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Abstract. HIV/AIDS is one of the most challenging public health burdens worldwide, with more than 34
million people living with the disease at the end of 2010. The epidemic continues to erase decades of health,
economic and social progress, reducing life expectancy and deepening poverty in the hardest hit communities.
We formulate a deterministic model to investigate the effects of socioeconomic status on the transmission
dynamics of HIV/AIDS. The qualitative features of its equilibria are analyzed and conditions under which
they are stable are provided. Sensitivity analysis of the reproductive number is carried out to determine the
relative importance of model parameters to initial disease transmission. Results suggest that if individuals
referred to as poor in this study indulge in risky sexual behavior for any reason whatsoever, then HIV/AIDS
will persist in the community as long as the transients/infectives abound.

Keywords: HIV/AIDS model, poverty, reproductive number, risky sexual behavior, stability

1 Introduction

Sub-Saharan Africa remains the region most heavily affected by HIV. In 2008, sub-Saharan Africa ac-
counted for 67% of HIV infections worldwide, 68% of new HIV infections among adults and 91% of new
HIV infections among children. The region also accounted for 72% of the world AIDS-related deaths in 2008.
The epidemic continues to have an enormous impact on households, communities, businesses, public services
and national economies in the region[38]. Poverty is associated with weak endowments of human and financial
resources, such as low levels of education with associated low levels of literacy and few marketable skills,
generally poor health status and low labour productivity as a result[13]. Poor households typically have few
if any financial or other assets and are often socially marginalised. These conditions of social exclusion in-
crease the problems of reaching these populations through programmes aimed at changing sexual and other
behaviors. Hence, it is not at surprising in these circumstances that the poor adopt behaviors which expose
them to HIV infection[13, 16], particularly among women who may engage in transactional sex to procure food
for themselves and their children[18]. Moreover, poor people are more likely to be food insecure and malnour-
ished. Malnutrition is known to weaken the immune system, which in turn may lead to a greater risk of HIV
transmission in any unprotected sexual encounter[5, 7, 18, 27, 30, 32].

A significant number of statistical studies have measured the association between socioeconomic status
and HIV transmission[2, 7, 9, 13, 18, 22, 23, 31, 33, 41]. However, these studies have mixed results: only a few have
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found a negative or no association, whereas most have found a positive association[2, 7, 13, 22, 23, 28, 31]. The
aim is to gain insights into the association between socioeconomic status and HIV infection in a population
sub-divided into two categories, namely the poor and the rich. A recent study considered such dynamics with
additional transmission from clinical settings[34], and this study therefore complements it. The poor class con-
stitutes individuals with low levels of financial resources, maybe due to low levels of education with usually
low incomes or low wages as a result of the economics associated with the area where these individuals
live. For instance, the respondents of an ethnographic study in the southern province of Zambia[10] identified
frequent droughts and limited wage labor opportunities, after the post-economic liberalization closure of com-
panies, as the factors behind the increasing resort of women to transactional sex. Due to low financial resources
these individuals (in the poor class) are associated with generally poor health status. Moreover, it is not simply
that information, education and communication activities are unlikely to reach the poor (which may be the case
in some instances) but that such messages are often irrelevant and inoperable to a fraction of these individuals
given the reality of their lives. For example, in a qualitative study in Malawi[8] certain social groups were
found to continue to engage in high-risk behaviors despite knowing the risks. They did so, the authors con-
tend, to affirm their social identity and to deny that anything they do makes a difference to what they perceive
as a life of powerlessness and despair? Thus, in this study we shall consider the poor to access antiretroviral
therapy through government or non-governmental organization assistance. The rich class constitutes individ-
uals with average or better financial resources, generally associated with better health than the poor and can
afford the cost of antiretroviral therapy. There is ample evidence that wealthier populations do better on most
measures of health status, including nutrition, morbidity and mortality, and of healthcare utilization[1, 26, 29].
Recent studies have shown that safer sexual practices are now considered important in all socio-economic
classes, although a high proportion of these individuals are from the rich class[14, 17, 19, 21, 22, 24, 37–39].

Drawing insight from the background described above, a mathematical model to investigate the associ-
ation between socioeconomic status and HIV transmission is formulated and analyzed. Particularly, we wish
to quantify the role of risky sexual behavior, malnutrition and antiretroviral therapy. The paper is structured
as follows: Section 2 is the model framework. Stability analysis of the equilibria is carried out in Section 3.
Section 4 contains the numerical illustrations and the last Section concludes the paper.

2 Model formulation

The total population is sub-divided into eight classes according to disease status, namely: rich suscep-
tibles Sr; rich HIV infectives not on antiretroviral therapy Ir; rich HIV infectives who are on antiretroviral
therapy Ir1 ; AIDS cases in rich class Ar; poor susceptibles Sp; poor HIV infectives not on antiretroviral ther-
apy Ip; poor HIV infectives receiving antiretroviral therapy Ip1 ; AIDS cases in poor class Ap. Thus, the total
population denoted by N is given by N = Sr + Sp + Ir + Ir1 + Ip + Ip1 + Ar + Ap. Let Λ denote a
constant recruitment rate into the susceptible population through birth. Quantifying the proportion of children
born from each class would require an extensive sensitivity analysis with parameter values estimated from
real demographic data. However, studies focusing on family planning programmes have shown that couples
from poor families have the highest fertility, the lowest contraceptive use and the highest unmet need for
contraception[20, 36]. Thus, it is assumed that a proportion π0 (0 < π0 < 1) of these children is from the
rich class while the complementary proportion (1 − π0) = π1 is from the poor class, with π0 < π1. The
susceptible sub-populations can be infected following effective contacts with any of the four infected classes
(Ir, Ir1 , Ip, Ip1), since the model assumes that individuals in the AIDS class are no longer sexual active, be-
cause of their ill health. Due to risky sexual behavior, individuals in Sp have a higher chance, relative to Sr,
of acquiring new infections following contacts with the respective infected class by a factor σ ≥ 1. The forces
of infection denoted by λr and λp for Sr and Sp, respectively, are given by

