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Abstract. In this paper the qualitative behaviour of a delayed tri-trophic food chain model with Holling
type II and modified Leslie-Gower functional responses is studied. Condition for existence and local stability
of the interior equilibrium of the model are derived. Hopf bifurcation analysis is discussed by considering
gestation time delay as bifurcation parameter. Applying normal form method and center manifold theory, the
direction and stability of the bifurcating periodic solutions are determined. Analytical findings are verified by
numerical results.
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1 Introduction

A simple food chain has trophic levels which are functionally regarded as a single species linked to two
adjacent species in the chain with predator-prey relation. It was only in the last seventies that some interest in
the mathematics of tri-trophic food chain models composed of prey, predator and top predator emerged.

The first contribution dealt with the problem of persistence. Freedman and Waltman[1] studied the per-
sistence of three species food chain and obtained necessary and sufficient condition for the persistence of
Lolka-volterra food chain. Roy and F.Solimano[2] studied the existence and global stability of a q-member
equilibrium (1 ≤ q ≤ n) in partial closed food chain of length n having an abiotic component as resources.
Freedman, Ruan[3] studied Hopf bifurcation in three species food chain models with group defense. In tri-
trophic food chain model oscillatory phenomenon of prey-predator population is frequently found due to the
nonlinear interaction between species with effect of time delay. Kuang[4] mentioned that animals must take
time to digest their food before further activities and thereafter responses take place. In recent years, Y. Song
et al.[5, 6] have studied bifurcation analysis in predator-prey system with time delay.

Chaos theory is now accepted as an important tool by which ecological complexity can be understood.
Researchers are motivated to study chaotic dynamics in ecological model due to the recent results that the
average top predator biomass in various tri-trophic food chain models is maximum at onset of chaos[7, 8]. After
the pioneering work of Hasting and Powell[9], significant number of articles mentioned chaotic dynamics
in three level food chain models[10–22]. Upadhyay and Rai[23] exhibited chaotic dynamics in simple food
chain with Holling type II functional response. Aziz-Alaoui[24] revisited the Upadhyay and Rai model and
established the presence of chaotic dynamics for small range of parameters like prey growth rate and top
predator growth rate.
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Almost each of the food chain model considered in the ecological literature, is constructed by invoking
same type of functional responses for prey and intermediate predator and between intermediate predator and
top predator. It is interesting and also realistic to study the dynamics of tri-trophic food chain with one type of
functional response between prey and intermediate predator and another type between intermediate predator
and top predator[25]. Such choices of mixed functional responses may be particularly useful for plant-pest-
predator interactions[26–28].

In this paper we present a system of autonomous delay differential equations to model a tri-trophic food
chain with Holling type II and modified Leslie-Gower type functional response[19–22, 24, 29, 30]. Rodent-snake-
peacock food chain is one of the realistic example of such food chain in ecology[24, 25]. At first the condition
for existence of non-trivial equilibrium of the model is studied. We investigate the dynamical behaviour of
the model particularly the linear stability analysis, direction of Hopf bifurcation and stability of the Hopf
bifurcating periodic solutions. Change of dynamical behaviour of the system with respect to change in time
delay, specific growth rate of prey and top predator and also loss of top predator due to scarcity of its favorite
food are discussed. Numerical simulation of the model validates the theoretical results obtained. In our model
chaotic dynamics is observed via sequences of period-doubling bifurcations in broad range of parameters like
prey growth rate, intra specific competition of prey.

This paper is organized as follows: In Section 2, description of the mathematical model is given. In Sec-
tion 3, condition for existence of interior equilibrium is obtained. Linearized stability of interior equilibrium is
also discussed. In Section 4, condition for extinction of top predator population in the food chain is obtained.
In Section 5, local stability of the nontrivial equilibria and existence of Hopf bifurcation are studied. In Section
6, direction of Hopf bifurcation and stability of the bifurcating periodic solutions are determined by applying
the normal form theory and the center manifold reduction for functional differential equation introduced by
Hassard[31]. To verify our theoretical predictions, some numerical simulations are given in Section 7. Solution
trajectories and three dimensional phase portrait of the model show the change of dynamics of the system
from stable to periodic and then to chaotic state with changing system parameters. The existence of chaos is
supported by the bifurcation diagrams and Lyapunov exponents calculation. It is shown that increase of ges-
tation delay can control such chaos. A general discussion over the whole analysis is given in the conclusion in
Section 8.

2 The mathematical model

Our model consists of three populations :

(1) Logistic prey whose population density is denoted by x.
(2) Lotka-Volterra or Holling type II middle predator whose population density is denoted by y.
(3) The top predator with modified Leslie Gower scheme whose population density is denoted by z.

To formulate the mathematical model, the following assumptions are made:

A1) In the absence of the prey x, predator population y dies out exponentially.
A2) The loss in the top predator population z is proportional to the reciprocal of per capita availability of its

most favorite food y and growth of top predator depends upon the rate of mating between their male and
female individuals.

A3) Time delay due to gestation is a common situation because generally the consumption of prey x by the
intermediate predator y throughout its past history governs the present birth rate of y. We consider, the
gestation delay (τ ) of modified model of the intermediate predator y. That is the delay in time for prey
biomass to increase predator numbers.

With the above assumptions, we propose the following autonomous delayed three dimensional tritrophic food
chain model with the hybrid type functional responses. Holling type II is considered for prey and intermediate
predator and Leslie-Gower type is considered between intermediate predator and top predator population.

Here the tritrophic food chain model due to Aziz-Alaoui et al.[24] is modified by incorporating gestation
delay in the growth equation of the intermediate predator. The proposed model now takes the form:
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dx

dt
= a0x− b0x

2 − v0xy

d0 + x
;

dy

dt
= −a1y +

v1x(t− τ)y
d1 + x(t− τ)

− v2yz

d2 + y
;

dz

dt
= c3z

2 − v3z
2

d3 + y
.

(1)

Here a0 is the growth rate of prey population x and b0 stands for their intra specific competition rate, v0 is the
maximum value which per capita reduction rate of x can attain, d0 measures the extent to which environment
provides protection to prey x, a1 represents the death rate at which predator y will die out in absence of prey
x, v1 represents the conversion efficiency of the predator y in the relation to the prey population x and d1 has
similar meaning of d0, v2 is the removal rate of predator y by top predator z, d2 is the half saturation constant,
c3 is the growth rate of top predator z due to mating between male and female individual (the number of
male and female individuals are assumed to be same); v3 measures the loss of predator z due to scarcity of its
favorite food y, d3 represent the residual loss in top predator z due to the scarcity of its favorite food y (in other
words d3 measures the extent to which environment provides protection to generalist predator population in
absence of their favorite food source). It is obvious to assume that all the parameters are positive.

The initial condition for this system (1) are as follows: x(0) = x0 > 0; y(0) = y0(t) > 0; z(0) = z0 > 0
where y0(t) is a given continuous function on −τ < t < 0.

