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Solution of singular two point boundary value problems with forcing function
in integral form via differential transform method
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Abstract. This paper concerns the solution of singular two point boundary value problems with forcing
function in the integral form via the differential transform method. Three examples are given to show ability
of the proposed method for solving the singular two point boundary value problems with forcing function in
integral form.
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1 Introduction

We consider the singular two-point boundary value problems with forcing function in integral form

y′′(x) +
α

x
y′(x)− α

x2
y(x) = f(x, y, y′) +

∫ 1

0
γ(x, s)ds, 0 < x < 1, 0 < s < 1, (1)

subject to the boundary conditions
y(0) = 0, y(1) = β, (2)

where β is a finite constant. We assume that γ(x, s) is a real valued function of both variables in the range
0 ≤ x, s ≤ 1. Let

w(x) =
∫ 1

0
γ(x, s)ds (3)

and
f(x, y, y′) + w(x) = g(x, y, y′). (4)

Re-writing (1) as
y′′(x) +

α

x
y′(x)− α

x2
y(x) = g(x, y, y′), 0 < x < 1. (5)

Denote
Ψ = {(x, y) : 0 < x < 1,−∞ < y, y′ < ∞}. (6)

According to [12], if g, gy and gy′ are continuous on Ψ and gy > 0, gy′ ≤ M , where M is a constant,
ensures the existence and uniqueness of the above boundary value problem. In addition we assume that
y(x) ∈ C6[0, 1] and γ(x, s) ∈ C4[0, 1]. There has been an intensive development of the theory of inte-
gral and integro-differential equations[1–4, 8, 13, 14, 17]. Seeking numerical solution for singular boundary value
problems with forcing function in integral form are challenging because of singularity behavior at the origin.
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Due to this reason, recently singular differential equation has been fascinated towards a number of researchers.
Mohanty and Dhall[15] studied the third order accurate variable mesh discretization and application of TAGE
iterative method for the nonlinear two point boundary value problems with homogeneous functions in integral
form. In [16], a method based on cubic spline approximation and TAGE iterative method for the solution
of two point boundary value problems with forcing function in integral form. To the authors knowledge no
paper has been reported yet for the solution of singular two point boundary value problems with forcing
function in integral form using the differential transform method. In this paper, we introduced the differential
transform method as an alternative to existing methods for solving singular two point boundary value prob-
lems with forcing function in integral form. The use of the differential transform method in electric circuit
analysis was pioneered by Zhou[25]. Since then, differential transform method was successfully applied for
large variety of problems. For instance, initial value problems[10], partial differential equations[11], system of
ordinary differential equation[5], integro-differential equation[6], differential-difference equation[6], diferential
algebraic equations[9], singular boundary value problems[19], linear and nonlinear system of partial differential
equations[20], linear and nonlinear Klein-Gordon equations[21], linear and nonlinear Schrodinger equation[22],
MHD boundary layer equations[18], nonlinear volterra integro-differential equations[24], Hirota-Satsuma cou-
pled KdV equation[23] and so on. The differential transform method obtains an analytical solution in the form
of a polynomial. It is different from the traditional high order Taylor’s series method, which requires symbolic
competition of the necessary derivatives of the data functions. The Taylor series method is computationally
intensive and inefficient especially for the differential equations of high orders. With this method, it is possible
to obtain highly accurate results or exact solutions for differential equations. The paper is organized in four
sections. Basic concept of the differential transform method is discussed in Section 2. The present method
has been applied to the singular boundary value problems with forcing function in integral form in Section 3.
In Section 4 the method is applied to three test problems and numerical results are given to demonstrate the
applicability and the effectiveness of the proposed method.

2 Basic ideas of the differential transform method

An arbitrary function y(x) can be expanded in Taylor series about a point x = 0 as

y(x) =
∞∑

k=0

xk

k!

∣∣∣∣dky(x)
dxk

∣∣∣∣
x=0

. (7)

The differential transform of y(x) is defined[25] as

Y (k) =
1
k!