λr =
β[Ir + Ip + α(κrIr1 + κpIp1)]

H
,λp = σλr =

σβ[Ir + Ip + α(κrIr1 + κpIp1)]
H

. (1)

The parameter β is the product of the effective contact rate for HIV infection and the transmission probability
of HIV per contact. The relative infectiousness of individuals who are on antiretroviral therapy and are sexually
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active is measured by α (0 < α < 1), since it has been estimated by an analysis of longitudinal cohort data that
antiretroviral therapy reduces per-partnership infection by as much as 60% (so that α ≈ 0.4)[6, 40]. A fraction
κi for i= r,p of infectives who are on antiretroviral therapy are still sexually active (with κr < κp, denoting
rich and poor respectively), while the complementary proportion (1−κi), for i= r,p have abstained from risky
sexual behavior, so that the total sexually active population is given by H = N−[(Ar+Ap)+(1−κr)Ir1+(1−
κp)Ip1 ]. Infectives are treated at a rates φr and φp for rich and poor respectively, with φp < φr, due to the fact
that rich infectives can afford the antiretroviral cost, while poor infectives usually depend upon government
support or non-governmental organisations. Infectives on treatment and those not on treatment progress to
AIDS at rates ω, ηω,(for rich and poor respectively) γ, ηγ (for rich and poor respectively), respectively. It
is known that malnutrition weakens the immune system, which in turn may lead to a greater risk of HIV
transmission in any unprotected sexual encounter[7, 18]. Thus, the modification parameter η ≥ 1, captures the
relative malnutritional effect of the individuals from the poor class. The natural mortality rate µ is assumed to
be constant in all classes, with individuals in the AIDS class suffering additional mortality due to the disease
at rates ν, ην. The model flow diagram is depicted in Fig. 1 below. From the descriptions and assumptions on

Fig. 1. Small structure of the model

the dynamics of the epidemic made above, the following are the model equations.

Resource-rich


S′r = π0Λ− (λr + µ)Sr,

I ′r = λrSr − (γ + φr + µ)Ir,

I ′r1
= φrIr − (ω + µ)Ir1 ,

A′
r = γIr + ωIr1 − (µ + ν)Ar

(2)

Resource-constrained (poor)


S′p = π1Λ− (λp + µ)Sp,

I ′p = λpSp − (ηγ + φp + µ)Ip,

I ′p1
= φrIp − (ηω + µ)Ip1 ,

A′
r = η(γIp + ωIp1)− (µ + ην)Ap.
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2.1 Model basic properties

The model Eq. (2) basic properties which are essential in the proofs of stability are provided below.

Lemma 1. The equations preserve positivity of solutions.

Proof. The vector field given by the right hand side of Eq. (2) points inward on the boundary of R8
+ \ {0}.

For example, if Ir1 = 0 then I ′r1
= φIr ≥ 0. All the other components are similar.

Lemma 2. Each non-negative solution is bounded in L1-norm by max {N(0), Λ/µ}.

Proof. The L1 norm of each non-negative solution is N and it satisfies the inequality N ′ ≤ Λ−µN . Solutions
to the arbitrary equation M ′ = Λ−µM are monotone increasing and bounded by Λ/µ if M(0) < Λ/µ. They
are monotone decreasing and bounded above if M(0) ≥ Λ/µ. Since N ′ ≤ M ′ the claim follows.

Corollary 1. The region

Φ =
{

(Sr, Sp, Ir, Ir1 , Ip, Ip1 , Ar, Ap) ∈ R8
+ : N ≤ Λ

µ

}
, (3)

is invariant and attracting for system Eq. (2).

Theorem 1. For every non-zero, non-negative initial value, solutions of model system Eq. (2) exist ∀t ≥ 0.

Proof. Local existence of solutions follows from standard arguments since the right-hand side of Eq. (2) is
locally Lipschitz. Global existence follows from the (a priori) bounds.

The model has a number of invariant sets that correspond to epidemiologically limiting cases of the
problem. The effect of poverty on the spread of HIV/AIDS is modeled through the risky sexual behavior and
malnutrition, with corresponding parameters σ and η, and the recruitment of individuals into the two classes
is determined by π0, π1. If we set σ = 1, η = 1, φr = φp, κr = κp, the we can simply add the respective
compartments S = Sr + Sp and so on, and we obtain a standard SIR-model. If, on the other hand, we allow
only one group to enter the system, then we obtain invariant sets.

Lemma 3. If π0 = 0 then the set {Sr = Ir = Ir1 = Ar = 0} is invariant and attracting for system Eq. (2). If
π1 = 0 then the set {Sp = Ip = Ip1 = Ap = 0} is invariant and attracting.