3 Existence and stability of equilibria

The system (1) possesses four equilibria E0(0; 0; 0), E1(a0
b0
; 0; 0) and E2(x; y; 0). we assume that the

system (1) possesses an interior equilibrium E∗(x∗; y∗; z∗). The equilibria E0 and E1 exist for any parametric
value, while an uniqueE2(x; y; 0) exist if x = a1d1

(v1−a1) > 0; y = (x+d0)(a0−xb0)
v0

> 0; i.e, v1 > a1( b0d1
a0

+1).
Now we study the conditions for the existence of interior equilibrium E∗(x∗; y∗; z∗).

Here x∗ is a solution of

x∗
2
+Ax∗ +B = 0; (2)

with A =
(b0d0 − a0)

b0
; B =

(v0y∗ − a0d0)
b0

; and y∗ =
(v3 − c3d3)

c3
; z∗ =

(d2 + y∗)[(v1 − a1)x∗ − a1d1]
v2(d1 + x∗)

.

Now, we describe the several cases for which an interior positive equilibrium (equilibria) exists.

Case 1. A > 0, B > 0
In this case, there exists no positive root x∗ of the Eq. (2). Now combining A > 0 and B > 0 we get, if
a0 < min{b0d0;

v0
d0

(v3
c3
− d3)}; then interior equilibrium of the system (1) does not exist.

Case 2. A < 0, B < 0
Here if A < 0 and B < 0 i.e, a0 > max{b0d0;

v0
d0

(v3
c3
− d3)} then there exists unique positive root x∗

of the Eq. (2). If v3 > c3d3, then y∗ > 0 and z∗ > 0 provided x∗ > a1d1
v1−a1

= x (v1 > a1). Hence if,
a0 > max{b0d0;

v0
d0

(v3
c3
− d3)}, v3 > c3d3 and x∗ > a1d1

v1−a1
, then there exists a unique interior equilibrium

E3(x∗; y∗; z∗).

Case 3. A > 0, B < 0
In this case , we get if A < 0 and B > 0 i.e, v0

d0
(v3

c3
− d3) < a0 < b0d0 then there exists unique positive root

x∗ of (2) and y∗ > 0 provided v3 > c3d3. Also if x∗ > a1d1
v1−a1

(v1 > a1), then z∗ > 0. Hence there exists a
unique interior equilibrium E3(x∗; y∗; z∗) if v0

d0
(v3

c3
− d3) < a0 < b0d0 and x∗ > a1d1

v1−a1
.

Case 4. A < 0, B > 0
Here, there exists two positive roots of (2) if b0d0 < a0 <

v0
d0

(v3
c3
− d3). For z∗ > 0 these positive roots must

be greater than a1d1
v1−a1

(assuming that v1 > a1). Also y∗ > 0 provided v3 > c3d3. Now if one positive root x∗
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is greater than a1d1
v1−a1

, then there exists one interior equilibrium point, and if both positive roots x∗ are greater
than a1d1

v1−a1
then there exists two interior equilibrium points. But if no root (x∗) is greater than a1d1

v1−a1
, then no

interior equilibrium exists.

Remark 1. In our present work we have not considered the Case 4 which will be studied in future.

4 Extinction scenarios

In this section we shall discuss first the condition that renders certain species extinct. According to feed-
ing relationship in a three species food chain model the extinction of species x implies to extinction of y.
The third equation states that in the absence of middle predator the top predator goes to extinction provided
v3 > c3d3. But although the extinction of y implies extinction of z but not x. The extinction of z will not
necessary implies extinction of x and y.

From the First equation of the system, we get

dx

dt
= a0x− b0x

2 − v0xy

d0 + x
;

dx

dt
≤ a0x− b0x

2;

i.e,

x(t) ≤ 1
b0
a0

(1− e−a0t) + 1
x(t0)e

−a0t
;

therefore,
lim
t→∞

x(t) ≤ a0

b0
.

Hence, from the second equation of the system (1), we have

dy

dt
≤ (−a1 +

v1a0

d1b0 + a0
)y;

then,
y(t) ≤ y(t0)e

−(a1− v1a0
d1b0+a0

)t
.

Case 5. If a1 <
v1a0

d1b0+a0
then only the top predator goes into extinction. Since

1
z1(t0) + ( v3

d3
− c3)t

≤ z(t) ≤ 1
z2(t0)− c3t

; lim
t→∞

z(t) = 0;

i.e., the top predator goes to extinction (see Fig. 1(a)).

Case 6. If a1 >
v1a0

d1b0+a0
then middle predator y(t) goes to extinction as t tends to infinity. Consequently we

get from the last equation of the system that the top predator also goes into extinction (see Fig. 1(b)).

5 Local stability of the interior equilibria and existence of hopf bifurcation

The system (1) has an unique interior equilibrium E∗(x∗; y∗; z∗) where

x∗ =
−(b0d0 − a0) +

√
(b0d0 − a0)2 − 4b0(v0y∗ − a0d0)

2b0
;

y∗ =
v3 − c3d3

c3
;

z∗ =
(d2 + y∗)

v2
(
(v1 − a1)x∗ − a1d1

d1 + x∗
).
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(a)

 

(b)

Fig. 1: Solution trajectory showing extinction of top predator at (a) b0 = 0.07 and (b) b0 = 0.15
where other parameter at a0 = 1.2, a1 = 1.0, v1 = 2.0, v2 = 0.405, c3 = 0.401, v3 = 8 and d0 = d1 = d2 = d3 = 10,

τ = 1 with initial value (1.2, 1.2, 1.2).

We now study the local stability of the unique equilibriumE3(x∗; y∗; z∗) then linearizing the system (1) about
the steady state we get

dx1

dt
= A1x1(t) +B1x2(t); (3)

dx2

dt
= C1x2(t) +D1x3(t) + E1x1(t− τ); (4)

dx3

dt
= F1x2(t) +G1x3(t); (5)

where

A1 = (a0 − 2b0x∗ −
v0d0y

∗

(d0 + x∗)2
); B1 =

−v0x∗

(d0 + x∗)
; C1 = (−a1 +

v1x
∗

d1 + x∗
− v2d2z

∗

(d2 + y∗)2
);

D1 =
−v2y∗

(d2 + y∗)
; E1 =

v1d1y
∗

(d1 + x∗)2
; F1 =

v3(z∗)2

(d3 + y∗)2
; G1 = (2c3z∗ −

2v3z∗

(d3 + y∗)
).

The corresponding characteristic equation is

�3 + ��2 + ��+ � + ( + ��)e−λτ = 0; (6)

where � = −(A1+C1+G1), � = (A1C1+A1G1+C1G1−D1F1), � = (A1D1F1−A1C1G1),  = B1E1G1,
� = −B1E1

To investigate the nature of the roots of the Eq. (6) we introduce the result provided by Ruan and Wei[32]

using Rouche's theorem.

