Rishel[16] . The boundedness
of solutions of system (52) for a finite interval is used to prove the existence of an optimal control. To determine existence of an optimal control to our problem, we use a result from Fleming and Rishel[16] , where the
following properties are satisfied,
1. The class of all initial conditions with an optimal control set u1 , u2 and u3 in the admissible control set
along with each state equation being satisfied is not empty.
2. The control set U is convex and closed.
3. The right-hand side of the state is continuous, is bounded above by a sum of the bounded control and the
state, and can be written as a linear function of each control in the optimal control set u1 , u2 and u3 with
coefficients depending on time and the state variables.
4. The integrand of the functional is concave on U and is bounded above by η2 − η1 (|u1 |2 + |u2 |2 + |u3 |2 ),
where η1 , η2 > 0.
An existence result in [62] for the system of Eqs. (52) for bounded coefficients is used to give condition 1.
The control set is closed and convex by definition. The right hand side of the state system Eq. (52) satisfies
condition 3 since the state solution are a priori bounded. The integrand in the objective functional, V + D −
B1 H − B2 E − B3 I − (A1 u21 + A2 u22 + A3 u23 ), is Lebesgue integrable and concave on U. Furthermore,
η1 , η2 > 0 and B1 , B2 , B3 , A1 , A2 , A3 > 1, hence satisfying
V + D − B1 H − B2 E − B3 I − (A1 u21 + A2 u22 + A3 u23 ) ≤ η2 − η1 (|u1 |2 + |u2 |2 + |u3 |2 ),
hence the optimal control exist, since the states are bounded.
5.2

Characterisation

Since there exists an optimal control for maximising the functional (54) subject to Eq. (52), we use
Pontryagin’s Maximum Principle to derive the necessary conditions for this optimal control. The Lagrangian
is defined as,
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L = V + D − B1 H − B2 E − B3 I − (A1 u21 + A2 u22 + A3 u23 )
(1 − θl )βcIL
+ λ1 [π0 Λ + κV − u2 γL −
− (1 − u1 )ρL − µL]
N
βcIL
+ λ2 [(1 − u1 )π1 Λ + (1 − u1 )ρL + κV −
− u2 (1 − α)γH − µH]
N
(1 − θv )βcIV
+ λ3 [u2 γL + u2 (1 − α)γH − 2κV −
− µV ]
N
(1 − θl )βcIL βcIL (1 − θv )βcIV
+
+
− (µ + φ)E]
+ λ4 [
N
N
N
+ λ5 [φE + qD − u3 rI − µI]
+ λ6 [u3 rI − (µ + q)D]

(54)

+ ω11 (t)(b1 − u1 (t)) + ω12 (t)(u1 (t) − a1 )
+ ω21 (t)(b2 − u2 (t)) + ω22 (t)(u2 (t) − a2 )
+ ω31 (t)(b3 − u3 (t)) + ω32 (t)(u3 (t) − a3 ),
where ω11 (t), ω12 (t) ≥ 0, ω21 (t), ω22 (t) ≥ 0, ω31 (t), ω32 (t) ≥ 0 are penalty multipliers satisfying
ω11 (t)(b1 − u1 (t)) = 0 and ω12 (t)(u1 (t) − a1 ) = 0, ω21 (t)(b2 − u2 (t)) = 0 and ω22 (t)(u2 (t) − a2 ) =
0, ω31 (t)(b3 − u3 (t)) = 0 and ω32 (t)(u3 (t) − a3 ) = 0, at the optimal point u∗1 , u∗2 and u∗3 ,
Theorem 8. Given an optimal controls u∗1 , u∗2 and u∗3 and solutions of the corresponding state system (52),
there exist adjoint variables λi , i = 1, · · · , 6 satisfying
dλ1
dt