3 Equilibrium states, reproductive number and stability

The disease-free equilibrium (DFE) and endemic equilibrium (EE) of model system Eq. (2) are derived
and their stability investigated via the reproductive number. Model system Eq. (2) has an evident DFE given
by

E0 =
(
S0

r , S0
p , I0

r , I0
p , I0

r1
, I0

p1
, A0

r , A
0
p

)
=
(π0Λ

µ
,
π1Λ

µ
, 0, 0, 0, 0, 0, 0

)
.

The linear stability of E0 is governed by the basic reproduction number R0 which is defined as the
spectral radius of the next generation matrix[34, 35]. The basic reproduction number can often be interpreted
as the expected number of secondary infections produced by a single infectious individual during his/ her
entire infectious period. However, in our model an infectious individual can be in one of the four classes
Ir, Ir1 , Ip, Ip1 and the expected number of secondary infections depends on the class. We consider the different
possibilities in detail. Following van den Driessche and Watmough[15], we calculate the next generation matrix
as

K = β


π0

µ+γ+φr

(
1 + αφrκr

µ+ω

)
π0αφrκr

µ+ω
π0

µ+φp+ηγ

(
1 + αφpκp

µ+ηω

)
π0ακr
µ+ω

0 0 0 0
σπ1

µ+γ+φr

(
1 + αφrκr

µ+ω

)
π1αφrκr

µ+ω
σπ1

µ+φp+ηγ

(
1 + αφpκp

µ+ηω

)
π1σακr

µ+ω

0 0 0 0

 . (4)
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The rows and columns refer to Ir, Ir1 , Ip, Ip1 , in that order. Since individuals in class Ar and Ap do not
contribute to new infections, we can ignore them for K. The (i, j)-entry of this matrix is the expected number
of secondary infections in class i resulting from a single primary infective in class j. We consider two special
cases first.

Case 1. The entire population in the community consists of rich individuals only.

We set π1 = 0. Then the matrix K has rank one and the spectral radius is given by

Rr =
β

µ + γ + φr

(
1 +

αφrκr

µ + ω

)
, (5)

This reproductive number is sometimes referred to as the back of the napkin[3, 35]. It is defined as the number
of secondary HIV cases produced by a single infected individual during his/her entire infectious period in a
totally naive (susceptible) population in the presence of antiretroviral therapy. An associated epidemiological
threshold, R0r , obtained using the same technique of the next generation operator[34], by considering model
system Eq. (2) in the absence of HIV intervention strategies, is given by

R0r =
β

µ + γ
. (6)

The basic reproductive number R0r is simply the ratio of the per capita rate of infection and the average
lifetime of an individual in class Ir.

Case 2. The entire population in the community consists of poor individuals only.

In this case, we have π0 = 0. Again, the matrix K has rank one, and the spectral radius in the absence and
presence of treatment is given by, respectively,

R0p =
βσ

µ + ηγ
, Rp =

βσ

µ + φp + ηγ

(
1 +

αφpκp

µ + ηω

)
. (7)

Case 3. The general case.

When π0, π1 > 0, the matrix K has rank two and its spectral radius in the absence and presence of treatment,
respectively, can be calculated explicitly as

R0rp =
β[π0(µ + ηγ) + σπ1(µ + γ)]

(µ + γ)(µ + ηγ)
= R0r + R0p . (8)

Rrp = β
[ π0

µ + γ + φr

(
1 +

αφrκr

µ + ω

)
+

σπ1

µ + φp + ηγ

(
1 +

αφpκp

µ + ηω

)]
= Rr + Rp.

The next result follows from Theorem 2 in [34].

Theorem 2. The disease-free equilibrium E0 of model Eq. (2) is locally asymptotically stable if Rrp < 1, and
unstable otherwise.

Using a theorem from Castillo-Chavez et al.[12], we can even show global stability of the DFE in the case that
the reproduction number is less than unity.

Theorem 3. The DFE E0 of our model system Eq. (2) is globally asymptotically stable provided Rrp < 1.

Proof. Following Castillo-Chavez et al.[11], we write system Eq. (2) in the form

X ′(t) = F (X, Y ), Y ′(t) = G(X, Y ), G(X, 0) = 0, (9)

where X = (Sr, Sp) and Y = (Ir, Ir1 , Ar, Ip, Ip1 , Ap). Here X ∈ R2
+ denotes (its components) the number

of uninfected individuals and Y ∈ R6
+ denoting (its components) the number of infected individuals. The
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disease-free equilibrium is now denoted by E0 = (X0, 0) where X0 =
(

π0Λ

µ
,
π1Λ

µ

)
. We have to prove that

the two conditions

(H1) For X ′(t) = F (X, 0), X is a globally asymptotically stable,
(H2) G(X, Y ) = UY − Ĝ(X, Y ), Ĝ(X, Y ) ≥ 0 for (X, Y ) ∈ Φ1,

(10)

are satisfied where Φ1 is a positively invariant attracting domain.
Consider

F (X, 0) =
[

π0Λ− µSr

π1Λ− µSp

]
,

Ĝ(X, Y ) =



Ĝ1(X, Y )
Ĝ2(X, Y )
Ĝ3(X, Y )
Ĝ4(X, Y )
Ĝ5(X, Y )
Ĝ6(X, Y )


=



β[Ir + Ip + α(κrIr1 + κpIp1)]
(
π0 − Sr

H

)
0
0

βσ[Ir + Ip + α(κrIr1 + κpIp1)]
(
π1 − Sp

H

)
0
0


.