Lemma 1. Consider the exponential polynomial

P (�; e−λτ1 ; e−λτ2 ; · · · e−λτm) =�n + P
(0)
1 �n−1 + · · ·P (0)

n−1�+ P (0)
n

+ [P (1)
1 �n−1 + · · ·+ P

(1)
n−1�+ P (1)

n ]e−λτ1 + · · ·

+ [P (m)
1 �n−1 + · · ·+ P

(m)
n−1�+ P (m)

n ]e−λτm ;

where τi ≥ 0 (i = 1; 2; · · · ;m) and P
(i)
j (i = 1; 2; · · · ;m; j = 1; 2; · · · ; n) are constants. As

(τ1; τ2; · · · ; τm) vary, the sum of the order of the zeros of P (�; e−λτ1 ; e−λτ2 ; · · · ; e−λτm) on the open right
half plane can change only if a zero appears on or crosses the imaginary axis.
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Obviously, i!(! > 0) is a root of (6) if and only if ! satisfies

−i!3 − �!2 + i!�+ � + ( + i!�)(cos!τ − i sin!τ) = 0.

Separating the real and imaginary parts, we have{
�!2 − � = �! sin!τ +  cos!τ;
!3 − �! = �! cos!τ −  sin!τ.

(7)

which is equivalent to

!6 + (�2 − 2�)!4 + (�2 − 2�� − �)! + (�2 − 2) = 0. (8)

Let Z = !2 and denote p = �2 − 2�, q = �2 − 2�� − �, and r = �2 − 2.
Then (8) becomes

Z3 + pZ2 + qZ + r = 0. (9)

In the following, we need to seek conditions under which (9) has at least one positive root. Denote

h(Z) = Z3 + pZ2 + qZ + r; (10)

lim
Z→∞

h(Z) = ∞; (11)

since (9) has at least one positive root provided if r < 0.
From (10) we have

dh(Z)
dZ

= 3Z2 + 2pZ + q.

Clearly, if � = p2−3q ≤ 0, then the function h(Z) is monotone increasing in Z ∈ [0;∞). Thus, when r ≥ 0
and � ≤ 0, (10) has no positive real roots. On the other hand, when r ≥ 0 and � > 0, the following equation

3Z2 + 2pZ + q = 0 (12)

has two real roots

Z∗1 =
−p+

√
�

3
; Z∗2 =

−p−
√
�

3
. (13)

Obviously, h
′′
(Z∗1 ) = 2

√
� > 0 and h

′′
(Z∗2 ) = −2

√
� < 0. It follows thatZ∗1 andZ∗2 are the local minimum

and the local maximum of h(Z), respectively. Hence, we have the following simple property:

Property 1. Suppose that r ≥ 0 and � > 0. Then (9) has all the roots positive if and only if Z∗1 > 0 and
h(Z∗1 ) ≤ 0.

Proof. Since Z∗1 is the local minimum of h(Z) and limz→∞ h(Z) = ∞; therefore the sufficiency condition
is true. In what follows, we need to prove the necessity. Otherwise, we assume that either Z∗1 ≤ 0 or Z∗1 > 0
and h(Z∗1 ) > 0. Since h(Z) is increasing for Z ≥ Z∗1 and h(0) = r ≥ 0, we know that h(Z) has no positive
real root for Z∗1 ≤ 0. If Z∗1 > 0 and h(Z∗1 ) > 0, since Z∗2 is the local maximum value, it follows that
h(Z∗1 ) < h(Z∗2 ). It follows from h(0) = r ≥ 0 that when Z∗1 > 0 and h(Z∗1 ) > 0, h(Z) has no positive real
roots too. This completes the proof.

Summarizing the above discussion, we have the following lemma:

Lemma 2. For the polynomial equation (9) we have the following results.

(1) If r < 0, then (9) has at least one positive root.
(2) If r ≥ 0 and � = p2 − 3q ≤ 0, then (9) has no positiveroots.
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(3) If r ≥ 0 and � = p2 − 3q > 0, then (9) has all the roots positive if and only if Z∗1 = −p+
√

∆
3 > 0 and

h(Z∗1 ) ≤ 0.

Suppose that (9) has positive roots. Without loss of generality, we assume that it has three positive roots,
defined byZ1,Z2 andZ3, respectively. Then (8) has three positive roots ! =

√
Z1; ! =

√
Z2; and ! =

√
Z3.

From (7), we have

cos!kτ =
�w4

k − (�� − �)!2
k − �

(�2!2
k + 2)

.

Thus, if we denote

τ
(j)
k =

1
!k

{
cos−1

[
�!4

k − (�� − �)!2
k − �

(�2!2
k + 2)

]
+ 2j�

}
; (14)

where k = 1; 2; 3; j = 0; 1; · · · ; then ±i!k is a pair of purely imaginary roots of (8) with τ (j)
k . Define

τ0 = τ
(0)
k0

= min
k∈{1,2,3}

(
τ

(0)
k

)
; !0 = !k0 . (15)

Note that when τ = 0, (6) becomes

�3 + ��2 + (�+ �)�+ (� + ) = 0. (16)

Therefore, applying Lemma 1 and Lemma 2 to (6), we obtain the following lemma:

Lemma 3. For the third degree transcendental (6), we have

(1) if r ≥ 0 and � = p2 − 3q ≤ 0, then all roots with positive real parts of (6) has the same sum to those of
the polynomial (16) for all τ ≥ 0 ;

(2) if either r < 0 or r ≥ 0, � ≤ 0, Z∗1 > 0 and h(Z∗1 ) ≤ 0, then all roots with positive real parts of (6) has
the same sum to those of the polynomial (16) for τ ∈ [0; τ0).

Let �(τ) = �(τ) + i!(τ) be the root of (6) near τ = τ
(j)
k satisfying

�(τ (j)
k ) = 0; !(τ (j)

k ) = !k.

Then we have the following transversality condition:

Lemma 4. Suppose that Zk = !2
k and h

′
(Zk) , 0, where h(Z) is de�ned by (10). Then

d(Re�(j)
k )

dτ
, 0;

and d(Reλ
(j)
k )

dτ and h
′
(Zk), have the same sign.

Proof. Substituting �(τ) into (6) and taking the derivative with respective to τ , we obtain

[3�2 + 2��+ �+ �e−λτ + (��+ �)(−τ)]d�
dτ

+ (��+ �)e−λτ (−�) = 0;

Re

[
d�

dτ

]−1

=
3!4

k + (2�2 − 4�)2!2
k + (�2 − 2�� − �2)

(�2!2
k + 2)

.

Put Zk = !2
k,

dh(Zk)
dz = 3Z2

k + 2pZk + q

=
3Z2

k + 2(�2 − 2�)Zk + (�2 − 2�� − �2)
(�2!2

k + 2)

=
h
′
(Zk)
�

;
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where � = (�2!2
k + 2).

Thus we have

sign
[
d(Re�τ )
dτ

]
τ=τ

(j)
k

= sign
[
d(Re�τ )
dτ

]−1

τ=τ
(j)
k

= sign
[
h′(Zk)
�

]
.