=
dλ2
dt

=
=

dλ3
dt

=
=

dλ4
dt

=
=

dλ5
dt

=
=
+

dλ6
dt

∂L
∂L
(1 − θl )βcI[λ1 − λ4 ]
+ u2 γ[λ1 − λ3 ] + (1 − u1 )ρ[λ1 − λ2 ] + µλ1 ,
(55)
N
∂L
−
∂H
βcI[λ2 − λ4 ]
+ u2 (1 − α)γ[λ2 − λ3 ] + µλ2 ,
(56)
B1 +
N
∂L
−
∂V
(1 − θv )βcI[λ3 − λ4 ]
−1 +
+ κ[2λ3 − λ1 − λ2 ] + µλ3 ,
(57)
N
∂L
−
∂E
B2 + φ[λ4 − λ5 ] + µλ4 ,
(58)
∂L
−
∂I
(1 − θl )βcL[λ1 − λ4 ] (1 − θv )βcV [λ3 − λ4 ] βcH[λ2 − λ4 ]
B3 +
+
+
+ u3 r[λ5 − λ6 ]
N
N
N
(59)
µλ5 ,
∂L
−
∂D
−1 + q[λ6 − λ5 ] + µλ6 .
(60)

= −

=
=

Proof. The form of the adjoint equation and transversality conditions are standard results from Pontryagin’s
Maximum Principle[16, 46] ; therefore, solutions to the adjoint system exist and are bounded. To determine the
interior maximum of our lagrangian, we take the partial derivative L with respect to u1 (t), u2 (t) and u3 (t)
and set to zero. Thus, making u1 (t)∗ subject of formulae
u1 (t)∗ =

ρL
π1 Λλ2 ω12 − ω11
[λ1 − λ2 ] −
+
.
2A1
2A1
2A1

(61)
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Making u2 (t)∗ subject of formulae
u2 (t)∗ =

γL
(1 − α)γH
ω22 − ω21
[λ3 − λ1 ] +
[λ3 − λ2 ] +
.
2A2
2A2
2A1

(62)

Making u3 (t)∗ subject of formulae
u3 (t)∗ =

rI
ω32 − ω31
[λ6 − λ5 ] +
.
2A3
2A1

(63)

To determine the explicit expression for the control without ω1 (t), ω2 (t) and ω3 (t), a standard optimality
technique is utilised. The specific characterisation of the optimal controls u1 (t)∗ , u2 (t)∗ and u3 (t)∗ .


 
ρL
π1 Λλ2
u1 (t) = min max a1 ,
[λ1 − λ2 ] −
, b1 .
2A1
2A1


 
γL
(1 − α)γH
∗
u2 (t) = min max a2 ,
[λ3 − λ1 ] +
[λ3 − λ2 ] , b2 .
2A2
2A2


 
rI
∗
u3 (t) = min max a3 ,
[λ6 − λ5 ] , b3 .
2A3
∗

(64)
(65)
(66)

The optimality system consists of the state system coupled with the adjoint system with the initial conditions,
the transversality conditions and the characterisation of the optimal control. Substituting u∗1 , u∗2 and u∗3 for
u1 (t), u2 (t) and u3 (t), in Eqs. (55-60) gives the optimality system. The state system and adjoint system have
finite upper bounds. These bounds are needed in the uniqueness proof of the optimality system. Due to a priori
boundedness of the state and adjoint functions and the resulting Lipschitz structure of the ODEs, we obtain
the uniqueness of the optimal control for small tf [34] . The uniqueness of the optimal control follows from the
uniqueness of the optimality system.
5.3

