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Abstract. A mathematical model is presented for the steady, axisymmetric, magnetohydrodynamic (MHD)
flow of a viscous, Newtonian, incompressible, electrically-conducting liquid in a highly porous regime intercalated between two concentric rotating cylinders in the presence of a radial magnetic field. The porous
medium is modeled using a Darcy-Forchheimer drag force approach to simulate the impedance effects of
the porous medium fibers at both low velocities and also at higher velocities. The tangential and axial momentum equations are non-dimensionalized with the Nath transformations [33] and rendered into a system of
nonlinear, second order, second degree partial differential conservation equations subject to appropriate nonslip boundary conditions. Solutions are obtained using both the MAPLE Library finite difference algorithm
and the Network Simulation Method. The influence of Hartmann number (Ha), rotational Reynolds number
(ReR ), Darcy number (Da), Forchheimer number (F s), pressure gradient parameter (α) and cylinder relative rotation rate (N ) on the dimensionless tangential (Ue ) and axial (UZ ) velocity components is studied
in detail for the case where the cylinder walls are insulated. Excellent agreement is achieved between both
methods. Applications of this study include hybrid porous media MHD power generators, magnetic materials
processing and chemical engineering.
Keywords: magnetohydrodynamics, rotation, nonlinear porous media, chemical engineering, network simulation numerical method, MAPLE