Furthermore, since Zk > 0 and � > 0, we conclude that
[

d(Reλ
(j)
k )

dτ

]
τ=τ

(j)
k

and h
′
(Zk) have the same sign. �

When τ = 0, (6) becomes

�3 + ��2 + (�+ �)�+ (� + ) = 0. (17)

The Routh-Hurwitz conditions leads to the conclusion that the real parts of all roots of (17) are negative if and
only if

��+ �� −  − � > 0.

Applying Lemma 3 and Lemma 5 to (4), we have the following theorem about the stability of the positive
equilibrium of system (4) (or system (1)) and Hopf bifurcation.

Theorem 1. Let τ (j)k and !0; τ0 are de�ned by (14) and (15), respectively. Suppose that ��+ ��−− � > 0
and Case 2 or Case 3 hold.

(1) If r ≥ 0 and � = p2 − 3q ≤ 0, then the positive equilibrium E3(x∗; y∗; z∗) of system (4) (or system (1))
is asymptotically stable for all τ ≥ 0.

(2) If either r < 0 or r ≥ 0, � > 0, Z∗1 > 0 and h(Z∗1 ) ≤ 0, then the positive equilibrium E3(x∗; y∗; z∗) of
system (4) (or system (1)) is asymptotically stable for τ ∈ [0; τ0).

(3) If the condition (ii) are satis�ed, and h
′
(Z∗k) , 0, then system (4) (or system (1)) undergoes a Hopf

bifurcation at the equilibrium E3(x∗; y∗; z∗) when τ = τ
(j)
k by (14).

6 Direction of hopf bifurcation and stability of the bifurcating periodic solutions

In this section, we will study direction of the Hopf bifurcation and stability of Hopf bifurcating peri-
odic solution due to Hassard[31]. we assume that system (1) undergoes Hopf bifurcation at the steady state
(x∗; y∗; z∗) for τ = τk, and then ±i! is corresponding purely imaginary roots of the characteristic equation
at steady state (x∗; y∗; z∗).

Letting x1 = x − x∗; x2 = y − y∗; x3 = z − z∗; xi(t) = xi(τt); τ = τk + � and dropping the bars for
simplification of notation, system (4) is transformed into an FDE in C = C([−1; 0]; R3) as

dx

dt
= Lµ(xt) + f(�; xt). (18)

where x(t) = (x1(t); x2(t); x3(t))T ∈ R3 and Lµ : C → R, f : R× C → R are given, respectively by

Lµ� =(τk + �)


a0 − 2b0x∗ − v0d0y∗

(d0+x∗)2 − v0x∗

(d0+x∗) 0
0 −a1 + v1x∗

(d0+x∗ ) −
v2d2z∗

(d2+y∗)2
−v2y∗

(d2+y∗)

0 v3(z∗)2

(d3+y∗)2 2c3z∗ − 2v3z∗

(d3+y∗)


 �1(0)
�2(0)
�3(0)



+ (τk + �)

 0 0 0
v1d1y∗

(d1+x∗)2 0 0
0 0 0


 �1(−1)
�2(−1)
�3(−1)

 ; (19)

and

f(τ; �) =


(l11�

2
1(0) + l12�1(0)�2(0)) + h.o.t

(l21�
2
2(0) + l22�2(0)�3(0)+

l23�1(−1)�2(0) + l24�
2
1(−1)) + h.o.t

(l31�
2
2(0) + l32�2(0)�3(0) + l33�

2
3(0)) + h.o.t

 ; (20)
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where

l11 = −b0 +
v0d0y

∗

(d0 + x∗)3
; l12 = − v0d0

(d0 + x∗)2
; l21 =

v2d2z
∗

(d2 + x∗)3
; l22 = − v2d2

(d2 + y∗)2
; l23 =

v1d1

(d1 + x∗)2
;

l24 = − v1d1y
∗

(d1 + x∗)3
; l31 = − v3(z∗)2

(d3 + y∗)3
; l32 =

2v3z∗

(d3 + y∗)2
; l33 = c3 −

v3
(d3 + y∗)

.

By the Riesz representation theorem, there exists a function of bounded variation for � ∈ [1; 0], such that

Lµ� =
∫ 0

−1
d�(�; 0)�(�) for � ∈ C. (21)

In fact, we can choose

�(�; �) =(τk + �)


a0 − 2b0x∗ −

v0d0y
∗

(d0 + x∗)2
− v0x

∗

(d0 + x∗)
0

0 −a1 +
v1x

∗

(d0+x∗)
− v2d2z

∗

(d2 + y∗)2
−v2y∗

(d2 + y∗)

0
v3(z∗)2

(d3 + y∗)2
2c3z∗ −

2v3z∗

(d3 + y∗)

 �(�)

− (τk + �)


0 0 0
v1d1y

∗

(d1 + x∗)2
0 0

0 0 0

 �(� + 1); (22)

where

�(�) =
{

0; � , 0
1; � = 0.

For � ∈ C1 = C([−1; 0]; R3), defined by

A(�)� =


d�(�)
d�

; � ∈ [−1; 0);∫ 0
−1 d�(�; s)�(s); � = 0

and

R(�)� =
{

0; � ∈ [−1; 0);
f(�; �); � ∈ 0.

Then system (18) is equivalent to

dxt

dt
= Aµ(xt) +R(�)xt; (23)

where xt(�) = x(� + t); � ∈ [−1; 0].
For,  ∈ C1 = C([0;−1]; R3), define

A∗ (s) =

 −d (s)
ds

; s ∈ (0; 1];∫ 0
−1 d�

T (t; 0) (−1); s = 0

and a bilinear inner product

〈�(s)�(�)〉 =  (0)�(0)−
∫ 0

−1

∫ θ

ξ=0
 (� − �)d�(�)�(�)d�;

where �(�) = �(�; 0). Then A(0) and A∗ are adjoint operators. By the discussion in Section 5, we know that
±i!τk are eigenvalues ofA(0). Thus, they are also eigenvalues ofA∗, we first need to compute the eigenvector
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of A(0) and A∗ corresponding to i!τk and −i!τk, respectively. Suppose that q(�) = (1; �; �)T eiθωτk is the
eigenvector of A(0) corresponding to i!τk. Then A(0)q(�) = i!τkq(�) . It follows from the definition of
A(0) and (21) and (22) that we can easily obtain

q(0) = (1��)T =
(

1
(i! −A1)

B1

F1(i! −A1)
B1(i! −G1)

)T

.

On the other hand, suppose that q∗(s) = �(1�∗�∗)eiωτk is the eigenvector of A∗ corresponding to i!τk. By
the definition of A∗ and (21) and (22), we have

q∗(s) = �

(
1− B1(i! +G1)

(i! +G1)(i! + C1)−D1F1

B1D1

(i! +G1)(i! + C1)−D1F1

)
eiωsτk .

In order to assure 〈q∗(s); q(�)〉 = 1, we need to determine the value of �. From (24), we have

〈q∗(s); q(�)〉 = �(1 �∗�∗)(1 � �)T −
∫ 0

−1

∫ θ

ξ=0
�(1 �∗�∗)e−i(ξ−θ)ωτkd�(�)(1 � �)T eiξωτkd�

= �(1 + �∗� + �∗�)− �τk�∗e
−iωτk

v1d1y
∗

(d1 + x∗)2
(24)

= 1.