Numerical simulations

The optimality system is solved using an iterative method with Runge-Kutta fourth order scheme. Starting
with a guess for the adjoint variables, the state equations are solved forward in time. Then those state values
are used to solve the adjoint equations backward in time, and the iterations continue until convergence. The
simulations were carried out using values in Tab. 1, with φ, q, and r reduced proportionally, and the following
values A1 = 0.009, A2 = 0.005, A3 0.01, B1 = 0.09, B2 0.003, B3 = 0.001. The assumed initial conditions
for the differential equations are L0 = 0.3, H0 = 0.2, V0 = 0.2, E0 = 0.1, I0 = 0.05 and D0 = 0.15.
Fig. 8(a) represents the population of the high risk susceptible population in the presence and absence
of the controls, over a period of 10 years. The susceptible high risks have a sharp increase on the interval 0-4
years, for both cases (with or without controls). Further, we note that, the susceptible high risk population is
higher when there is no control, compared to a situation when there is a control.
Fig. 8(b) represents the population of the exposed population in the presence and absence of the controls,
over a period of 10 years. The exposed population have a sharp decrease for the first 5 years, for both cases
(with or without the controls), then begin to stabilise for the remaining whole period under investigation.
Further, it is worth noting that the exposed population is higher when there is no control, compared to a
situation when there is a control.
Fig. 8(c) illustrates the impact of control on the population of the infectious individuals. For the period
0-2 years, in the presence of controls, HSV-2 cases decrease rapidly before stabilising for the remainder of the
period under investigation. Results in Fig. 8(c) clearly, suggests that, the presence of controls have an impact
on reducing cumulative HSV-2 cases within a community. Fig. 9 represents the controls u∗1 , u∗2 and u∗3 . These
results suggests that more effort should be devoted to ‘vaccination ’control u2 and ‘treatment ’control u3 .
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Fig. 8: Time series plots showing the effects of optimal control on the high risk susceptibles (H), the exposed
population (E), and the infectious population (I), over a period of 10 years.

Fig. 9: The optimal control graphs for the three controls, namely, educational campaigns/counselling, vaccination and treatment.

6

Conclusion

In this study, a mathematical model to assess the impact of the high risk individuals in fuelling the HSV-2
epidemic under some given intervention strategies is developed and analysed. Following Kamgang and Sallet,
the disease free is shown to be globally asymptotically stable when the corresponding reproduction number
is less than unity and the endemic equilibrium is shown to exist only when the corresponding reproduction
number is greater than unity. The endemic equilibrium states of the model have been explored using the
Lyapunov functional and the Krasnoselskii sub-linearity trick, and shown to be globally asymptotically stable.
We computed and compared the reproduction numbers, and managed to see that, treatment alone is not that
effective in the control of HSV-2, hence it should be coupled with vaccination. Furthermore, we managed
to notice that if more people are well educated and they manage to stay as low risk susceptibles, it can be
helpful in the control of the HSV-2 epidemic. Sensitivity analysis on the associated reproduction number(s)
has been carried out, and the influence of each of the parameters which define it (the reproductive number) has
been clearly illustrated. Comprehensive numerical simulations performed using the MATLAB ODE solver,
ode 45, have been provided to support analytic results. At its best this study suggests that whenever the
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resistance towards vaccination by some high risk susceptibles (like prostitutes, teenagers, etc) increases, the
cumulative HSV-2 cases also increase. An increase of the high risk susceptible individuals was shown to
increase the cumulative HSV-2 cases. Currently, since there is effective vaccine for HSV-2, there is urgent
need for intervention strategies such as counselling and educational campaigns in order to curtail the HSV-2
epidemic. Control HSV-2 and you have indirectly controlled HIV/AIDS epidemic.
Optimal control was then applied with the objective of minimising the high risk susceptibles, latent population and the infectious population, while maximising the vaccinated and the quiescent individuals. The
technical tool used to determine the optimal strategy is the Pontryagin Maximum Principle. Our optimal control results show how a cost effective combination of the aforementioned HSV-2 intervention strategies (educational campaigns/counselling, vaccination and treatment) within a community, may influence cumulative
HSV-2 cases over a period of 10 years. Overall, optimal control suggests that more effort should be devoted
to vaccination and treatment. However just like any other model, we cannot say the model is complete, it can
be extended to include the issue of gender in terms of HSV-2 acquisition and infectiousness.