1

Introduction

Viscous magnetohydrodynamic (MHD) flows arise in many applications in energy systems, chemical
technology, astrophysics and flow control processes in the mechanical engineering industry. Numerous flow
scenarios have been studied both analytically and with numerical analyses, including channel flows, rotating
flows, spinning disk flows, annular flows between concentric cylinders, revolving pipe flows etc. Rotational
effects are significant in MHD rotating generators, geophysical flows incorporating the earth’s Coriolis effect and also astrophysical plasma-dynamics. Hughes and Elco [25] studied hydromagnetic tribological flow
between rotating parallel disks for an axial magnetic field with a radial current and a radial magnetic field
with an axial current, showing that the frictional torque on the rotor vanishes for both field configurations
with the provision of electrical energy via electrodes to the fluid. Katukani [24] further investigated the magnetohydrodynamic flow from a spinning single disk. Kumar [27] investigated the steady state MHD flow in
an annulus with radial magnetic field present. Other studies include those by Vidyanidhi and Rao [48] and
∗
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Stephenson [44], the latter using numerical, asymptotic and experimental methods. Nath [33] presented exact
solutions for the hydromagnetic Navier-Stokes equations in steady axisymmetric flow viscous flow between
two concentric rotating cylinders composed of an insulating material under the influence of radial magnetic
field, showing that magnetic field strongly retards the flow and causes the tangential velocity to become fully
developed in a smaller axial distance than in the absence of the magnetic field. This study also showed that for
low Reynolds numbers, the fully developed tangential velocity is attained in a small axial distance, with the
converse apparent for large Reynolds numbers. Lin [29] also investigated the MHD viscous flow in the annular region between between concentric rotating cylinders. Arora and Gupta [3] derived exact solutions for the
magnetohydrodynamic flow between two rotating coaxial (insulator) cylinders under a radial magnetic field.
Mahapatra [30] studied the viscous hydromagnetic flow through two porous non-conducting infinite circular
cylinders rotating with various angular velocities for some time in the presence of a radial magnetic field,
assuming that the rate of suction at the inner cylinder and the rate of injection at the outer cylinder are equal
and neglecting induced electric and magnetic field effects. Sengupta and Ghosh [39] investigated a similar
problem to that reported in [30]. Pop [34] considered impulsive effects in the magnetohydrodynamic viscous
flow from a spinning disk. Debnath [15] has considered periodic flow effects in rotating MHD boundary layers
using asymptotic analysis. Sastry and Rao [38] studied the magneto-hydrodynamic Stokes flow past a rotating
sphere with the external magnetic field generated by a magnetic pole placed at the centre of the sphere, using
both perturbation and computational techniques, showing that the flow reversal (due to rotation) at the rear
regime of the sphere is boosted with magnetic field. Prasad and Rao [35] have investigated the MHD flow
between two parallel porous walls under a constant pressure gradient rotating about an axis perpendicular
to the walls, showing that the regime is dictated by the Taylor number, pressure gradient, suction Reynolds
number and the Hartmann number and that when Taylor number approaches infinity, thin boundary layers are
generated near the porous walls and an increase in Hartmann number (i.e. magnetic field) reduces boundary
layer thickness. Debnath et al. [16] considered the effect of Hall currents on transient MHD rotating flow from
a plate with surface transpiration. Seth et al. [41] considered the asymptotic behaviour of transient rotating
MHD Couette-Hartmann flow (for both an impulsive start as well as accelerated start of one moving plate) at
small and large time, showing that shear stress components due to the primary flow decrease, whereas those
associated with the secondary flow increase with the intensity of rotation. Seth and Ghosh [40] considered
the effect of oscillating pressure gradient on transient MHD flow in a rotating channel with inclined magnetic
field, showing using asymptotic analysis that for high values of Hartmann number, inverse Ekman number
and frequency that the flow regime is delineated into two zones, namely the boundary layer region and the
central core region, and that backflow is caused in the direction of the pressure gradient for large values of
inverse Ekman number (strong rotation and weak Coriolis force) and frequency for certain thresholds of the
frequency. Hamza [21] studied numerically the hydromagnetic squeezing film flow between two rotating parallel plane surfaces with transverse magnetic field. Singh et al. [43] analyzed numerically the hydromagnetic
flow in the annular zone between a coaxial rotating cone and a cylinder with radial magnetic field. Leeorin
et al. [28] obtained linear solutions for the axisymmetric hydromagnetic flow between differentially rotating