Therefore, Ĝ(X, Y ) ≥ 0 whenever π0 ≥
Sr

H
and π1 ≥

Sp

H
, implying that E0 is globally asymptotically stable

for Rrp < 1 in

Φ1 =
{

(Sr, Sp) ∈ R2
+ : Sr ≤

π0Λ

µ
, Sp ≤

π1Λ

µ

}
⊂ Φ,

which is also positively invariant and attracting.

Theorem 3 has obvious public health importance since it tells us that the disease can be eradicated completely
from the community in the long run, whenever Rrp < 1.

3.1 Endemic equilibria and stability analysis

Model system Eq. (2) has three possible endemic equilibria: the poverty free endemic equilibrium with
a population of rich individuals only, the endemic equilibrium when the whole population is made up of poor
individuals and the equilibrium where rich and poor co-exist, herein referred to as the interior equilibrium
point.

3.1.1 Poverty-free endemic equilibrium

We set π1 = 0, so that the whole population in the community consists of the rich class only. Since
the subspace {Sp = Ip = Ip1 = Ap = 0} is attracting, we only consider the four dimensional system of
Sr, Ir, Ir1 , Ar, and its endemic equilibrium (E∗

r) is given by

E∗
r


S∗r = Λ

µ+λ∗r
,

I∗r = Λλ∗r
(µ+λ∗r)(µ+γ+φr) ,

I∗r1
= Λφrλ∗r

(µ+ω)(µ+λ∗r)(µ+γ+φr) ,

A∗
r = Λφrλ∗r

(µ+ν)(µ+ω)(µ+λ∗r)(µ+γ+φr) .

(11)

In order to investigate the global stability of the endemic equilibrium, we adopt the approach by
Korobeinikov[25]. Assume that Rr > 1, then E∗

r exists for all Sr, Ir, Ir1 > ε, for some ε > 0. Let
λSr := g(Sr, Ir, Ir1) be a positive and monotonic function, and define the following continuous function
in R3

+ (for more details, see Korobeinikov [25]). A function
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V (Sr, Ir, Ir1) = Sr−
∫ Sr

ε

g(S∗r , I∗r , I∗r1
)

g(τ, I∗r , I∗r1
)

dτ + Ir −
∫ Ir

ε

g(S∗r , I∗r , I∗r1
)

g(S∗r , τ, I∗r1
)

dτ + Ir1 −
∫ Ir1

ε

g(S∗r , I∗r , I∗r1
)

g(S∗r , I∗r , τ)
dτ. (12)

If g(Sr, Ir, Ir1) is monotonic with respect to its variables, then the endemic state E∗
r is the only extremum and

the global minimum of this function. Indeed since

∂V

∂Sr
= 1−

g(S∗r , I∗r , I∗r1
)

g(Sr, I∗r , I∗r1
)
,

∂V

∂Ir
= 1−

g(S∗r , I∗r , I∗r1
)

g(S∗r , Ir, I∗r1
)
,

∂V

∂Ir1

= 1−
g(S∗r , I∗r , I∗r1

)
g(S∗r , I∗r , Ir1)

, (13)

grow monotonically, then the function g(Sr, Ir, Ir1) has only one stationary point. Furthermore, since

∂2V

∂S2
r

=
g(S∗r , I∗r , I∗r1

)
[g(Sr, I∗r , I∗r1

]2
·
∂g(Sr, I

∗
r , I∗r1

)
∂Sr

, (14)

∂2V

∂I2
r

=
g(S∗r , I∗r , I∗r1

)
[g(S∗r , Ir, I∗r1

)]2
·
∂g(S∗r , Ir, I

∗
r1

)
∂Ir

, (15)

∂2V

∂I2
r1

=
g(S∗r , I∗r , I∗r1

)
[g(S∗r , I∗r , Ir1)]2

· ∂g(S∗r , I∗r , Ir1)
∂Ir1

, (16)

are non-negative, then the point E∗
r is a minimum. That is, V (Sr, Ir, Ir1) ≥ V (S∗r , I∗r , I∗r1

) and hence, V is a
Lyapunov function.

The Lyapunov function Eq. (12) satisfies

dV

dt
S′r − S′r

(
g(S∗r , I∗r , Ir1

∗)
g(Sr, I∗r , I∗r1

)

)
+ I ′r − I ′r

(
g(S∗r , I∗r , I∗r1

)
g(S∗r , Ir, I∗r1

)

)
+ I ′r1

− I ′r1

(
g(S∗r , I∗r , I∗r1

)
g(S∗r , I∗r , Ir1)

)
(17)

= Λ− g(Sr, Ir, Ir1)− µSr − Λ
g(S∗r , I∗r , I∗r1

)
g(Sr, I∗r , I∗r1

)
+ g(Sr, Ir, Ir1)

g(S∗r , I∗r , I∗r1
)

g(Sr, I∗r , I∗r1
)

+ µSr
g(S∗r , I∗r , I∗r1

)
g(Sr, I∗r , I∗r1

)
+ g(Sr, Ir, Ir1)− (µ + γ + φr)Ir − g(Sr, Ir, Ir1)

g(S∗r , I∗r , I∗r1
)

g(S∗r , Ir, I∗r1
)

+ (µ + γ + φr)Ir
g(S∗r , I∗r , I∗r1

)
g(S∗r , Ir, I∗r1

)
+ φrIr − (µ + ω)Ir1 − φrIr

g(S∗r , I∗r , I∗r1
)

g(S∗r , I∗r , Ir1)
+ (µ + ω)Ir1

g(S∗r , I∗r , I∗r1
)

g(S∗r , I∗r , Ir1)
.

