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Abstract. In this paper, the problem of the linear state feedback stabilization of unified hyperchaotic systems
is investigated. The Lyapunov stability theory and Riccati algebra matrix equation in the matrix theory are
used to design a controller by linear state feedback control laws and prove that the controlled closed-loop hyperchaotic system is asymptotically stable. Finally, by control and simulation of unified hyperchaotic system
with different paraments, it shows that the control law is effective for this class of systems.
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1

Introduction

Stabilization is one of the vital tasks in controller design[10, 15, 17–19] . The stabilization and asymptotic
stability of nonlinear systems has won extensive attention of the relevant researchers[5] . Over the past 30
years, the stability of the nonlinear system has been widely studied[28] . Now and then, several approaches
have been proposed to deal with this problem, such as the Popovs criterion, linearization, small gain theorem,
Lyapunov theory, backstepping and feedback, these are all very successful[2, 7, 8] .
One of the main characteristic of chaotic system is the high sensitivity to initial conditions. So this
system is difficult to synchronization, stability and control[26] . In the field of control engineering area, the
task of chaotic nonlinear systems is one of the major problems due to the complex behavior, coupling,
controling and stability requirements. In 1989, Chaos control has attracted a great quantity of attention
from various fields since Hüber published the first paper on chaos control[22] , so many great efforts have
been devoted towards chaos control in the past decades, especially in the the stabilization of unstable equilibrium points and unstable periodic solutions[22] . Particularly, some useful methods have been developed
in case of chaos suppression of any known chaotic systems, these include sliding mode control, timedelayed feedback control, double delayed feedback control, robust control, optimal control, intelligent control,
etc[1–4, 6, 11–14, 16, 20–22, 25, 26, 29, 30, 32–34] .
Yassen designed different linear feedback controllers to locally stabilize the equilibrium of the new
chaotic system in 2005[32] , he has proved that the linear state feedback controller can stabilize the corresponding balance chaotic system and eliminating the chaos.
Unified hyperchaotic system has been investigated[29] . New system represents the continued transition
from the Lorenz hyperchaotic system to the Chen hyperchaotic system, it is chaotic over the entire spectrum
of the key system parameter α ∈ [0, 1]. At last, in order to show that the approach of this paper is effective and
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convenient to this sort of control system. We will give some illustrative examples and their simulation results
of unified hyperchaotic systems.
In the above discussion, the main purpose is to provide a new design technique of the linear state feedback
control, which ensure that the dynamic responds of controlled closed-loop hyperchaotic system are asymptotically stable. We have combined the Lyapunov theory with Riccati algebra matrix equation in the matrix
theory for obtain the desirable properties. It is extended to a general and large of chaotic systems.
The paper is organized as follows, in section 2, it includes some basic mathematical analysis of linear
systems and hyperchaotic systems which will be used to accomplish the main work of this paper. Several
useful definitions and lemmas are briefly introduced which will be used in the remainder of this paper. In
section 3, the linear state feedback controller is given to stabilize of unified hyperchaotic systems. In section
4, it has given results of some illustrative examples and numerical simulations on unified hyperchaotic systems
which show that the approach to hyperchaotic systems is effective and convenient. At last, we will be closed
by a conclusion in the section 5.
If not specially illustrated, we consider the || · || refers to Euclid norm, || · ||F refers to Frobenius norm,
| · | refers to scalar function or absolute value of function in this paper.