spheres permeated by an axisymmetric potential magnetic field with dipole parity with the regions external
to the shell being rigid insulators and slow steady axisymmetric motion driven by rotating the inner sphere
at a slightly slower rate. Meena and Kandaswamy [31] discussed steady two dimensional hydromagnetic viscous flow between two rotating eccentric cylinders with radial magnetic field as a model of a journal bearing,
showing that increasing magnetic field enhances the load carrying capacity of the journal bearing. These studies have all been confined to regimes of pure fluids. In extensive technological applications the regime may
contain a porous medium. Magnetohydrodynamic flows in porous media have stimulated considerable attention owing to the importance of such flows in magnetic materials processing[20] , chemical engineering[32] and
geophysical energy systems[47] . Ghosh and Ghosh [19] studied hydromagnetic dusty viscoelastic flow in a
Darcian porous regime. Geindreau and Auriault [18] derived the tensorial filtration law in rigid porous media for steady-state slow magnetohydrodynamic viscous Newtonian flow, deriving the seepage law under a
magnetic field by upscaling the flow at the pore scale. Implementing multiple-scale expansions for finite Hartmann number they showed that the macroscopic mass flow and electric current are coupled and both functions
of the macroscopic gradient of pressure and the electric field and also showed that the filtration law is an
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extended for of Darcy’s law with a supplementary term proportional to the electric field and that the permeability tensor, which strongly depends Hartmann number. Bég et al. [7] studied the hydromagnetic oscillating
heat transfer in a Darcian regime with heat generation/absorption using a perturbation technique. Hayat et al.
[22] studied a variety of magnetohydrodynamic flows of a non-Newtonian fluid in a porous medium using
a modified Darcy’s law with Hall current effects, presenting closed-form solutions for velocity distribution
valid at large and small times. Hayat et al. [23] also studied magnetohydrodynamic Jeffery non-Newtonian
fluid flow in a two-dimensional porous medium channel with compliant walls with sinusoidal traveling waves
on the channel walls again using a Darcy model. Khan et al. [26] employed the homotopy method to derive
analytical solutions for the magnetohydrodynamic flow of Sisko rheological fluid a porous medium also using
the modified Darcy’s law. These studies were confined to low-velocity regimes wherein the Darcian model is
valid. At higher Reynolds numbers (in excess of 10), Bear [17] and Dybbs and Edwards [4] have shown that
inertial effects become important and the Darcy model must be extended to simulate such drag effects. The
Forchheimer quadratic porous drag model is a simple but accurate mechanism for analyzing such flows, in particular within the context of viscous hydrodynamics. The authors have implemented the Darcy-Forchheimer
(D-F) drag force model recently in many diverse fluid dynamics studies. Bhargava et al. [12] studied the pulsating rheological flow in a D-F porous medium conduit using finite elements. Takhar et al. [46] studied the
viscoelastic flow with wall transpiration in a saturated D-F porous regime. More recently Bég et al. [6] extended the model in [46] to also consider heat transfer effects. In the context of magnetohydrodynamic porous
flows, the D-F model (and its extensions) has also received some attention. Takhar and Bég et al. [45] used a
finite difference numerical method to study hydromagnetic free convection in a porous regime. Chamkha [13]
studied the Hall current effects on Darcy-Forchheimer natural MHD convection flow in a porous medium with
thermal stratification effects. Bhargava et al. [11] analyzed the hydromagnetic pulsating flow with species dispersion in a two-dimensional channel containing a D-F porous material with applications in blood flow. Other
recent studies include the articles by Rawat et al. [37] and more recently by Bég et al. [5] the latter presenting
the first solutions in the literature relating to biomagnetic-micropolar flow and thermal convection in a D-F
porous regime. Magnetohydrodynamic convection flow in rotating porous media is also of interest in chemical engineering flow processes. Recently Prasad et al. [36] obtained network numerical solutions for the effect
of Ekman number and magnetic field inclination on magnetohydrodynamic flow in a rotating non-Darcian
porous medium channel with Hall current effects. Sharma et al. [42] studied analytically the hydromagnetic
forced flow through a Darcian porous medium adjacent to a spinning disk.
In the present study we shall extend the seminal work of Nath [33] to consider both analytically and
numerically the effect of Darcian and Forchheimer drag forces on the axial fully developed MHD flow in the
annular regime between two concentric rotating cylinders under a radial magnetic field. Such a study has to the
authors’ knowledge not appeared in the scientific communications thusfar and is an interesting addition to the
existing body of knowledge. Both network numerical thermodynamic and MAPLE finite difference methods
are used achieving excellent agreement.