Recall that

Λ = g(S∗r , I∗r , I∗r1
) + µS∗r , (µ + γ + φr)I∗r = g(S∗r , I∗r , I∗r1

), φrI
∗
r = (µ + ω)I∗r1

. (18)

Thus,

dV

dt
= µS∗

r

(
1− Sr

S∗
r

)(
1−

g(S∗
r , I∗r , I∗r1

)
g(Sr, I∗r , I∗r1

)

)
+ g(S∗

r , I∗r , I∗r1
)
(

1−
g(S∗

r , I∗r , I∗r1
)

g(Sr, I∗r , I∗r1
)
− g(Sr, Ir, Ir1)

g(Sr, I∗r , I∗r1
)

)
(19)

+ g(S∗
r , I∗r , I∗r1

)
(
− Ir

I∗r
+

Ir

I∗r

g(S∗
r , I∗r , I∗r1

)
g(S∗

r , Ir, I∗r1
)
− g(Sr, Ir, Ir1)

g(S∗
r , Ir, I∗r1

)

)
+ (µ + ω)I∗r1

(
Ir

I∗r
− Ir1

I∗r1

)(
1−

g(S∗
r , I∗r , I∗r1

)
g(S∗

r , I∗r , Ir1

)
= µS∗

r

(
1− Sr

S∗
r

)(
1− g(S∗

r , I∗r , Ir1)
g(Sr, I∗r , I∗r1

)

)
+ g(S∗

r , I∗r , I∗r1
)
(

1−
g(S∗

r , I∗r , I∗r1
)

g(Sr, I∗r , I∗r1
)

)(
1− g(Sr, Ir, Ir1)

g(S∗
r , Ir, I∗r1

)

)
+ g(S∗

r , I∗r , I∗r1
)
(

Ir

I∗r
− g(Sr, Ir, Ir1)

g(Sr, I∗r , I∗r1
)

)(
g(S∗

r , I∗r , I∗r1
)

g(S∗
r , Ir, I∗r1

)
− 1
)

+ (µ + ω)I∗r1

(
Ir

I∗r
− Ir1

I∗r1

)(
1−

g(S∗
r , I∗r , I∗r1

)
g(S∗

r , I∗r , Ir1)

)
.

Since E∗
r > 0, the function g(Sr, Ir, Ir1) is concave with respect to Ir, Ir1 , and

∂2g(Sr, Ir, Ir1)
∂I2

r

≤ 0, · · · ,
∂2g(Sr, Ir, Ir1)

∂I2
r1

≤ 0,

then
dV

dt
≤ 0 for all Sr, Ir, Ir1 > 0. Also, the monotonicity of g(Sr, Ir, Ir1) with respect to Sr ensures that
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1− Sr

S∗r

)(
1−

g(S∗r , I∗r , I∗r1
)

g(Sr, I∗r , I∗r1
)

)
≤ 0, (20)(

1−
g(S∗r , I∗r , I∗r1

)
g(Sr, I∗r , I∗r1

)

)(
1− g(Sr, Ir, Ir1

g(S∗r , Ir, I∗r1
)

)
≤ 0, (21)

holds for all Sr, Ir, Ir1 > 0. Since g(Sr, Ir, Ir1) is a monotonic function g(S∗r , Ir, I
∗
r1

) ≥ g(S∗r , I∗r , I∗r1
) it

implies that Ir ≥ I∗r and vice-versa then(
Ir

I∗r
− g(Sr, Ir, Ir1)

g(Sr, I∗r , I∗r1
)

)(
g(S∗r , I∗r , I∗r1

)
g(S∗r , Ir, I∗r1

)
− 1
)
≤ 0, (22)

if

g(Sr, Ir, Ir1)
g(Sr, I∗r , I∗r1

)
≥ Ir

I∗r
when g(S∗r , Ir, I

∗
r1

) ≤ g(S∗r , I∗r , I∗r1
), (∀Ir ≤ I∗r ) and

g(Sr, Ir, Ir1)
g(Sr, I∗r , I∗r1

)
≤ Ir

I∗r
when g(S∗, Ir, I

∗
r1

) ≥ g(S∗r , I∗r , I∗r1
) (∀Ir ≥ I∗r ). (23)

Also, (
Ir

I∗r
− Ir1

I∗r1

)(
1−

g(S∗r , I∗r , I∗r1
)

g(S∗r , I∗r , Ir1)

)
≤ 0 (24)

if

Ir1

I∗r1

≥ Ir

I∗r
when g(S∗r , I∗r , Ir1) ≥ g(S∗r , I∗r , I∗r1

) and

Ir1

I∗r1

≤ Ir

I∗r
when g(S∗r , I∗r , Ir1) ≤ g(S∗r , I∗r , I∗r1

). (25)

holds for all Sr, Ir, Ir1 > 0. Since g(Sr, Ir, Ir1) is a monotonic function g(S∗r , I∗r , Ir1) ≥ g(S∗r , I∗r , I∗r1
),

it implies that Ir1 ≥ I∗r1
and vice versa. In Eqs. (23) and (25) will hold for any concave function and are

sufficient to ensure that dV
dt ≤ 0. Thus, we have established the following result:

Theorem 4. The endemic equilibrium E∗
r is globally asymptotically stable whenever conditions Eqs. (20) ∼

(25) are satisfied.