References
[1] R. Alsallaq, J. Schiffer, et al. Population level impact of an imperfect prophylactic HSV-2 vaccine. Sexually
Transmitted Diseases, 2010, 37(5): 290.
[2] R. Anderson, R. May, B. Anderson. Infectious diseases of humans: dynamics and control, vol. 28. Wiley Online
Library, 1992.
[3] J. Aron. Mathematical modelling of immunity to malaria. Mathematical Biosciences, 1988, 90(1): 385–396.
[4] N. Bailey, et al. The mathematical theory of infectious diseases and its applications. Charles Griffin & Company
Ltd, 5a Crendon Street, High Wycombe, Bucks HP13 6LE., 1975.
[5] R. Belshe, P. Leone, et al. Efficacy results of a trial of a herpes simplex vaccine. New England Journal of Medicine,
2012, 366(1): 34–43.
[6] C. Bhunu, A. Mhlanga, S. Mushayabasa. Exploring the impact of prostitution on HIV/AIDS transmission. International Scholarly Research Notices, 2014, 2014.
[7] C. Bhunu, S. Mushayabasa. Prostitution and drug (alcohol) misuse: the menacing combination. Journal of Biological Systems, 2012, 20(02): 177–193.
[8] F. Brauer, C. Castillo-Chavez, C. Castillo-Chavez. Mathematical models in population biology and epidemiology,
vol. 1. Springer, 2001.
[9] Y. Bryson, M. Dillon, et al. Risk of acquisition of genital herpes simplex virus type 2 in sex partners of persons
with genital herpes: a prospective couple study. Journal of Infectious Diseases, 1993, 167(4): 942–946.
[10] G. Butler, P. Waltman. Persistence in dynamical systems. Journal of Differential Equations, 1986, 63(2): 255–263.
[11] D. Catotti, P. Clarke, K. Catoe. Herpes revisited: still a cause of concern. Sexually Transmitted Diseases, 1993,
20(2): 77–80.
[12] L. Corey, A. Wald, et al. Once-daily valacyclovir to reduce the risk of transmission of genital herpes. New England
Journal of Medicine, 2004, 350(1): 11–20.
[13] L. Corey, A. Wald, et al. Genital herpes. Sexually Transmitted Diseases, 1999, 3: 285–312.
[14] J. Cui, Z. Wu, X. Zhou. Mathematical analysis of a cholera model with vaccination. Journal of Applied Mathematics, 2014, 2014.
[15] Z. Feng, Z. Qiu, et al. Modeling the synergy between HSV-2 and HIV and potential impact of HSV-2 therapy.
Mathematical Biosciences, 2013, 245(2): 171–187.
[16] W. Fleming, R. Rishel. Deterministic and stochastic optimal control, vol. 1. Springer Science & Business Media,
2012.
[17] Centers for Disease Control and Prevention. Division of sexually transmitted disease surveil- lance 1999. Tech.
Rep.. Department of Health and Human Services, Centers for Disease Control and Prevention, 1999.
[18] A. Foss, P. Vickerman, et al. Dynamic modeling of herpes simplex virus type-2 (HSV-2) transmission: issues in
structural uncertainty. Bulletin of Mathematical Biology, 2009, 71(3): 720–749.
[19] H. Freedman, S. Ruan, M. Tang. Uniform persistence and flows near a closed positively invariant set. Journal of
Dynamics and Differential Equations, 1994, 6(4): 583–600.
[20] H. Freedman, P. Waltman. Persistence in a model of three competitive populations. Mathematical Biosciences,
1985, 73(1): 89–101.
[21] E. Freeman, H. Weiss, et al. Herpes simplex virus 2 infection increases HIV acquisition in men and women:
Systematic review and meta-analysis of longitudinal studies. Aids, 2006, 20(1): 73–83.
WJMS email for contribution: submit@wjms.org.uk