Hence we have
� =

1

(1 + �∗� + �∗�)− τk�∗e−iωτk
v1d1y∗

(d1+x∗)2

.

Thus, we can chose as

� =
1

(1 + ��∗ + ��∗)− τk�∗eiωτkE1
.

In the remainder of this section, we will follow the ideas and use the same notations as in Hassard[31]. We first
compute the coordinates to describe the center manifold C0 at � = 0. Let xt be the solution of (18) when
� = 0. Define

z(t) = 〈q∗; xt〉 W (t; �) = xt(�)− 2Re [z(t)q(�)] . (25)

On the center manifold C0 we have
W (t; �) = W (z(t); z(t); �);

where

W (z(t); z(t); �) = W20(�)
z2

2
+W11(�)zz +W02(�)

(z)2

2
+ · · · .

z and z are local coordinates for center manifold C0 in the direction of q∗ and q∗. Note that W is real if xt is
real. We consider only real solutions. For the solution xt ∈ C0 of (18), since � = 0, we have

_z(t) = i!τkz + 〈q∗(�); f(0;W (z; z; 0) + 2Re [zq(�)]〉
= i!τkz + q∗f(0;W (z; z; 0) + 2Re [zq(0)] ;

def = i!τkz + q∗(0)f0(z; z).

We rewrite this equation as
_z(t) = i!τkz(t) + q∗(0)f0(z; z);

with

g(z; z) = q∗(0)f0(z; z)

= g20
z2

2
+ g11zz + g02

(z)2

2
+ g21

z2z

2
+ · · · . (26)
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Noticing xt = (x1t(t); x2t(t); x3t(t))
T = W (t; �) + zq(�) + zq(�) with

q(�) = (1; �; �)T eiθωτk .

We have

x1t(0) = z + z +W
(1)
20 (0)

z2

2
+W

(1)
11 (0)zz +W

(1)
02 (0)

(z)2

2
+ o(|(z; z)3|)

x2t(0) = �z + �z +W
(2)
20 (0)

z2

2
+W

(2)
11 (0)zz +W

(2)
02 (0)

(z)2

2
+ o(|(z; z)3|)

x3t(0) = �z + �z +W
(3)
20 (0)

z2

2
+W

(3)
11 (0)zz +W

(3)
02 (0)

(z)2

2
+ o(|(z; z)3|)

x4t(0) = e−iωτkz + eiωτkz +W
(1)
20 (−1)

z2

2
+W

(1)
11 (−1)zz +W

(1)
02 (−1)

(z)2

2
+ o(|(z; z)3|).

Thus, from (26), we have

g(z; z) =q∗(0)f0(z; z)

=τk�(1�∗�∗)

 l11x
2
1t(0) + l12x1t(0)x2t(0)

l21x
2
2t(0) + l22x2t(0)x3t(0) + l23x1t(−1)x2t(0) + l24x

2
1t(−1)

l31x
2
2t(0) + l32x2t(0)x3t(0) + l33x

2
3t(0)


=τk�

[
(l11x

2
1t(0)) + l12x1t(0)x2t(0)) + �∗(l21x2

2t(0) + l22x2t(0)x3t(0))

+ l23x1t(−1)x2t(0) + l24x
2
1t(−1)) + �∗(l31x2

2t(0) + l32x
2t(0)x3t(0) + l33x

2
3t(0))

]
.

Putting the value of x1t(0); x2t(0); x3t(0); x1t(−1) and comparing the coefficients with (26), we get

g(z; z) =�τk
[
l11

(
z + z +W

(1)
20 (0)

z2

2
+W

(1)
11 (0)zz +W

(1)
02 (0)

(z)2

2
)2

+ l12

(
z + z +W

(1)
20 (0)

z2

2
+W

(1)
11 (0)zz +W

(1)
02 (0)

(z)2

2
)

×
(
�z + �z +W

(2)
20 (0)

z2

2
+W

(2)
11 (0)zz +W

(2)
02 (0)

(z)2

2
)

+ (l21�∗ + l31�∗)
(
�z + �z +W

(2)
20 (0)

z2

2
+W

(2)
11 (0)zz +W

(2)
02 (0)

(z)2

2
)2

+ (l22�∗ + l32�∗)
(
�z + �z +W

(2)
20 (0)

z2

2
+W

(2)
11 (0)zz +W

(2)
02 (0)

(z)2

2
)

×
(
�z + �z +W

(3)
20 (0)

z2

2
+W

(3)
11 (0)zz +W

(3)
02 (0)

(z)2

2
)

+ �l23

(
e−iωτkz + eiωτkz +W

(1)
20 (−1)

z2

2
+W

(1)
11 (−1)zz +W

(1)
02 (−1)

(z)2

2
)

×
(
�z + �z +W

(2)
20 (0)

z2

2
+W

(2)
11 (0)zz +W

(2)
02 (0)

(z)2

2
)

+ �∗l24

(
e−iωτkz + eiωτkz +W

(1)
20 (−1)

z2

2
+W

(1)
11 (−1)zz +W

(1)
02 (−1)

(z)2

2
)2

+ �∗l33

(
�z + �z +W

(3)
20 (0)

z2

2
+W

(3)
11 (0)zz +W

(3)
02 (0)

(z)2

2
)2]

.

It gives us
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g20 =2�τk[l11 + �l12 + �2(�∗l21 + �∗l31) + ��(�∗l22 + �∗l32) + �e−iωτk�∗l23 + e−2iωτk�∗l24

+ �2�∗l33];

g02 =2�τk[l11 + �l12 + �2(�∗l21 + �∗l31) + ��(�∗l22 + �∗l32) + �eiωτk�∗l23 + e2iωτk�∗l24

+ �2�∗l33];

g11 =2�τk[l11 +Re(�)l12 + |�|2(�∗l21 + �∗l31) +Re(��)(�∗l22 + �∗l32) +Re(�eiωτk)�∗l23 + �∗l24

+ |�|2�∗l33];

g21 =2�τk

[
l11(W

(1)
20 (0) + 2W (1)

11 (0)) + l12
[W (1)

20 (0)�
2

+
W

(2)
20 (0)
2

+W
(2)
11 (0) + �W

(1)
11 (0)

]
+ (�∗l21 + �∗l31)(�W

(2)
20 (0) + 2�W (2)

11 (0))

+ (�∗l22 + �∗l32)
[W (2)

20 (0)�
2

+
W

(3)
20 (0)�

2
+ �W

(3)
11 (0) + �W

(2)
11 (0)

]
+ �∗l23

[W (1)
20 (−1)�

2
+
W

(2)
20 (0)eiωτk

2
+ e−iωτkW

(2)
11 (0) + �W

(1)
11 (−1)

]
+ �∗l24(W

(1)
20 (−1)eiωτk + 2e−iωτkW

(1)
11 (−1)) + �∗l33(�W

(3)
20 (0) + 2�W (3)

11 (0))
]
.