3.1.2 Poverty-free only endemic equilibrium

This occurs when we set π0 = 0. The endemic equilibrium (E∗
p) is given by

E∗
p



S∗p = Λ
µ+λ∗p

,

I∗p = Λλ∗p
(µ+λ∗p)(µ+γ+φp) ,

I∗p1
= Λφpλ∗p

(µ+ω)(µ+λ∗p)(µ+γ+φp) ,

A∗
p = Λφpλ∗p

(µ+ην)(µ+ηω)(µ+λ∗p)(µ+γ+φp) .

(26)

Based on the results of the previous discussion on Section 3.1.1, we claim the following result.

Theorem 5. The endemic equilibrium E∗
p is globally asymptotically stable.
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Fig. 2. Bifurcation diagram

3.2 Interior equilibrium point

We now present the endemic equilibrium when both the rich and the poor co-exist in the community.
This state is denoted by E∗

rp

E∗
rp



S∗r = π0Λ
µ+λ∗∗r

,

S∗p = π1Λ
µ+λ∗∗p

, I∗r = π0Λλ∗∗r
(µ+λ∗∗r )(µ+γ+φr) , I∗p = π1Λλ∗∗p

(µ+λ∗∗p )(µ+γ+φp) ,

I∗r1
= π0Λφrλ∗∗r

(µ+ω)(µ+λ∗∗r )(µ+γ+φr) , I∗p1
= π1Λφpλ∗∗p

(µ+ω)(µ+λ∗∗p )(µ+γ+φp) ,

A∗
r = π0Λφrλ∗∗r

(µ+ν)(µ+ω)(µ+λ∗∗r )(µ+γ+φr) , A∗
p = π1Λφpλ∗∗p

(µ+ην)(µ+ηω)(µ+λ∗∗p )(µ+γ+φp) .

(27)

Before starting our main results, we give the following lemma which will be useful in the subsequent section.

Theorem 6. (See [11, 12]) Consider the following general system of ordinary differential equations with a
parameter φ,

dx

dt
= f(x, φ), f : Rn × R → Rnand f ∈ C2(Rn × R). (28)

Without loss of generality, it is assumed that 0 is an equilibrium for System Eq. (28) for all values of the
parameter φ, that is f(0, φ) = 0 for all φ and assume

A1: A = Dxf(0, 0) = ( ∂fi

∂xj
(0, 0)) is the linearisation of system Eq. (28) around the equilibrium 0 with φ

evaluated at 0. Zero is a simple eigenvalue of A and other eigenvalues of A have negative real parts;
A2: Matrix A has a right eigenvector w and a left eigenvector v corresponding to the zero eigeinvalue.

Let fk be the Kth component of f and

a =
n∑

k,i,j=1

vkwiwj
∂2fk

∂xi∂xj
(0, 0),

b =
n∑

k,i=1

vkwi
∂2fk

∂xi∂φ
(0, 0). (29)

The local dynamics of Eq. (28) around 0 are totally governed by a and b.
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i. a > 0, b > 0. When φ < 0 with |φ| << 1, 0 is locally asymptotically stable, and there exists a positive un-
stable equilibrium; when 0 < φ << 1, 0 is unstable and there exists a negative and locally asymptotically
stable equilibrium;

ii. a < 0, b < 0. When φ < 0 with |φ| << 1, 0 is unstable; when 0 < φ << 1, 0 is asymptotically stable,
and there exists a positive unstable equilibrium;

iii. a > 0, b < 0. When φ < 0 with |φ| << 1, 0 is unstable, and there exists a locally asymptotically stable
negative equilibrium; when 0 < φ << 1, 0 is stable, and a positive unstable equilibrium appears;

iv. a < 0, b > 0. When φ changes from negative to positive, 0 changes its stability from stable to unstable.
Correspondingly, a negative equilibrium becomes positive and locally asymptotically stable.

In order to apply the Center Manifold Theory, we make the following change of variables. Set Sr = x1,
Ir = x2, Ir1 = x3, Ar = x4, Sp = x5, Ip = x6, Ip1 = x7, and Ap = x8, so that

λr =
β[x2 + x6 + α(κrx3 + κpx7)]

x1 + x2 + (1− κr)x3 + x5 + x6 + (1− κp)x7
.

and λp = σλr. Further, by using vector notation x = (x1, x2, x3, x4, x5, x6, x7, x8)T , model system Eq. (2)
can be written in the form dx

dt = F (x), with F = (f1, f2, f3, f4, f5, f6, f7, f8)T , that is:

x′1 = f1 = π0Λ− (λr + µ)x1, x′2 = f2 = λrx1 − (γ + φr + µ)x2, (30)

x′3 = f3 = φrx2 − (ω + µ)x3, x′4 = f4 = γrx2 + ωx3 − (µ + ν)x4,

x′5 = f5 = π1Λ− (λp + µ)x5, x′6 = f6 = λp, x5 − (ηγ + φp + µ)x6,

x′7 = f7 = φp, x6 − (ηω + µ)x7, x′8 = f8 = η(γx6 + ωx7)− (µ + τν)x8.