∣∣∣∣dky(x)
dxk

∣∣∣∣
x=0

, (8)

where y(x) is the original function and Y (k) is the transformed function.
The differential inverse transform is

y(x) =
∞∑

k=0

Y (k)xk. (9)

In actual applications, the function y(x) is expressed by a finite series and Eq. (9) can be rewritten as follows

y(x) =
n∑

k=0

Y (k)xk, (10)

which means that y(x) =
∑∞

k=n+1 Y (k)xk is small, negligibly. Usually the value of n are decided by con-
vergence of the series coefficients. The fundamental mathematical operations performed by the differential
transform method are listed in Tab. 1.
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Table 1. The fundamental operations of the differential transform method

Original function Transformed function
y(x) = g(x)± h(x) Y (k) = G(k)±H(k)
y(x) = αg(x) Y (k) = αG(k)
y(x) = dg(x)

dx Y (k) = (k + 1)G(k + 1)

y(x) = d2g(x)
dx2 Y (k) = (k + 1)(k + 2)G(k + 2)

y(x) = g(x)h(x) Y (k) =
∑k

l=0 G(l)H(k − l)

y(x) = xm Y (k) = δ(k − l) =
{

1 if k = m
0 if k , m

f(y(x)) = yn(x) F (Y (k)) =
∑k

l=0 Y (k − l)
∑l

m=0 Y (l −m) . . .
∑n

r=0 Y (n− r)
y(x) =

∫ x1

x0
g(t) Y (k) = G(k−1)

k , where k ≥ 1, Y (0) = 0

3 Description of the method

The differential transform of (5) is

k∑
l=0

δ(l − 2)(k − l + 1)(k − l + 2)Y (k − l + 2) + α

k∑
l=0

δ(l − 1)(k − l + 1)Y (k − l + 1)− αY (k)

=
k∑

l=0

δ(l − 2)G(k − l), (11)

where G(k) is the transformed version of g(x, y, y′) where g(x, y, y′) = f(x, y, y′) + w(x).
The transformed conditions (2) are

Y (0) = 0,

n∑
k=0

Y (k) = β. (12)

Substituting (12) into (11) and by recursive method we can calculate all values of Y (k). Hence substituting
Y (k) ’s in (10) we get the series solution. The unknown value A can be determined by incorporating the
boundary condition y(1) = β.

4 Numerical results

In this section, we applied the proposed technique to linear and nonlinear singular two point boundary
value problems with forcing function in integral form. In order to assess the reliability and efficiency of the
proposed method we compared our results with existing results in the literature. The Root mean square errors:

(RMS errors) =

√∑
(yi − ỹi)2

N
,

where N is the total number of nodal points, yi is the exact solution and ỹi is the approximate solution.
Example 1: First, we consider the linear singular two point boundary value problem with forcing function in
integral form [15]

y′′(x) +
α

x
y′(x)− α

x2
y(x) = α sinhx + (4 + α)x coshx +

∫ 1

0

[
6
(

xs

1 + s2

)2

sinhx + 2x coshxs

]
ds,

(13)

subject to the boundary conditions
y(0) = 0, y(1) = sinh 1. (14)
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Table 2. Error estimates for Example 1

x
Error estimate Error estimate Error estimate
for α = 0 for α = 1 for α = 2

0 0 0 0
0.1 7.67385× 10−14 7.67385× 10−14 7.67385× 10−14

0.2 1.53478× 10−13 1.53478× 10−13 1.53478× 10−13

0.3 2.30219× 10−13 2.30219× 10−13 2.30219× 10−13

0.4 3.06949× 10−13 3.06949× 10−13 3.06949× 10−13

0.5 3.83693× 10−13 3.83693× 10−13 3.83693× 10−13

0.6 4.60326× 10−13 4.60326× 10−13 4.60326× 10−13

0.7 5.35350× 10−13 5.35350× 10−13 5.35350× 10−13

0.8 5.96634× 10−13 5.96634× 10−13 5.96634× 10−13

0.9 5.62772× 10−13 5.62772× 10−13 5.62772× 10−13

1.0 2.22045× 10−16 2.22045× 10−16 2.22045× 10−16

Table 3. Comparisons of RMS errors for Example 1 obtained by the present method and the method in [15]