2

Mathematical model

Let us consider the Newtonian, steady, incompressible, electrically-conducting viscous axial MHD flow
between two concentric cylinders composed of insulating material and containing an isotropic, homogenous
porous material saturated with the fluid, in an (r, θ, z) coordinate system. Magnetic Reynolds number is assumed to be small so that magnetic induction effects can be ignored. Also the applied radial magnetic field
is weak enough to neglect Hall current and ionslip current effects. No separation of charges occurs and the
body surface is not charged so that electrical field everywhere vanishes i.e. E = 0. An axial pressure gradient
is applied and the cylinders are rotated at velocities which are lower than the threshold required to initiate
Taylor vortices. The physical regime is illustrated in Fig. 1 below. As shown by Nath [33] the tangential velocity profile produced in a viscous fluid by the rotating cylinders (in the absence of Taylor vortex motions)
becomes a function of the axial coordinate when an axial velocity is superimposed, irrespective of whether
fully developed flow has been attained or not. For an annulus of sufficient extent, the tangential profile will approach the fully developed state when it becomes independent of axial position. The two cylinders The radial
WJMS email for subscription: info@wjms.org.uk
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+
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magnetic field, Br is generated by passing a steady electric current parallel to the axis of the coaxial cylinders,
where the cylinders terminate
atθperfect
electrodes which are connected via a load. As indicated by Nath [33],
U
,i , j
2
(12h)
) 2 the desired magnetic field is through the implementation
j Hatechnique
,i , j = (1 + Ha
an alternative
to achieve
of a permeable
Ri , j
core within the annulus and a permeable cylinder shell outside the annulus. As such the magnetic flux lines
would close via these permeable paths at significant distances from the regime of interest. The “source” of the
magnetic flux would be discs of permanently magnetized material between the paths and the annulus channel.
Similarly for the discretized axial momentum equation (11) the following currents are
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Fig. 1. Physical model and coordinate system