The method entails evaluating the Jacobian of the system Eq. (30) at the disease-free equilibrium (E0)
denoted by J(E0), with

J(E0)=



−µ −βπ0 −αβκrπ0 0 0 −βπ0 −βπ0κp 0
0 βπ0 − k1 αβκrπ0 0 0 βπ0 βπ0κp 0
0 φr −(µ + ω) 0 0 0 0 0
0 γ ω −(µ + ν) 0 0 0 0
0 −σβπ1 −ασβπ1κr 0 −µ −σβπ1 −σβπ1κp 0
0 σβπ1 ασβπ1κr 0 0 σβπ1 − k2 σβπ1κp 0
0 0 0 0 0 φp −(ηω + µ) 0
0 0 0 0 0 ηγ ω −(µ + τν)


(31)

where k1 = γ + µ + φr, k2 = ηγ + φp + µ. From Eq. (31), it can be shown that

Rrp = β
[ π0

µ + γ + φr

(
1 +

αφrκr

µ + ω

)
+

σπ1

µ + φp + ηγ

(
1 +

αφpκp

µ + ηω

)]
. (32)

Suppose β, is chosen as a bifurcation parameter. Solving Eq. (32) for Rrp = 1, one gets

β = β∗ =
1[

π0
µ+γ+φr

(
1 + αφrκr

µ+ω

)
+ σπ1

µ+φp+ηγ

(
1 + αφpκp

µ+ηω

)] . (33)

Eigenvectors of J(E0) It can be shown that the Jacobian J(E0) of system Eq. (31) at β = β∗ has a right
eigenvector (corresponding to the zero eigenvalue) given by w = (w1, w2, w3, w4, w5, w6, w7, w8)T , where

w =


w1 = −β∗π0

µ

[
w2

(
1 + αφrκr

µ+ω

)
+ w6

(
1 + αφpκp

µ+ηω

)]
, w2 > 0, w3 = φrw2

µ+ω ,

w4 = [µγ+(γ+φr)]w2

(µ+ν)(µ+ω) , w5 = −σβ∗π1

µ

[
w2

(
1 + αφrκr

µ+ω

)
+ w6

(
1 + αφpκp

µ+ηω

)]
,

w6 > 0, w7 = φpw6

(µ+ηω) , w8 = η[γµ+ω(φp+ηγ)]w6

(µ+ηω)(µ+τν) .

(34)
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Further, the Jacobian J(E0) has a left eigenvector (associated with the zero eigenvalue) given by v =
(v1, v2, v3, v4, v5, v6, v7, v8)T , where

v =

{
v1 = v4 = v5 = v8 = 0, v2 > 0, v6 > 0,

v3 = αβ∗κr(π0v2+σπ1v6)
µ+ω , v7 = αβ∗κp(π0v2+σπ1v6)

µ+ηω .
(35)

Computations of a and b. It can be shown, after some algebraic manipulations (involving the associated non-
zero partial derivatives of F (at the DFE) to be used in the expression for a and b in Theorem 6), that

a = ξ1 + ξ2 + ξ3, where

ξ1 = −2β∗w2
6(π0v2 + σπ1v6)

Λ

(
1 +

φp(1 + κp(α− 1) + ακp(1− κp))
µ + ηω

,

)
ξ2 = −2β∗2π0π1(v2 + σ2v6)

Λ

[
w2

(
1 +

αφrκr

µ + ω

)
+ w6

(
1 +

αφpκp

µ + ηω

)]
,

ξ3 = −2β∗µφr(π0v2 + σπ1v6)
Λ(µ + ω)

(
κr(1− κr)φr

µ + ω
w2 +

φp[(1 + κr(α− 1)) + (κr(1− κp) + κp(1−κr))]
µ+ηω

w6

)
,

and, b = (π0v2 + π2v6)
[
w2

(
1 +

αφrκr

µ + ω

)
+ w6

(
1 +

αφpκp

µ + ω

)]
> 0. (36)

Since a < 0, b < 0, it follows from Theorem 6 item (iv), that

Theorem 7. The endemic equilibrium E∗
rp is locally asymptotically stable for Rrp > 1 but close to one.

Table 1. Model parameters and their interpretation.

Parameter Symbol Value Source
Recruitment rate for humans Λ 0.029yr−1 [4, 11]
Natural mortality rate for humans µ 0.02yr−1 [4, 11]
Disease-induced mortality rate ν 0.33yr−1 [4, 11]
Natural rate of progression to AIDS γ, ω (0.125,0.1)yr−1 [4, 11]
Modification parameter α 0.4 [6, 40]
Modification parameter η, σ 1.25,1.35 Assumed
Effective contact rate β 0.35(0.011-0.95) [4, 11]
Proportion of children born from rich families π0 0.35 Assumed
Treatment rate φr, φp variable Assumed
A fraction of individuals who are on antiretroviral therapy
and still indulging in risky sexual behavior κr, κp 0.1,0.15 Assumed.