Since there are W20(�) and W11(�) in g21, we still need to compute them. From (23) and (25), we have

z(t) =
{
AW − 2Re

[
q∗(0)f0q(�)

]
; � ∈ [−1; 0)

AW − 2Re
[
q∗(0)f0q(0)

]
; � = 0;

(27)

def =AW +H(z; z; �); (28)

where

H(z(t)z(t); �) = H20(�)
z2

2
+H11(�)zz +H02(�)

(z)2

2
+ · · · . (29)

Expanding the above series and comparing the corresponding coefficients, we obtain

(A− 2i!τk)W20(�) = −H20(�); AW11(�) = −H11(�). (30)

From (28), we know that for � ∈ [−1; 0);

H(z; z; �) = −q∗(0)f0q(�)− q∗(0)f0q(�)
= −gq(�)− gq(�). (31)

Comparing the coefficients with (29) gives that

H20(�) = −g20q(�)g02q(�) (32)

and

H11(�) = −g11q(�)g11q(�). (33)

From (30), (32) and the definition of A, it follows that

_W20(�) = 2i!τkW20(�) + g20q(�) + g02.

Notice that q(�) = (1; �; �)T eiθωτk , hence
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W20(�) =
ig20

!τk
q(0)eiθωτk +

ig02

3!τk
e−iθωτk + V1e

2iθωτk ; (34)

where V1 =
(
V

(1)
1 ; V

(2)
1 ; V

(3)
1

)
inR3 is a constant vector.

Similarly, from (30) and (33), we can obtain

W11(�) =
ig11

!τk
q(0)eiθωτk +

ig11

3!τk
e−iθωτk + V2; (35)

where V2 =
(
V

(1)
2 ; V

(2)
2 ; V

(3)
2

)
in R3 is also a constant vector.

In what follows, we shall seek appropriate V1 and V2. From the definition of A and (30), we obtain∫ 0

−1
d�(�)W20(�) = 2i!τkW20(0)−H20(0) (36)

and ∫ 0

−1
d�(�)W11(�) = −H11(0); (37)

where �(�) = �(�; 0). From (28), we have

H20(�) = −g20q(�)− g02q(�) + 2τk


l11 + �l12

(�2l21 + ��l22+
�e−iωτk l23+
e−2iωτk l24)

�2l31 + ��l32 + �2l33

 (38)

and

H11(�) = −g11q(�)− g11q(�) + 2τk


l11 +Re(�)l12

(|�|2l21 +Re(��)l22+
Re(�eiωτk)l23 + l24)

(|�|2l31 +Re(��)l32 + |�|2l33)

 . (39)

Substituting (34) and (38) into (36) and noticing that(
i!τkI−

∫ 0

−1
eiωθτkd�(�)q(0)

)
= 0

and (
−i!τkI−

∫ 0

−1
e−iωθτkd�(�)q(0)

)
= 0;

where I is identity array. We obtain,

(
2i!τkI−

∫ 0

−1
e2iωθτkd�(�)

)
V1 = 2τk


l11 + �l12

�2l21 + ��l22 + �e−iωτk l23 + e−2iωτk l24

�2l31 + ��l32 + �2l33

 ;
which leads to

τk


2i! − (a0 − 2b0x∗ − v0d0y∗

(d0+x∗)2 ) v0x∗

(d0+x∗) 0
v1d1y∗e−i2ωτk

(d0+x∗)2 2i! − (−a1 + v1x∗

(d0+x∗) −
v2d2z∗

(d2+y∗)2 ) v2y∗

(d2+y∗)

0 − v3(z∗)2

(d3+y∗)2 2i! − (2c3z∗ − 2v3z∗

(d3+y∗))

V1

= 2

 l11 + �l12

�2l21 + ��l22 + �e−iωτk l23 + e−2iωτk l24
�2l31 + ��l32 + �2l33

 .
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Similarly, substituting (35) and (39) into (37), we can get
−(a0 − 2b0x∗ − v0d0y∗

(d0+x∗)2 ) v0x∗

(d0+x∗) 0
v1d1y∗

(d0+x∗)2 −(−a1 + v1x∗

(d0+x∗) −
v2d2z∗

(d2+y∗)2 ) v2y∗

(d2+y∗)

0 − v3(z∗)2

(d3+y∗)2 −(2c3z∗ − 2v3z∗

(d3+y∗))

V2

=

 l11 +Re(�)l12

|�|2l21 +Re(��)l22 +Re(�eiωτk)l23 + l24
|�|2l31 +Re(��)l32 + |�|2l33

 .
Thus, we can determine W20(�) and W11(�) from (34) and (35). Furthermore, we can determine g21. There-
fore, each gij in (26) is determined by the parameters and delay in (27). Thus, we can compute the following
values:

c1(0) =
i

2!τk

[
g11g02 − 2|g11|2 −

|g02|2

3

]
+
|g21|2

3
;

�2 =
−Re(c1(0))
Re(�′(τk))

;

�2 = 2Re(c1(0));

T2 = −Im(c1(0)) + �2Im(�′(τk))
!τk

(40)

where

Im(�′(τk)) =
(3!2 − �)(�!2 − �)− 2�!(!2 − �!)− � + τk(�2!2 + 2)

(�2!2 + 2)
;

which determine the quantities of bifurcating periodic solutions in the center manifold at the critical value
τk, i.e., determines the directions of the Hopf bifurcation: if �2 > 0 (�2 < 0), then the Hopf bifurcation
is supercritical(subcritical) and the bifurcating periodic solutions exist for τ > τk(τ < τk); �2 determines
the stability of the bifurcating periodic solutions: the bifurcating periodic solutions are stable(unstable) if
�2 < 0(�2 > 0); and determines the period of the bifurcating periodic solutions: the period increase (decrease)
if T2 > 0(T2 < 0). We get the following result:

Theorem 2. (1) The bifurcating periodic solutions of (18) are supercritical (subcritical) if �2 > 0 (�2 < 0).
(2) The bifurcating periodic solutions are asymptotically stable (unstable) if �2 < 0 (�2 > 0).
(3) The period of the bifurcating periodic solution increases (decreases) if T2 > 0 (T2 < 0).

7 Numerical simulation

In this section, using MathCAD 7 and Matlab7.8 we numerically simulate the model system (1) corre-
sponding to the following data set

a0 = 1.26; b0 = 0.07; v0 = 1.0; a1 = 1.0; v1 = 2.0; v2 = 0.405;
c3 = 0.401; v3 = 8; d0 = d1 = d2 = d3 = 10.0 (41)

and initial value (1.2, 1.2, 1.2).