Following Nath [6] and implementing the Darcy-Forchheimer drag force model,
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Figure 2: Network Model for Tangential Momentum Equation (10)
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in which uθ , uz are the tangential and axial velocity components, respectively, ρ is hydrostatic pressure, ρ
is fluid density, σ is fluid electrical conductivity, ν is fluid kinematic viscosity, K is the porous medium
permeability (isotropic i.e. the same in r−and z−directions) and Γ is the Forchheimer geometric inertial drag
parameter. Following Nath [33], Eq. (4) implies that the radial magnetic field component, Br is proportional to
1
r . Since at r = a (inner cylinder radius), Br = A/a, therefore Br = A/r. To generate solutions independent
of the dimensions of the regime, we introduce the following non-dimensional variables:
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p
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in which P is dimensionless pressure, Ue is dimensionless tangential velocity, Uz is dimensionless axial
velocity, R is the dimensionless radial coordinate, Z is dimensionless axial coordinate, β is the magnetic field
ratio, B0 is the characteristic magnetic induction, Ha is Hartmann number, Re is rotational Reynolds number,
∂P
∂Z is dimensionless axial pressure gradient (to be prescribed), λ is the cylinder radius ratio (outer: inner), Da
is the Darcy number and F s is the Forchheimer number. Implementing Eq. (5) in Eqs. (1) ∼ (4) we obtain the
following dimensionless equations:
1 Uθ2
∂P
=
,
∂R
2 R
F sReUθ2
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The appropriate boundary conditions are:

 Uθ (R, 0) = 0
Uθ (λ, Z) = ωω12ab = N

Uz (1) = 0

3

Uθ (1, Z) = 1
Ue (R, ∞) = 1
Uz (λ) = 0

(9)

Finite difference solutions with maple software library

Eqs. (6) ∼ (8) are nonlinear second order partial differential equation and are solved numerically using
finite difference method implemented in MAPLE [1]. In these computations, the following default values were
prescribed: Ha2 = 5, N = 0.4, Re = 10, F s = 1, Da = 1, λ = 0.5, α = 1. Such values correspond to a
highly permeable regime under low magnetic field so that Hall and ionslip current effects are not mobilized in
the electrically-conducting fluid. We are primarily concerned with the radial spatial distributions of velocity
profiles in the regime. λ is defined as radius of inner to outer cylinder, maintained at 0.5 throughout the
computations. α = 1 corresponds to a constant axial pressure gradient of unity. Here we dwell on the influence
of Ha2 , N , Da, F s and α on UZ and Uθ . Shear stress profiles may also be derived from these velocities
although for brevity they are omitted in the present study.
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Figure 3: Network model for Axial Momentum Equation (11)
Fig. 3. Network model for axial momentum Eq. (11)

Therefore implementing Kirchhoff’s law for electrical currents from circuit theory, the

4

Networks
simulation method solutions
network model is obtained for the entire model:

The set of Eqs. (6) ∼ (8) with conditions Eq. (9) are also solved using the Network Simulation Model
(NSM). Discretization of the set equations is based on the finite-difference formulation. It is assumed that the
(14) to the
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devices associated with the boundary conditions, is solved by the numerical computer code Pspice [2, 49].
NSM has been successfully implemented in recent years to a diverse spectrum of magneto-hydrodynamic
To introduce the boundary conditions, voltage sources are employed. After
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values are prescribed: Ha = 5, N = 0.4, Re =10 (limit of Darcy law validity),
variables. Nevertheless, its capacity to implement in the model any kind of non-linearity (due to boundary
Da = 1, Fs = 1, λ = 0.5, α =1. Such values correspond to a highly permeable regime
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theweak
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books.
A first-order
central difference
with
Forchheimer
drag effect.
are primarily
concerned
with theapproximation
tangential is
used for the first derivate and a second-order central difference approximation is used for the second derivate
distributions of velocity profiles in the regime. λ is the radius of the inner to outer
in the dimensionless Eqs. (7) ∼ (9). Kirchhoff’s law for electrical currents from circuit theory is used to decylinder,model
maintained
at 0.5 knowledge
throughoutof the
computations.
α =1 tocorresponds
a
rive the network
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problem.
Fourier’s law of heat conduction is utilized in the spatial discretization of the dimensionless equations. The
constant axial pressure gradient of unity. Validation of the MAPLE solutions has
discretized versions of the dimensionless tangential and axial momentum conservation Eqs. (7) ∼ (8) take the
form: been undertaken with NSM computations; for conservation of space we only present
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∆RFor
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In the Eqs. (10) ∼ (11) all the terms can be treated as a current (see Figs. 10 and 11 where the network models
are illustrated). Therefore for the discretized tangential momentum Eq. (10) the following currents are defined:
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Therefore implementing Kirchhoff’s law for electrical currents from circuit theory, the network model is
obtained for the entire model:
ji,j−∆Z + ji,j+∆Z + ji+∆R,j − ji+∆R,j + jZ,i,j + jR,i,j − jDa,i,j = 0,

(14)

ji−∆R + ji+∆R + jα,i + jR,i − jDa,i − jHa,i = 0.

(15)

To introduce the boundary conditions, voltage sources are employed. After experimenting with a few
sets of mesh sizes, a region of integration of 200 cells has been selected. The following computations have
been performed using NSM to compare with MAPLE F-D solutions. In the NSM computations, the following
default values are prescribed: Ha2 = 5, N = 0.4, Re = 10 (limit of Darcy law validity), Da = 1, F s = 1,
λ = 0.5, α = 1. Such values correspond to a highly permeable regime with weak Forchheimer drag effect. We
are primarily concerned with the tangential distributions of velocity profiles in the regime. λ is the radius of the
inner to outer cylinder, maintained at 0.5 throughout the computations. α = 1 corresponds to a constant axial
pressure gradient of unity. Validation of the MAPLE solutions has been undertaken with NSM computations;
for conservation of space we only present the tangential velocity distributions computed with NSM. In both
cases, excellent agreement was obtained with the non-porous solutions of Nath [33]. A particularly important
parameter in the computations is Da which represents the permeability of the porous medium. We examine
highly porous regimes for which Da will have high values. For the case of infinite permeability, Da → ∞,
the model reduces to exactly the equations solved by Nath [33], who used Bessel functions, with the boundary
conditions unchanged:
∂P
1 Uθ2
=
,
(16)
∂R
2 R
F sReUθ2
∂Uθ
∂ 2 Uθ
∂ 2 Uθ
1 ∂Uθ
Uθ
2 Uθ
Re Uz
−
=
+
−
(1
+
Ha
)
−
−
,
(17)
∂Z
∂Z 2
∂R2
R ∂R
R2 Da
Da
∂ 2 Uz
1 ∂Uz
Ha2
Uz
F sReUz2
+
−
U
−
−
= −α.
(18)
z
∂R2
R ∂R
R2
Da
Da
Nath [33] demonstrated the symmetry of the solutions about the centre plane of the annulus for the axial
velocity profiles; he also highlighted the monotonic nature of solutions from the inner cylinder surface to the
outer surface cylinder, for the tangential velocity profiles. These trends are strongly reflected in both sets of
MAPLE and NSM computations.
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Results and discussion