World Journal of Modelling and Simulation, Vol. 11 (2015) No. 3, pp. 219-240

239

[22] S. Garba, A. Gumel. Mathematical recipe for HIV elimination in Nigeria. Journal of the Nigerian Mathematical
Society, 2010, 29: 1–66.
[23] G. Garnett, G. Dubin, et al. The potential epidemiological impact of a genital herpes vaccine for women. Sexually
Transmitted Infections, 2004, 80(1): 24–29.
[24] A. Ghani, S. Aral. Patterns of sex worker–client contacts and their implications for the persistence of sexually
transmitted infections. Journal of Infectious Diseases, 2005, 191(Supplement 1): S34–S41.
[25] J. Helton. Uncertainty and sensitivity analysis techniques for use in performance assessment for radioactive waste
disposal. Reliability Engineering & System Safety, 1993, 42(2): 327–367.
[26] H. Hethcote, H. Thieme. Stability of the endemic equilibrium in epidemic models with subpopulations. Mathematical Biosciences, 1985, 75(2): 205–227.
[27] V. Hutson, G. Vickers. A criterion for permanent coexistence of species, with an application to a two-prey onepredator system. Mathematical Biosciences, 1983, 63(2): 253–269.
[28] C. Johnston, D. Koelle, A. Wald. HSV-2: In pursuit of a vaccine. The Journal of Clinical Investigation, 2011,
121(12): 4600.
[29] C. Johnston, D. Koelle, A. Wald. Current status and prospects for development of an HSV vaccine. Vaccine, 2014,
32(14): 1553–1560.
[30] A. Kamali, A. Nunn, et al. Seroprevalence and incidence of genital ulcer infections in a rural ugandan population.
Sexually Transmitted Infections, 1999, 75(2): 98–102.
[31] J. Kamgang, G. Sallet. Computation of threshold conditions for epidemiological models and global stability of the
disease-free equilibrium (DFE). Mathematical biosciences, 2008, 213(1): 1–12.
[32] K. Looker, G. Garnett, G. Schmid. An estimate of the global prevalence and incidence of herpes simplex virus type
2 infection. Bulletin of the World Health Organization, 2008, 86(10): 805–812A.
[33] Y. Lou, R. Qesmi, et al. Epidemiological impact of a genital herpes type 2 vaccine for young females. 2012.
[34] G. Magombedze, W. Garira, et al. Optimal control for HIV-1 multi-drug therapy. International Journal of Computer
Mathematics, 2011, 88(2): 314–340.
[35] E. Martin, E. Krantz, et al. A pooled analysis of the effect of condoms in preventing HSV-2 acquisition. Archives
of internal medicine, 2009, 169(13): 1233–1240.
[36] W. McFarland, L. Gwanzura, et al. Prevalence and incidence of herpes simplex virus type 2 infection among male
zimbabwean factory workers. Journal of Infectious Diseases, 1999, 180(5): 1459–1465.
[37] D. Melesse, A. Gumel. Global asymptotic properties of an SEIRS model with multiple infectious stages. Journal
of Mathematical Analysis and Applications, 2010, 366(1): 202–217.
[38] G. Mertz, R. Coombs, et al. Transmission of genital herpes in couples with one symptomatic and one asymptomatic
partner: A prospective study. Journal of Infectious Diseases, 1988, 157(6): 1169–1177.
[39] A. Mhlanga, C. Bhunu, S. Mushayabasa. HSV-2 and substance abuse amongst adolescents: Insights through
mathematical modelling. Journal of Applied Mathematics, 2014, 2014.
[40] A. Mokdad, J. Marks, et al. Actual causes of death in the united states, 2000. Jama, 2004, 291(10): 1238–1245.
[41] A. Mujugira, A. Magaret, et al. Risk factors for HSV-2 infection among sexual partners of HSV-2/HIV-1 co-infected
persons. BMC Research Notes, 2011, 4(1): 64.
[42] D. Mukherjee. Uniform persistence in a generalized prey–predator system with parasitic infection. Biosystems,
1998, 47(3): 149–155.
[43] M. Oberle, L. Rosero-Bixby, et al. Herpes simplex virus type 2 antibodies: High prevalence in monogamous women
in Costa Rica. The American Journal of Tropical Medicine and Hygiene, 1989, 41(2): 224.
[44] K. Owusu-Edusei Jr, H. Chesson, et al. The estimated direct medical cost of selected sexually transmitted infections
in the United States, 2008. Sexually Transmitted Diseases, 2013, 40(3): 197–201.
[45] C. Podder, A. Gumel. Qualitative dynamics of a vaccination model for HSV-2. IMA Journal of Applied Mathematics, 2010, 75(1): 75–107.
[46] L. Pontryagin. Mathematical theory of optimal processes. CRC Press, 1987.
[47] M. Safi, A. Gumel. Global asymptotic dynamics of a model for quarantine and isolation. Discrete and Continuous
Dynamical System–Series. B, 2010, 14: 209–231.
[48] A. Saltelli, K. Chan, E. Scott. Sensitivity analysis. John Wiley & Sons, Chichester, UK, 2000.
[49] J. Schiffer, D. Swan, et al. Rapid viral expansion and short drug half-life explain the incomplete effectiveness of
current herpes simplex virus 2-directed antiviral agents. Antimicrobial agents and chemotherapy, 2013, 57(12):
5820–5829.
[50] E. Schwartz, S. Blower. Predicting the potential individual-and population-level effects of imperfect herpes simplex
virus type 2 vaccines. Journal of Infectious Diseases, 2005, 191(10): 1734–1746.
[51] E. Schwartz, E. Bodine, S. Blower. Effectiveness and efficiency of imperfect therapeutic HSV-2 vaccines. Human
Vaccines, 2007, 3(6): 231–238.