2

Systems analysis and preliminaries

Modern trend is toward to greater complexity engineering systems, mainly due to the good accuracy and
requirements of complex tasks. So we analysis the problem of complex linear systems with multiple inputs
and multiple outputs firstly.
First, We review the basic method of some famous linear and nonlinear control systems, and then we can
accomplish main work of this paper commodiously and easily[27] .
In the conventional model, for design a multiple inputs and multiple outputs control system (MIMO), we
can design a controller (such as compensator) that the dominant closed-loop poles have to design an undamped
natural frequency ωn and a damping ratio ξ. In this approach, we assume that it is negligible of the effects on
the responses of non-dominant closed-loop poles.
Let us consider a control system as below
(
ẋ =Ax + Bu,
(1)
ẏ =Cx + Du.
where x ∈ Rn is state variables group of the system, u ∈ Rp is input variables group of the system, y ∈ Rq
is output variables group of the system, A matrix is (n × n) called as state matrix, B is matrix (n × p) called
as input matrix, C is matrix (q × n) called as output matrix, D is matrix (q × p) called as direct transmission
matrix.
Look at Fig. 1, it is a block diagram representation of system (1) as showing. We should choose the states
feedback control laws
u(t) = Kx(t).
(2)
such a scheme is called state feedback, and it means that the control signal u(t) is determined by an instantaneous state, we call the (n×n) matrix K as state feedback gain matrix. We can assume all of state variables are
available for the feedback. In the following analysis, we assume u(t) is unconstrained. The Fig. 2 is shows a
block diagram of this system. There are no inputs in this closed-loop system and it is for winning the zero output. In the present, the output maybe deviate from zero due to the disturbances. Because of the state feedback
scheme of system, the nonzero output would be returned to the zero reference input. Such a system (where the
reference input is always zero) is called a regulator system (the system is always a nonzero constant).
Substituting the state feedback control law (2) into the (1), we can have ẋ = (A + BK)x. which means
x = eA+BK x(0). where the x(0) is initial state which leads by external disturbances. Both the transientresponse characteristics and stability are determined by eigenvalues of the matrix A + BK. If we choose the
matrix K properly, the matrix A + BK should form an asymptotically stable matrix, it is possible to make
x(t) approaches 0 as t approaches infinity for all x(0) , 0. The eigenvalues of matrix A + BK are called
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Fig. 1. Block diagram of the linear, continuous-time control system.

Fig. 2. Closed-loop control system with u(t) = Kx(t).

regulator poles. x(t) approaches 0 as t approaches infinity if these regulator poles are placed in the left-half
s plane[27] . We placing the regulator poles (closed-loop poles) at the desired location and this is called as the
pole-placement problem.
Next, we shall see, arbitrary pole placement for hyperchaotic systems with input control is possible. If
and only if the system is completely state controllable, we should establish that stabilization of hyperchaotic
systems with input control.
We rewrite the dynamical system in order to take this technique apply to a hyperchaotic system
ẋ = f (x) + Bu.

(3)

where x ∈ Rn is state vector and u ∈ Rm is input vector of the system, f : D → Rn is Lipschitz map from
the domain D ⊂ Rn into Rn , D is a neighborhood in origin, and B ∈ Rn×m is a constant matrix.
We suppose x̃ ∈ D is an equilibrium point in the controlled hyperchaotic system (3), f (x̃) = 0.
Remark 1. We want to study and characterize the stability of x̃. For convenience, when the equilibrium point
of controlled hyperchaotic system (3) is at the origin of Rn , we state all theorems and definitions for the case;
that is, x̃ = 0. Because any equilibrium point can be shift to the origin via change of variables, there is no loss
of generality in doing like this.
Remark 2. Suppose x̃ , 0 is an equilibrium point of the controlled hyperchaotic system (3), we consider the
change of variables y = x − x̃. The following is the derivative of y.
ẏ = ẋ = f (x) + Bu = f (y + x̃) = s(y).
where s(0) = 0. There is equilibrium at the origin in the new variable y of the system. So, we should always
assume that f (x) satisfies f (0) = 0 and study the stability of the origin x = 0 without loss of generality.
For the nonlinear function f (x) of hyperchaotic system (3), use the Taylor series, we can have
f (x) = f (0) +
where g(x) satisfies
WJMS email for contribution: submit@wjms.org.uk
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||g(x)||
= 0.
||x||→0 ||x||
lim

Substitute f (0) = 0 into the controlled hyperchaotic system (3), and combine with (4), we can have
ẋ = Ax + g(x) + Bu.

(5)

where
A=

∂f (x)
|x=0 .
∂x

Now, several useful definitions and lemmas that are introduced briefly which should be found in the
place[23, 27] are the key point to the proof of main theorems in this paper, and these will be useful in handling
under proof and investigation in this paper.
Definition 1. [27] . If and only if the vectors B, AB, · · ·; An−1 B are linearly independent, the linear system (1)
can completely state controllability, and that is Rank [B, AB, · · ·, An−1 B] = n.
Lemma 1. [23, 24] . Let x = 0 be an equilibrium point of the nonlinear system ẋ = f (x). where f : D → Rn is
continuously differentiable, D is a neighborhood of the origin. And we let
A=

∂f (x)
|x=0 .
∂x

Then
(1) For all eigenvalues of A, if Re{λi } < 0 , the origin is asymptotically stable,
(2) For one or more of the eigenvalues of A, if Re{λi } > 0, the origin is unstable .
Lemma 2. [27] . The sufficient and necessary condition of arbitrary pole-placement for a given system, the
system can completely state controllable.
Definition 2. If and only if its zero solution approach 0 as t approach infinity, the controlled hyperchaotic
system (3) is asymptotically stable in the origin.
Definition 3. The hyperchaotic system (5) is called linearization systems of the controlled hyperchaotic system
(3).
Definition 4. If there is a linear state feedback control law, such that a controlled closed-loop system of the
controlled hyperchaotic system (3) is asymptotically stable, the controlled hyperchaotic system (3) is linear
state feedback stabilization.