N
Proposed method RMS errors in [15] RMS errors in [15]
RMS errors (nonuniform mesh) (uniform mesh)

α = 1
11 3.707e−13 6.230e−05 5.136e−05
21 3.397e−13 3.030e−06 6.628e−05
31 3.826e−13 6.527e−07 1.850e−06
41 3.841e−13 3.494e−07 7.302e−07
51 3.850e−13 2.740e−07 3.509e−07
71 3.861e−13 2.207e−07 9.147e−08
81 3.864e−13 2.057e−07 6.349e−08

α = 2
11 3.707e−13 4.146e−04 2.828e−05
21 3.397e−13 1.527e−04 3.357e−06
31 3.826e−13 1.025e−04 9.010e−07
41 3.841e−13 8.329e−05 3.470e−07
51 3.850e−13 7.295e−05 1.636e−07
71 3.861e−13 6.116e−05 3.242e−08
81 3.864e−13 5.720e−05 1.322e−08

The exact solution of this problem is y(x) = x2 sinhx . Tab. 2 exhibits the error estimates for different values
of α obtained by the 15 terms differential transform method solution and the exact solution. Tab. 3 shows the
comparison between the RMS errors obtained by the proposed method and the method in [15].
Example 2: Next, we consider the nonlinear singular two point boundary value problem with forcing function
in integral form [15]

y′′(x) +
α

x
y′(x)− α

x2
y(x) =y(x)y′(x) + [x2 + (α + 4)x + α]ex − (x4 + 2x3)e2x + 4

+
∫ 1

0
exs

[
xs3 − 3s2 + x

(1 + s3)2

]
ds, (15)

subject to the boundary conditions
y(0) = 0, y(1) = e. (16)

The exact solution of this problem is y(x) = x2ex. Errors obtained by 15 terms differential transform method
solution and exact solution for different values of α are given in Tab. 4. In Tab. 5, we compared the proposed
method RMS errors with the method in [15].
Example 3: : Finally, we consider the nonlinear singular two point boundary value problem with forcing
function in integral form [16]
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Table 4. Errors estimates for Example 2

x
Error estimate Error estimate Error estimate
for α = 0 for α = 1 for α = 2

0 0 0 0
0.1 6.90174× 10−13 7.57758× 10−13 8.11160× 10−13

0.2 1.38322× 10−12 1.51806× 10−12 1.62459× 10−12

0.3 2.08784× 10−12 2.28860× 10−12 2.44726× 10−12

0.4 2.82163× 10−12 3.08520× 10−12 3.29331× 10−12

0.5 3.61544× 10−12 3.93519× 10−12 4.18759× 10−12

0.6 4.51805× 10−12 4.88176× 10−12 5.16831× 10−12

0.7 5.58520× 10−12 5.97000× 10−12 6.27265× 10−12

0.8 6.73372× 10−12 7.09766× 10−12 7.38321× 10−12

0.9 6.87117× 10−12 7.13363× 10−12 7.33791× 10−12

1.0 0 0 0

Table 5. Comparisons of RMS errors for Example 2 obtained by the present method and the method in [15]

N
Proposed method RMS errors in [15] RMS errors in [15]
RMS errors (nonuniform mesh) (uniform mesh)

α = 0
11 5.476e−12 3.795e−04 2.470e−05
21 5.621e−12 2.021e−04 2.140e−06
31 5.663e−12 1.614e−04 4.744e−07
41 5.684e−12 1.398e−04 1.592e−07
51 5.696e−12 1.253e−04 6.764e−08
61 5.704e−12 1.146e−04 2.935e−07