WJMS email for subscription: info@wjms.org.uk

240

A. Mhlanga & S. Mushayabasa & C. P. Bhunu: Modelling HSV-2 transmission dynamics with risk factor

[52] J. Smith, N. Robinson. Age-specific prevalence of infection with herpes simplex virus types 2 and 1: A global
review. Journal of Infectious Diseases, 2002, 186(Supplement 1): S3–S28.
[53] E. Tronstein, C. Johnston, et al. Genital shedding of herpes simplex virus among symptomatic and asymptomatic
persons with HSV-2 infection. Jama, 2011, 305(14): 1441–1449.
[54] P. van den Driessche, J. Watmough. Reproduction numbers and sub-threshold endemic equilibria for the compartmental models of disease transmission. Mathematical Biosciences, 2002, 180(5): 29–48.
[55] A. Wald. Herpes simplex virus type 2 transmission: Risk factors and virus shedding. Herpes: The Journal of The
IHMF, 2004, 11: 130A–137A.
[56] A. Wald, E. Krantz, et al. Knowledge of partners’ genital herpes protects against herpes simplex virus type 2
acquisition. Journal of Infectious Diseases, 2006, 194(1): 42–52.
[57] A. Wald, A. Langenberg, et al. Effect of condoms on reducing the transmission of herpes simplex virus type 2 from
men to women. Jama, 2001, 285(24): 3100–3106.
[58] P. White, G. Garnett. Use of antiviral treatment and prophylaxis is unlikely to have a major impact on the prevalence
of herpes simplex virus type 2. Sexually Transmitted Infections, 1999, 75(1): 49–54.
[59] R. Whitley, B. Roizman. Herpes simplex virus infections. The Lancet, 2001, 357(9267): 1513–1518.
[60] P. Zhang, L. Xie, et al. A herpes simplex virus 2 (HSV-2) glycoprotein D-expressing nonreplicating dominantnegative HSV-2 virus vaccine is superior to a gD2 subunit vaccine against HSV-2 genital infection in Guinea pigs.
Public Library of Science , 2014, 9(6): e101373.
[61] X.-P. Zhu, Z. Muhammad, et al. HSV-2 vaccine: current status and insight into factors for developing an efficient
vaccine. Viruses, 2014, 6(2): 371–390.
[62] D. Lukes. Differential equations: Classical to controlled. New York: Academic Press, 1982.

WJMS email for contribution: submit@wjms.org.uk