3

Main results

Based on the Riccati algebra matrix equation and Lyapunov stability theory in the matrix theory, we
should design a success scheme to control hyperchaotic systems. The proposed method is designed to achieve
the global stabilization of unstable equilibria in some dynamical systems. This control technique is so efficient,
and it is ease of used in most real systems.
In this section, we will prove the main theorem in this paper firstly, and then the controller arithmetic for
the hyperchaotic system will be given.
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3.1

Designing of controller of the hyperchaotic system

Theorem 1. The linearization system (5) of the controlled hyperchaotic system (3) that satisfies (A,B), it is
completely state controllable. There is a linear state feedback control law as follow
u = −B T P x.

(6)

such that controlled hyperchaotic system (3) is asymptotically stable in the origin, where P is a unique positive
definite symmetry solution of the Riccati algebra matrix equation, which is given in the next
P A + AT P − P BB T P + Q = 0.

(7)

note that the Q is an arbitrarily positive definited matrix.
Proof: Because Q ∈ Rn×n is an arbitrarily symmetric positive definite matrix, so the solution matrix P of
Riccati algebra matrix equation (7) is a symmetric positive definite matrix.
Substitute the linear state feedback control law (6) into the linearization system (5), we can see that
ẋ = (A − BB T P )x + g(x).

(8)

We can form a Lyapunov function
V (x) = xT P x.
Then along the trajectory of system (8), its derivative is
V̇ (x)|(8) =[(A − BB T P )x + g(x)]T P x + xT P [(A − BB T P )x + g(x)]
=xT (P A + AT P − P BB T P )x + xT (−P BB T P )x + 2xT P g(x)
=xT (−Q)x + 2xT P g(x) + xT (−P BB T P )x.
Let
V̇1 = xT (−Q)x + 2xT P g(x), V̇2 = xT (−P BB T P )x.
According to the matrix theory, we should know
V̇2 < 0.
So, if V̇1 < 0 , V̇ (x)|(8) ≤ 0.
From the (4), we should know the function g(x) satisfies that
||g(x)||
= 0.
||x||→0 ||x||
lim

There must be ∃ε > 0 for ∀δ > 0, such that
||g(x)||
< ε.
||x||
at ||x|| < δ, that is
||g(x)|| < ε||x||,
and
xT Qx ≥ λmin (Q)||x||2 ,
and
2xT P g(x) ≤2|xT P g(x)|
≤2||xT P || · ||g(x)||
√
=2 xT P P x · ||g(x)||
p
≤2 λmax (P 2 ) · ||x|| · ||g(x)||.
WJMS email for contribution: submit@wjms.org.uk

(9)

39

World Journal of Modelling and Simulation, Vol. 10 (2014) No. 1, pp. 34-48

where λmin (·) is the smallest characteristic and λmax (·) is the maximum characteristic of the matrix. P and Q
are symmetric positive definite matrices, so, λmin (Q) and λmax (P 2 ) are positive.
Thus, we can have
V1 < 0.
(10)
when ε < √λmin (Q) 2 .
2

λmax (P )

And when ε is sufficient small, ε < √λmin (Q) 2 is always available.
2

λmax (P )

Combined (9) with (10), we are easy to know that
V̇ |(8) < 0.
According to the second method of Lyapunov, we are easy to know, based on the linear state feedback
control law (6), the linearization system (5) is stable asymptotically.
According to Lemmas 1-2 and Definitions 1, 3-4, we are easy to know, based on the linear state feedback
control law (6), the controlled hyperchaotic system (3) is stable asymptotically.
The proof is completed now.
Remark 3. Only when the controlled hyperchaotic system (3) is state controllable completely, the proof of the
theorem is valid.
Remark 4. Through the previous work we can be easy to see that, some pre-existing techniques of chaotic systems are only considered as single situation. For example, the Lorenz chaotic systems are only considered[6] ,
etc. From the analysis of the paper, when the controlled chaotic system is state controllable completely, arbitrary controlled chaotic systems are able to stabilization.
Remark 5. Some relative techniques are used[26, 33] or some others, such as adaptive fuzzy control, adaptive
control, intelligent control, double delayed feedback control, time-delayed feedback control, robust control,
sliding mode control, etc. Through the analysis of the paper, the linearstate feedback is only used and the
Riccati algebra matrix and Lyapunov second method equation are all only regarded as mathematic tools.
Remark 6. A same problem has been investigated[9] . The investigate scope is restricted extremely and the
specific control scheme is not proposed . Thus obviously, it is a special condition of the paper.
3.2