7.1 Veri�cation of analytical results

Here we investigate the numerical results to verify our analytical findings in Section 5 and 6. We compute
an interior equilibrium E∗ = (11.339; 9.95; 3.09) using MathCAD 7. We also find Z1 = 0.101 > 0, τ0 =
1.923, h′(Z1) = 1.048. From Theorem 1(2), it is seen that E∗ is asymptotically stable when τ < τ0 = 1.923.
In accordance to it we plot the stable phase portrait for τ = 1.87 (see Fig. 2). When delay is increased E∗
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losses its stability and a Hopf bifurcation occurs (see Fig. 1(b)). Next we determine the stability and direction
of periodic solutions at the critical time delay τ = τ0 = 1.923 and compute C1(0) = −0.084 + 0.003986i,
�2 = 0.885, �2 = −0.168, and T2 = 2.096. Since, �2 > 0, �2 < 0, and T2 > 0. Theorem 2 indicates that
the bifurcating periodic solutions are supercritical and asymptotically stable and the period of the bifurcating
periodic solutions are increasing.

To investigate effect of time delay on the model system, bifurcation diagram for the successive maxima
of the prey population x is plotted in the range of 1.5 < τ < 3 with the same set of parameters (41) (see Fig.
4).

 

Fig. 2: Stable phase portrait about E∗ for τ = 1.87 < τ0

 

Fig. 3: Limit cycle behaviour when τ = 1.95
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Fig. 4: Bifurcation diagram w.r.t the time delay τ of system (1) for the set of parameters (48) with initial
value is (1.2, 1.2, 1.2)

7.2 Complex dynamics: role of the system parameters and time delay

Here a complete numerical analysis with respect to different parameters of the model system has been
carried out using parameter set (41). We try to investigate the effect of parameters in the exchange of state
from order to chaos and back to the stable state of the system. With this motivation we plot the bifurcation
diagram w.r.to the particular parameter keeping other parameters fixed. Chaos in a deterministic dynamical
system is synonymous to the sensitivity to initial conditions. If two trajectories in phase space emanate from
initial points that are close together, they move away from each other at an exponential rate[33]. Thus if �(0)
measures the small initial separation of the trajectories and �(t) the separation at time t, then

�(t) = �(0)2κt;

where � is called the Lyapunov exponent. Naturally the cases for which
� < 0 distance between trajectories diminishes

= 0 distance remains constant and
> 0 implies chaos.[33]

The calculation of Lyapunov exponents is implemented based on the approach of Wolf et al.[34]. There are two
variants of the method, the first one, based on the original approach, which use the linearized system function,
and the second one, based on the modified approach, which use the system function only. The method uses the
temporal averaged local divergence rates for approximation of Lyapunov exponents. To calculate Lyapunov
exponents, we use AnT AnT4669[35], an analysis tool for simulating and investigating dynamical systems,
(Release 4c, 2011 Windows Version). The advantage of using Ant is in its architecture, the core AnT engine
and its modules exponents are activated by user written C++ system file. The DDE module is used for delay
differential equation and FDE is used for functional differential equations, while in each case the AnT engine
produces ASCII data files exponents of simulation of orbits, Lyapunov exponents etc. We plot these data files
exponents using GNU plot.
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7.2.1 Combined effect of a0 and τ

We investigate the transition of the system dynamics with the change of prey growth rate a0 and
the delay τ . We plot three sets of bifurcation diagram w.r.t a0 keeping other parameters fixed as (41) for
τ = 0.001; 0.5; 1.0. For very small delay τ = 0.001, it is observed that the model system (1) shows stable
behaviour for prey growth rate a0 < 1.5. Bifurcation appears at a0 = 1.93 and thereafter period doubling
arises and finally chaotic behaviour is observed for a0 > 1.94 (see Fig. 5(a)).

If the delay parameter is increased to τ = 0.5, a comparatively smaller range of a0 ∈ (1.65; 1.69) ∪
(1.73; 1.88) showing chaotic dynamics is obtained through repeated occurrence of period doubling. Then
the chaos is controlled by repeated period halving phenomena (see Fig. 5(b)). For τ = 0.5 the limit cycle
attractor of period 1 and period 2 and their corresponding time series are plotted in Figs. 6(a) and Fig. 7 at
a0 = 1.5 and a0 = 1.69. Phase plane diagram of strange attractor are also shown for a0 = 1.69 and τ = 0.5
in Fig. 8. For τ = 1.0, from the bifurcation diagram it is seen that region showing chaos is decreased to
(1.51; 1.54)∪ (1.59; 1.632) (see Fig. 5(c)). If further delay is increased to τ = 2, no chaotic behaviour is seen
(see Fig. 9).

The effect of prey growth rate on the chaotic behaviour of the system is verified by plotting a0 verses
Lyapunov exponent curve for different values of delay. It is seen that for τ = 0.5, largest Lyapunov exponent
is positive for a0 ∈ (1.65; 1.69) ∪ (1.73; 1.88). For a0 = 1.69 and τ = 0.5, the value of Lyapunov exponents
are 0.004, 0.0019, −0.643 (sec Fig. 10(a)). At τ = 1 at a0 = 1.56 the chaotic behaviour is also verified by the
values of Lyapunov exponents 0.003, −0.04, −0.33 (see Fig. 10(b)).

Lastly for τ = 2.0 no chaotic behaviour is observed which is justified by the values of lyapunov expo-
nents−0.008,−0.02,−0.82 at a0 = 1.69. So our outcome is that the increase in delay parameter has a control
on the chaotic effect of a0 in the dynamical behaviour of the model system. The above dynamical outcomes
from numerical results are summarized in the tabular form given in Tab. 7.2.1.

Table 1: The change of dynamics with the change of a0 and τ

Parameter Time Range in which Dynamical
varied delay parameter was varied outcome
a0 τ = 0.001 1.0 ≤ a0 ≤ 1.5 stable

1.51 ≤ a0 ≤ 1.82 stable limit cycle
1.83 ≤ a0 ≤ 1.91 period 2
1.92 ≤ a0 ≤ 1.93 period 4
1.94 ≤ a0 ≤ 2.85 chaotic

τ = 0.5 1.0 ≤ a0 ≤ 1.42 stable
1.43 ≤ a0 ≤ 1.59 stable limit cycle
1.6 ≤ a0 ≤ 1.64 period 2
1.65 ≤ a0 ≤ 1.69 chaotic
1.70 ≤ a0 ≤ 1.72 period 2
1.73 ≤ a0 ≤ 1.88 chaotic
a0 ≥ 1.89 stable limit cycle

τ = 1.0 1.0 ≤ a0 ≤ 1.35 stable
1.36 ≤ a0 ≤ 1.45 stable limit cycle
1.46 ≤ a0 ≤ 1.5 period 2
1.51 ≤ a0 ≤ 1.54 chaotic
1.55 ≤ a0 ≤ 1.58 period 2
1.59 ≤ a0 ≤ 1.632 chaotic
1.633 ≤ a0 ≤ 1.69 period 2
1.7 ≤ a0 ≤ 3 stable limit cycle

τ = 2 1.0 ≤ a0 ≤ 1.3 stable
1.31 ≤ a0 ≤ 3 stable limit cycle
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Fig. 5: Bifurcation diagram w.r. to prey growth rate at (a) τ = .001, (b) τ = 0.5 and (c) τ = 1.0

(a) (b)

Fig. 6: (a) Time series (b) Phase portrait for the model system (1) for the parameters set (48) showing periodic
behaviour when a0 = 1.5 and τ = 0.5
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(a) (b)

Fig. 7: (a) Time series (b) Phase portrait showing limit cycle attractor of period 2 of model system (1) for the
parameters set (48) when a0 = 1.6 and τ = 0.5

(a) (b)

(c)

Fig. 8: Phase plane diagram of a strange attractor for the parameter set (48) and a0 = 1.69, τ = 0.5.
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Fig. 9: Bifurcation diagram w.r. to prey growth rate at τ = 2.