α = 1
11 4.225e−12 1.606e−03 4.950e−05
21 4.332e−12 7.669e−04 6.622e−06
31 4.366e−12 5.976e−04 1.867e−06
41 4.383e−12 5.152e−04 7.397e−07
51 4.393e−12 4.613e−04 3.561e−07
61 4.400e−12 4.217e−04 1.145e−07

α = 2
11 4.418e−12 4.521e−03 2.945e−05
21 4.529e−12 2.790e−03 3.494e−06
31 4.564e−12 2.272e−03 9.356e−07
41 4.582e−12 1.974e−03 3.594e−07
51 4.593e−12 1.770e−03 1.695e−07
61 4.600e−12 1.618e−03 6.109e−08

y′′(x) +
α

x
y′(x)− α

x2
y(x) =y(x)y′(x) + (2 + α + x2) cosh x− x3(x sinhx + 2 cosh 2x) cosh x

+ (4 + α)
∫ 1

0
x2 coshxsds, (17)

subject to the boundary conditions

y(0) = 0, y(1) = cosh 1. (18)

The exact solution of this problem is y(x) = x2 coshx. Tab. 6 shows the errors obtained by the proposed
method and the exact solution for different values of α. Comparison of RMS errors between the proposed
method and the method[16] are given in Tab. 7.
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Table 6. Errors estimates for Example 3

x Error estimate Error estimate Error estimate
for α = 0 for α = 1 for α = 2

0 0 0 0
0.1 8.15868× 10−13 8.67126× 10−13 9.05076× 10−13

0.2 1.63464× 10−12 1.73672× 10−12 1.81230× 10−12

0.3 2.46407× 10−12 2.61541× 10−12 2.72744× 10−12

0.4 3.31818× 10−12 3.51516× 10−12 3.66096× 10−12

0.5 4.21913× 10−12 4.45483× 10−12 4.62930× 10−12

0.6 5.19795× 10−12 5.46069× 10−12 5.65498× 10−12

0.7 6.27731× 10−12 6.54743× 10−12 6.74705× 10−12

0.8 7.31837× 10−12 7.56384× 10−12 7.74503× 10−12

0.9 7.17448× 10−12 7.34235× 10−12 7.46581× 10−12

1.0 2.22045× 10−16 2.22045× 10−16 2.22045× 10−16

Table 7. Comparisons of RMS errors for Example 3 obtained by the present method and the method in [15]

N Proposed method RMS errors in [15] RMS errors in [15]
RMS errors (nonuniform mesh) (uniform mesh)

α = 0
11 4.392e−12 1.315e−04 1.039e−05
21 4.501e−12 7.164e−05 9.062e−07
31 4.536e−12 5.732e−05 2.011e−07
41 4.554e−12 4.969e−05 6.755e−08
51 4.564e−12 4.454e−05 2.868e−08

α = 1
11 4.251e−12 8.507e−04 1.079e−05
21 4.344e−12 3.669e−04 1.077e−06
31 4.375e−12 2.837e−04 2.540e−07
41 4.391e−12 2.443e−04 8.834e−08
51 4.401e−12 2.187e−04 3.839e−08

α = 2
11 4.695e−12 2.346e−03 1.130e−05
21 4.809e−12 1.413e−03 1.071e−06
31 4.846e−12 1.149e−03 2.457e−06
41 4.865e−12 9.989e−04 8.410e−08
51 4.876e−12 8.955e−04 3.615e−08

5 Conclusions

In this paper, the differential transform method has been applied successfully for solving linear and non-
linear singular two point boundary value problems with forcing function in integral form. Three test examples
are given to demonstrate the efficiency of the proposed method. It is observed from the tables that the pro-
posed method is more efficient than the methods in [15, 16]. Also, it is observed that the proposed solution
method is very good agreement with the exact solution. Thus, it is concluded that the proposed method can be
applied directly to a wide class of linear and nonlinear problems without requiring linearization, discretization
or perturbation.
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