Controller arithmetic

The above discussions has showed that the procedure of hyperchaotic system controller can be listed in
the next steps.
Step1. The system (5) is obtained by the linearizing the hyperchaotic system (3).
Step2. Choose a matrix B that the linearization system (5) is state controllabe completely.
Step3. Calculate the Riccati algebra matrix equation (7) can get the P (symmetric positive definite matrix).
Step4. Calculate the the expression (6) can get the u (linear state feedback control law).
Step5. Substitute the state feedback control law (6) into hyperchaotic system (3) can get the controlled closedloop hyperchaotic system.

4

Main results

In this section, we will show the approach which effective and convenient to the sort of control system
of this paper. In the following text, we will list some illustrative examples and their simulation results of the
unified hyperchaotic system.
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4.1

Unified hyperchaotic system
The unified hyperchaotic system can be described as

ẋ =(25a + 20)(y − x) + w,





 ẏ =(28 − 35a)x − xz + (29a − 1)y,
(a + 8)

z,
ż =xy −



3


ẇ =bw + cyz.

(11)

where [x, y, z, w]T is the state variables group of the unified hyperchaotic system, and α ∈ [0, 1] is a
parameter[29] .
Because the system (11) is belong to the generalized Lorenz hyperchaotic system for a = 0, b = −1, c =
−1, it belongs to the Lü hyperchaotic system a = 0.8, b = 0.3, c = 0.1 and belongs to the generalized Chen
hyperchaotic system for a = 1, b = 0.2, c = 0.1, so we consider the system (11) as unified hyperchaotic
system. The hyperchaotic attractor are shown in Fig. 3 and Fig. 5 respectively.

Fig. 3. The chaotic attractor of Lorenz hyperchaotic system.

The Jacobic matrix A of the unified hyperchaotic system (11) in origin is


−(25a + 20) 25a + 20
0
1
 28 − 35a
29a − 1
0
0 
.
A=
8+a

0
0
− 3
0 
0
0
0
b
Eigenvalues of the unified hyperchaotic system are as follow
√
21
−584a2 + 2052a + 2601
λ1 = 2a −
−
,
2
2
√
21
−584a2 + 2052a + 2601
λ2 = 2a −
+
,
2
2
8+a
λ3 = −
,
3
λ4 = b.
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Fig. 4. The chaotic attractor of Lü hyperchaotic system.

Fig. 5. The chaotic attractor of Chen hyperchaotic system.

and we can know the linearization system of unified hyperchaotic system (11) is unstable.
Then we let


1 0 0 0
 0 1 0 0 

B=Q=
 0 0 1 0 .
0 0 0 1
The Rank[B, AB, · · · , A2 B] = 4, so we can be easy to know, the linearization system ẋ = Ax + g(x) + Bu
of the hyperchaotic system (11) is state controllable completely. So, the controlled unified hyperchaotic system
is got by
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ẋ =(25a + 20)(y − x) + w + u1 ,





 ẏ =(28 − 35a)x − xz + (29a − 1)y + u2 ,
(a + 8)

z + u3 ,
ż =xy −



3


ẇ =bw + cyz + u4 .

(12)

where u = [u1 , u2 , u3 , u4 ]T .
According to controller arithmetic for hyperchaotic system of the paper, we need to design a suitable
feedback gain matrix K = −B T P and confirm the Theorem 1 is satisfied. We want to achieve the linear state
feedback control law u = −B T P [x, y, z, w]T such as the hyperchaotic system (11) is stable asymptotically.
4.2

Control of generalized lorenz hyperchaotic system and its simulation

Through the foregoing discussion, we can know that the hyperchaotic system (11) is a generalized Lorenz
hyperchaotic system when a = 0, b = −1, c = −1.
Its eigenvalues of the generalized Lorenz hyperchaotic system are as follow
λ1 = −36,
λ2 = 15,
λ3 = −2.6667,
λ4 = −1.
it is easy to see that one eigenvalue is positive, so we can know that the linearization system of the generalized
Lorenz hyperchaotic system (GLHS) and original system are unstable.
According to the controller arithmetic for hyperchaotic system in the paper, a linear state feedback control
law can be got by