In Figs. 4 ∼ 7 the axial velocity distributions obtained using the MAPLE finite difference software[1]
are presented. As with these and all other distributions, the velocity is plotted along the dimensionless radial
coordinate, R. The strong retarding nature of the magneto-hydrodynamic body force on the axial velocity
distribution, Uz , in the saturated porous annular regime, is evident in figure 4, where with increasing Ha2
Figure 8: MAPLE solution for U (tangential velocity) versus R with N = 0.4, R =10, Da =
value, parabolic profiles of axial velocity are strongly decreased
annulus
region.
The
peak
1, Fs = 1, λ =across
0.5, α =1, at the
Z = 1 for
various squares
of the Hartmann
number
(Ha ). velocity
arises at the centre of the annulus i.e. at R = 0.75, a pattern which strongly concurs with the analytical
solutions of Nath [33], the latter considering both non-conducting (Ha2 = 0) and electrically-conducting flow
(Ha2 > 0) in the absence of porous drag effects (Da → ∞). Ha2 is directly proportional to the characteristic
2
magnetic induction intensity, B0 , and appears in the linear term − Ha
Uz arising in the axial momentum
R2
balance Eq. (8). As such increasing radial magnetic field, Bo , serves to decelerate axial flow strongly. Such
a mechanism can act as a successful inhibiting technique in hydromagnetic materials processing etc, where
greater control along the longitudinal axis of the system can be achieved by increasing magnetic field applied
in the radial direction (transverse to the Z-axis). The influence of the permeability of the porous medium, as
expressed in the Darcy number, Da, on axial velocity is shown in figure 5. The linear porous drag force i.e.
Uz
Darcian drag force is inversely proportional to Darcy number, as simulated in the term, − Da
, also in Eq. (8).
An increase in permeability of the annular regime will therefore increase Da which will act to decrease the
Darcian drag owing to the progressive depletion of porous medium fibers offering bulk matrix resistance to
θ
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Figure 7: MAPLE solution for UZ (axial velocity) versus R with N= 0.4, Ha2 = 5, Re =10, Da
= 1, Fs = 1, λ = 0.5, for various pressure gradient parameter values (α).
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Fig. 11. MAPLE solution for Uθ (tangential velocity)
2
versus R with Ha
_____ =
Da 5,
= 1 Re = 10, Da = 1, F s =
ooooo Da = 0.5
1, λ = 0.5, α = 1,
at
Z
= 1 for various relative rota+++++ Da = 0.1
…….(N
Da =)0.01
tion rate parameters

the flow. Effectively therefore with an increase in Da, axial flow will be accelerated i.e. axial velocity boosted.
In agreement with this physical argument, we indeed observe a strong increase in UZ across the annular zone
with a rise in Da from 0.01 (low permeability media) through 0.1, 0.5 to 1.0 (very high permeability media e.g.
metallic foams). Again symmetry of the parabolic profiles about the line R = 0.75 is evident in Fig. 5. In these
and the majority of other profiles N = 0.4. N embodies the relative speeds of rotation of the inner to the outer
12: MAPLE Solution
U (tangential
versus R with
N = 0.4,
Ha = 5, R
cylinders, ( ωω12ab ) = N as defined in the second boundaryFigure
condition
of Eq.for (9).
N >velocity)
0 implies
both
cylinders
=10, Fs = 1, λ = 0.5, α =1, at Z = 1 for various Darcy numbers (Da).
are rotating in the same direction. λ is generally also prescribed as 0.5 so that the outer cylinder radius is twice
that of the inner i.e. b = 2a in Fig. 1 and Eq. (5). Effectively then since N = 0.4 we have ω2 = 1.25, ω1 i.e.
the outer cylinder rotates faster than the inner cylinder. The effect of the second order (quadratic) porous drag
on axial velocity is depicted in Fig. 6, as experienced via the Forchheimer number, F s. A clear impedance is
imparted to the axial flow with an increase in F s from 0 (Darcian case) through 1, 10 to 20. However since the
axial velocity magnitudes (Uz ) are small, the square of these velocities (Uz2 ) will be very small, manifesting
2
z
in a weak effect of the Forchheimer drag term, − F sReU
in Eq. (8). For constant Reynolds number and Darcy
Da
number, the net Forchheimer drag will be of small magnitude in the axial flow explaining the small differences
observed in the profiles in Fig. 6. Fig. 7 illustrates the effect of the axial pressure gradient parameter, α, defined
in Eq. (5). This parameter appears only in the axial momentum equation as a negative term on the right hand
side i.e. transposing to the left this term will become a positive body force and will therefore serve to aid the
axial flow (contrary to the Lorentz hydromagnetic drag, axial Darcian drag and axial Forchheimer drag, which
are all negative on the left hand side of Eq. (8)). In accordance with this argument, the axial velocity should
be boosted considerably with increasing positive values of α; Fig. 7 bears testimony to this logic where we
θ