The results for Theorem 7 are illustrated in Fig. 2.

3.3 Effects of risky sexual behavior

The reproductive number Rrp is analyzed to determine whether there is an association between
HIV/AIDS and socioeconomic status. We shall investigate the relative importance of the different factors
responsible for initial disease transmission, which is directly related to the magnitude of Rrp. The effect of
risky sexual behavior on the spread of HIV/AIDS is investigated by partially differentiating Rrp with respect
to κp, κr, and σ

(a)
∂Rrp

∂κp
=

βεσπ1φp

(µ + ηω)(µ + ηγ + φp)
> 0,

(b)
∂Rrp

∂κr
=

βεπ0φr

(µ + ω)(µ + γ + φr)
> 0,

(c)
∂Rrp

∂σ
=

βπ1(µ + ηω + εκpφp)
(µ + ηω)(µ + ηγ + φp)

> 0. (37)
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The first and second expressions in Eq. (37) measure the impact of risky sexual behavior associated with
individuals on antiretroviral therapy from the poor and rich classes, respectively. These expressions (a) and
(b) suggest that if individuals who are on antiretroviral therapy do not change their sexual behavior either due
to low financial resources, to affirm their social identity, or to deny that ‘anything they do makes a difference
to what they perceive as a life of powerlessness and despair’[8, 10], then HIV/AIDS will continue to spread
into the community, irregardless of their socioeconomic status. However, the literature above has shown that
κr < κp, implying that a high proportion of these individuals are from the poor class. Then socioeconomic
status will have an impact on the transmission dynamics, since the poor will be fueling the epidemic. It
is also worth noting that, from the expression of Rrp (Rrp = Rr + Rp), an increase in either the rich-
induced reproductive ratio Rr, or the poverty-induced reproductive ratio Rp, may lead to an increase in
HIV/AIDS in the community. Thus, if individuals from the poor class continue to live risky sexual lives
due to poor living standards[8, 10], then HIV/AIDS will continue to spread in the community affecting all.
Furthermore, malnutrition is known to weaken the immune system, which in turn may lead to a greater risk
of HIV transmission in any unprotected sexual encounter[7, 18], which is a factor usually associated with the
poor. From the expression of Rrp, an increase of Rp will lead to an increase in Rrp, which may result in an
increase in HIV/AIDS in the community.

4 Numerical simulations

To illustrate the results of the foregoing analysis, numerical simulations of the model system Eq. (2) are
carried out, using parameter values given in Tab. 1.
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Fig. 3. Simulations of model system (2), showing the effects of risky sexual behavior associated with individuals on
antiretroviral therapy, are demonstrated over time. In this case we assume κ = (κr = κp) and an initial incidence of
HIV to be constant at 100 cases per 100,000 per year. The rest of the parameter values are fixed on their baseline values
from Tab. 1. When κ = 0.0, 0.1, 0.2, 0.3, 0.4 the reproductive number Rrp is 1.43, 1.49, 1.54, 1.56, 1.65

Fig. 3 is a graphical representation showing the effects of varying the contribution (κ = (κr = κp))
of HIV infectives who are on antiretroviral therapy. It suggests that an increase of risky sexual behavior
associated with individuals on antiretroviral therapy irregardless of their socioeconomic status will increase
HIV prevalence.

We evaluate the effect of varying the contribution (σ) of risky sexual behavior associated with individuals
from the poor class as defined in our study. The results shown in Fig. 4 follow a similar trend to the results
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Fig. 4. Simulations of model system Eq. (2) showing the effects of risky sexual behavior associated with individuals
from the poor class is demonstrated over time. We vary the modification parameter σ from 1.0 to 2.0 in the steps of 0.25,
other parameter values are fixed on their baseline values from Tab. 1. When σ is 1.0, 1.25, 1.5, 1.75, 2.0 the reproductive
number Rrp is 1.22, 1.42, 1.62, 1.82, 2.02

in Fig. 3 and they also support the analytical results illustrated in Eq. (37)(c), that risky sexual behavior
increases HIV prevalence. The simulations (Fig. 4) also suggest that an increase in risky sexual behavior by
individuals from the poor class due to poor living standards, or any other reason aforementioned in this study,
will increase the epidemic prevalence. In addition, results from Fig. 4 further suggest that in the absence of
effective programmes aimed at changing sexual and other behaviors for the poor, then HIV/AIDS will continue
to be a health burden, since the poor may persist with behaviors which expose them to HIV infection.

5 Conclusion

A mathematical model for the transmission dynamics of HIV/AIDS in the context of socioeconomic
status (with two sub-populations: the rich and the poor) is formulated and its mathematical properties are
investigated in order to assess the effect of socioeconomic status on the transmission dynamics of HIV/AIDS.
The disease-free equilibrium is shown to be globally stable when the corresponding reproductive number is
less than unity. The poor class is defined herein as those individuals with few if any financial or other assets and
are often socially marginalised. Due to low financial resources, we assume that these individuals are involved
in risky sexual behavior, as to procure food for themselves and their children. Results from the study suggest
that risky sexual behavior of individuals who are on antiretroviral therapy will increase HIV prevalence in the
community. If poor individuals indulge in risky sexual behavior due to social marginalisation or to procure
food for themselves and their children, then HIV/AIDS will remain a public health burden.
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