 
 

x
−11.7102 −14.6226
0
−0.7116
x
 y   −14.6226 −18.2949


0
−0.8890 
=
 ·  y .
u = −B T P 
 z  
  z 
0
0
−0.1813
0
w
−0.7116 −0.8890
0
−0.4583
w
such the generalized Lorenz hyperchaotic system is stable asymptotically from the origin, we should take the
initial value of the simulation as [x, y, z, w]T = [1, 0, −1, −2]T , the state vector history chart of the GLHS
(generalized Lorenz hyperchaotic system) controlled before and after, the Fig. 6 is shows at the time t = 50s.
Through the Fig. 6 we can see that the controlled closed-loop of GHLS (generalized Lorenz hyperchaotic
system) is asymptotically stable in origin.
4.3

Control of lü hyperchaotic system and its simulation

Through the foregoing discussion, we can know that the hyperchaotic system (11) is a Lü hyperchaotic
system when a = 0.8, b = 0.3, c = 0.1.
Its eigenvalues of the hyperchaotic system are as follow λ1 = −40, λ2 = 22.2, λ3 = −2.9333, λ4 = 0.3.
it is easy to see that two eigenvalues are positive, so we can know that the linearization system of the Lü
hyperchaotic system and original system are unstable.
According to the controller arithmetic for hyperchaotic system in the paper, a linear state feedback control
law can be got by

 
 

x
−0.0125 −0.0080
0
−0.0003
x
 y   −0.0080 −44.4370


0
−0.0009 
 
 ·  y .
u = −B T P 
 z =


0
0
−0.1658
0
z 
w
−0.0003 −0.0009
0
−1.3443
w
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Fig. 6. State vector history chart for the generalized Lorenz hyperchaotic system controlled before and after

World Journal of Modelling and Simulation, Vol. 10 (2014) No. 1, pp. 34-48

WJMS email for subscription: info@wjms.org.uk

H. Niu & S. Ma & et al.: Linear state feedback stabilization
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Fig. 8. State vector history chart for the generalized Chen hyperchaotic system controlled before and after
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such the Lü hyperchaotic system is stable asymptotically from the origin, we take the initial value of
the simulation as [x, y, z, w]T = [1, 0, −1, −2]T , the state vector history chart of the Lü hyperchaotic system
controlled before and after, the Fig. 7 is shows at the time t = 50s. Through the Fig. 7 we can see that the
controlled closed-loop of Lü hyperchaotic system is asymptotically stable in origin.
4.4

Control of generalized chen hyperchaotic system and its simulation

Through the foregoing discussion, we can know that the hyperchaotic system (11) is a generalized Chen
hyperchaotic system at a = 1, b = 0.2, c = 0.1.
Its eigenvalues of the hyperchaotic system are λ1 = −40.3944, λ2 = 23.3944, λ3 = −3, λ4 = 0.2.
it is easy to see that two eigenvalues are positive, so we can know that the linearization system of the
generalized Chen hyperchaotic system and original system are unstable.
According to the controller arithmetic for hyperchaotic system in the paper, a linear state feedback control
law can be got by:

 
 

x
−0.4957
4.7323
0
−0.0201
x
 y   4.7323 −46.3483


0
0.1928 
=
 ·  y .
u = −B T P 
 z  
  z 
0
0
−0.1623
0
w
−0.0201
0.1928
0
−1.2210
w
such the generalized Chen hyperchaotic system is stable asymptotically from the origin, we take the initial
value of the simulation is [x, y, z, w]T = [1, 0, −1, −2]T , the state vector history chart of the generalized Chen
hyperchaotic system controlled before and after, the Fig. 8 is show at the time t = 50s. Through the Fig. 8
we can see that the controlled closed-loop of generalized Chen hyperchaotic system is asymptotically stable
in origin.
Remark 7. Yassen has designed the different linear feedback controller for locally stabilize the equilibria of
new hyperchaotic systems[31] . In our work, we have proved that the linear state feedback controller can globally stabilize the corresponding equilibria of the hyperchaotic systems, thus we can eliminating chaos. It is a
special point of this paper.

5

Conclusions

In this paper, the problem of linear state feedback stabilization for unified hyperchaotic system is studied
based on Riccati algebra matrix equation and Lyapunov second method in the matrix theory, and a new and
useful design technique has been presented. The linear state feedback control law for hyperchaos control
system ensures that the dynamic response of closed-loop system control of unified hyperchaotic system is
stable asymptotically. Finally, our result can be extended to a general and large of hyperchaotic systems.
Through the analysis of this paper, we are easy to know that some pre-existing techniques for hyperchaotic systems also have some margin that can be improved. In this paper, these approaches are significantly
developed accompanied with pre-existing technique for many hyperchaotic systems of the paper, meanwhile,
the stabilization problem of hyperchaotic systems can become more generalized.
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