(a) (b)

Fig. 10: a0 vs Lyapunov exponent curve at (a) τ = 0.5 (b) τ = 1.0

7.2.2 Combined effect of a0 and b0

In this case we want to study the effect of intra specific competition of prey b0 in the system dynam-
ics.From bifurcation diagram of the system w.r.t b0, it is observed that no chaos occurs for b0 ≤ 0.04. But at
a0 = 1.9, the chaotic dynamics occurs for longer range of b0 ∈ (0.076; 0.095). If a0 increases, complexity
in the dynamics of the system is enhanced and ultimately for a0 = 3, chaotic phenomenon is observed for
b0 ∈ (0.11; 0.15) (see Fig. 11).Above results are represented in Tab. 7.2.2. So our result is that the increase of
a0 has an increasing influence on the chaotic effect of b0 in the dynamics of the model and vice-versa.

7.2.3 Combined effect of a0 and c3

To investigate the role of top predator growth rate c3 we study the bifurcation diagram w.r.t c3. For very
smaller a0 = 1.26, the model system (1) shows stable dynamics for c3 < 0.5 and bifurcation appears at
c3 = 0.5 and then limit cycle is observed for c3 ≥ 0.51. Range of c3 showing chaotic behaviour is remarkably
increased for an increase in a0 (see Fig. 12). Above outcome are given in Tab. 7.2.3.

7.2.4 Combined effect of a0 and v3

Here we look into the contribution of v3 in the transition of dynamical behaviour of the system using
bifurcation diagram analysis the results of which are shown in Tab. 7.2.4. For very smaller a0 = 1.26, the
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Table 2: The change of dynamics with the change of a0 and b0
Parameter Kept Parameter Time Range in which Dynamical
Constant varied Delay parameter was varied outcome
a0 = 1.2 b0 τ = 1.0 0 ≤ b0 ≤ 0.03 extinction

0.04 ≤ b0 ≤ 0.059 stable limit cycle
0.06 ≤ b0 ≤ 0.2 stable

a0 = 1.9 0 ≤ b0 ≤ 0.03 extinction
0.04 ≤ b0 ≤ 0.076 stable limit cycle
0.077 ≤ b0 ≤ 0.093 chaotic
0.094 ≤ b0 ≤ 0.096 period 2
0.097 ≤ b0 ≤ 0.11 stable limit cycle
0.12 ≤ b0 ≤ 0.2 stable

a0 = 3.0 0 ≤ b0 ≤ 0.059 extinction
0.06 ≤ b0 ≤ 0.1 Chaotic
0.11 ≤ b0 ≤ 0.16 period 2
0.17 ≤ b0 ≤ 0.19 stable limit cycle
b0 ≥ 0.2 stable

Table 3: The change of dynamics with respect to change of a0 and c3
Parameter Kept Parameter Time Range in which Dynamical
Constant varied Delay parameter was varied outcome
a0 = 1.26 c3 τ = 1.0 0 ≤ c3 ≤ 0.5 stable

0.0.51 ≤ c3 ≤ 0.7 stable limit cycle
a0 = 1.45 0 ≤ c3 ≤ 0.4 stable limit cycle

0.41 ≤ c3 ≤ 0.432 period 2
0.433 ≤ c3 ≤ 0.564 chaotic
0.565 ≤ c3 ≤ 0.65 period 2
0.66 ≤ c3 ≤ 0.7 stable limit cycle

a0 = 1.54 0 ≤ c3 ≤ 0.375 stable limit cycle
0.376 ≤ c3 ≤ 0.42 period 2
0.43 ≤ c3 ≤ 0.68 chaotic
0.69 ≤ c3 ≤ 0.7 stable limit cycle

system (1) shows limit cycle for v3 < 6.8 and bifurcation appears at v3 = 6.8 and then stable dynamics
is observed for v3 ≥ 6.9. But for a0 < 1.44 no chaos is observed . Range of v3 ∈ (1; 8) showing chaotic
behaviour is remarkably increased for increased a0 ∈ (1.44; 1.69) (see Fig. 13). If comparatively large value
of a0 = 2.2 is considered chaotic effect of v3 in the model system is lost.

Table 4: The change of dynamics with respect to change of a0 and v3
Parameter Kept Parameter Time Range in which Dynamical
Constant varied Delay parameter was varied outcome
a0 = 1.26 v3 τ = 1.0 4 ≤ v3 ≤ 6.8 stable limit cycle

6.9 ≤ v3 ≤ 20 stable
a0 = 1.56 4 ≤ v3 ≤ 7.5 chaotic

7.6 ≤ v3 ≤ 8.9 period 2
9 ≤ v3 ≤ 20 stable limit cycle

a0 = 1.9 4 ≤ v3 ≤ 6.5 chaotic
6.6 ≤ v3 ≤ 20 stable limit cycle
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(a) (b)

(c)

Fig. 11: Bifurcation diagram w.r. to intra specific competition of prey b0 at (a) a0 = 1.2 (b) a0 = 1.9 (c)
a0 = 3.0 when τ = 1

8 Conclusion

Tri- trophic food chain model with Holling type II and modified Leslie Gower functional responses has
already been studied in absence of time delay[22, 24] where as we study this model in presence of gestation
delay.In the above works[22] global stability analysis is done while using Hopf bifurcation analysis and nu-
merical simulation we show the existence and control of chaos for certain range of delay and other system
parameters like prey growth rate,top predator growth rate etc. Numerical results exhibits the appearance of the
chaotic behaviour when prey growth rate exceeds certain threshold value but it is controlled with the increase
of delay. These behaviours are justified by the values of Lyapunov exponents. Bifurcation diagrams also show
that increase of top predator growth rate introduces chaotic dynamics at increased prey population growth
rate. Also we find numerically that the increase of growth rate of prey population has an increasing influence
on the chaotic effect of intra specific competition of prey in the dynamics of the model and vice- versa and for
long value of prey growth rate a0, an increase in v3 (which measure the loss of top predator due to scarcity of
its favorite food y) shows controlling effect of chaotic behaviour of the the system.
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(a) (b)

 

(c)

Fig. 12: Bifurcation diagram w.r. to intra specific competition of prey c3 at (a) a0 = 1.26 (b) a0 = 1.45 (c)
a0 = 1.56 when τ = 1
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