2

e
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Figure 11: NSM solution for Uθ (tangential velocity) versus R with Ha = 5, Re =10, Da = 1,
Fs = 1, λ = 0.5, α =1, at Z = 1 for various relative rotation parameter values (N).
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Fig. 15. NSM solution for Uθ (tangential velocity) verRESULTS AND
DISCUSSION
sus R with N =5. 0.4,
Ha2 =
5, Re = 10, Da =
In figures 4 to 7 the axial velocity distributions obtained using the MAPLE finite
1,difference
λ = 0.5,
α
=
1,
at
Z
=
1
for
various
Forchheimer
software [43] are presented. As with these and all other distributions, the
numbers
(F s)
velocity is plotted
along the dimensionless radial coordinate, R. The strong retarding
nature of the magneto-hydrodynamic body force on the axial velocity distribution, Uz,
in the saturated porous annular regime, is evident in figure 4, where with increasing
Ha2 value, parabolic profiles of axial velocity are strongly decreased across the

observe a strong elevation in Uz with an increase in α fromannulus
0.5 through
1, 2 to 2. As before the profiles sustain
region. The peak velocity arises at the centre of the annulus i.e. at R = 0.75,
a parabolic shape across the entire annular porous mediuma pattern
zone.which strongly concurs with the analytical solutions of Nath [6], the latter
considering both non-conducting (Ha =0) and electrically-conducting flow (Ha >0) in
We now turn our attention to the tangential velocitytheevolution
in the annular regime. Fig. 8 shows the
absence of porous drag effects (Da → ∞). Ha is directly proportional to the
MAPLE solution for the effect of the square of the Hartmann
number
Uθ . intensity,
The monotonic
of term
the
in the linear
characteristic magnetic on
induction
B , and appears ascent
profiles from the inner cylinder wall (R = 0.5) to the outer− Ha
cylinder
wall (R = 1) is evident. Increasing Ha2
U arising in the axial momentum balance equation (8). As such increasing
R
values clearly decelerate the tangential flow. In the tangential momentum Eq. (7), the Lorentz magnetohydroradial magnetic field, B , serves to decelerate axial flow strongly. Such a mechanism
Uθ
dynamic body force term, −(1+Ha2 ) R
It willinhibiting
therefore
reduce
tangential
2 is clearly a retarding
can actterm.
as a successful
technique
in hydromagnetic
materialsvelocity
processing
etc,
where
greater
control
along
the
longitudinal
axis
of
the
system
be achieved
magnitudes throughout the annulus. To validate the MAPLE solutions we have also presented NSMcansolutions
by increasing magnetic field applied in the radial direction (transverse to the Z-axis).
in Fig. 9. Inspection of these figures indicates that the agreement
is excellent, which serves to confirm the
The influence of the permeability of the porous medium, as expressed in the Darcy
accuracy of both methods. Indeed both graphs correlate also
very
well
[33].
number,
Da, on
axial with
velocity Nath’s
is shown in solutions
figure 5. The linear
porous drag force i.e.
Darcian drag force is inversely proportional to Darcy number, as simulated in the
In Figs. 10 and 11, the MAPLE and NSM computed effects of the rotation parameter, N , on Uθ are
shown, respectively. In all profiles in both figures, N < 1 i.e. the relative rotation rate is low. For N = 0.5
(since λ = 0.5) the cylinders will rotate at the same rate i.e. ω2 = ω1 1. For N > 0.5 however the inner
cylinder will rotate faster than the outer i.e. ω1 > ω2 . As N continues to increase very fast relative rotation
is achieved with increasing domination of the inner cylinder i.e. for N >> 1, ω1 >> ω2. The axial velocity
magnitudes discussed earlier (Figs. 4 ∼ 7) are an order of magnitude less than tangential velocity i.e. the
tangential flow dominates the annular regime, in consistency with the findings of many other researchers[14] .
An increase in N from 0.1, as observed in Fig. 10 (for which ω2 = 5ω1 ) through 0.4, 0.6 to 0.8 (ω1 =
1.6ω2 ), substantially increases tangential velocity generally throughout the porous annulus (R < 0.5 < 1), in
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particular near the inner cylinder. Further towards the outer cylinder the effect is less dramatic with profiles
effectively converging after R ∼ 0.95. A faster inner cylinder rotation (ω1 > ω2 ), is therefore assistive to the
tangential flow; the latter is stifled however with greater outer cylinder rotational velocity (i.e. lower N values,
for which (ω2 > ω1 ). Excellent agreement is seen between the NSM computations (Fig. 11) and the MAPLE
computations (Fig. 10) the profiles are practically indistinguishable, confirming the validity of both numerical
techniques. Very close correlation to the results of Nath [33] has also been attained, although for brevity the
comparisons are omitted here. Neglegible effect on the axial flow was computed for varying N and therefore
is excluded from our discussion.
The tangential profiles for various Darcy numbers (Da) obtained with MAPLE and NSM numerical
techniques are presented in Figs. 12 and 13, respectively. Almost exactly the same solutions are obtained with
an increase in Da from 0.01 (very low permeability annular material) through 0.1, 0.5 to the maximum value
of 1 (extremely high permeability) with both computational methods, further validating the present results.
As with the axial velocity profile (Fig. 5), increasing Darcy number evidently increases the tangential velocity
(however the profiles are monotonic, not parabolic) owing to a simultaneous decrease in tangential Darcian
Uθ
drag force, − Da
appearing in Eq. (7). Towards the centerline of the annulus (R = 0.75) tangential velocity
is so strongly affected that it almost vanishes i.e. tangential flow is almost eliminated with very low Darcy
number (Da = 0.01). Clearly therefore the presence of a porous medium has a strongly inhibiting effect
on tangential (and axial) flow and can be implemented as an excellent regulatory mechanism in materials
processing, crystal growth, magnetic energy systems etc.
Finally in Figs. 14 and 15 the effect of the Forchheimer number, F s, on tangential velocity development
in the annulus is shown. Correlation between the MAPLE and NSM solutions is again excellent. As with the
F sReU 2
axial flow, tangential Forchheimer drag, − Da θ has an impeding effect on the tangential flow. A rise in F s
from 0 (Darcian case) through 1, 5 to 10 (strong second order drag) considerably inhibits the tangential flow.
The effect is substantially greater than for the axial flow, as indicated by the large differences in the profiles.
Forchheimer drag therefore serves to control the tangential flow to a much greater degree than the axial flow
and may be exploited thereof, for example, in chemical engineering processing.

6

Conclusion

Hydromagnetic flow in a non-Darcian porous medium annular space confined between two coaxial rotating cylinders in the presence of a radial magnetic field, has been studied. MAPLE finite difference and NSM
computational methods have been discussed for solving the transformed conservation equations. Excellent
agreement has been obtained. The solutions have shown that with increasing magnetic field intensity (corresponding to an increase in Hartmann number (Ha)), and increasing inertial porous media drag (corresponding
to a rise in Forchheimer number (F s)), both axial and tangential flow are retarded although to significantly different extents. An increase in permeability of the regime (as simulated via an increase in Darcy number (Da))
and a rise in pressure gradient parameter (α) however both accelerate the axial flow. An increase in Darcy
number (Da) also boosts the tangential flow field. Increasing relative rotation parameter (N ) also significantly accelerates the tangential flow especially at the inner cylinder boundary of the porous medium annulus.
The current study has examined isotropic porous media. Future communications will describe anisotropic
porous media effects and also include magnetic induction effects. Applications of the present model arise in
MHD energy systems, controlled crystal growth technologies, chemical engineering, astrophysical flows and
magneto-metallurgical flow processing.
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