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Abstract. In original minority game, each agent at every time step chooses the highest-score strategy from
its limited number of strategies given arbitrarily in the beginning of the game. In this paper, agents of the
minority game are equipped to a multi-layer perceptron neural network that at every time step learns by back
propagation error. Simulation results and the comparison of them with the results from original minority game
model indicate that the proposed neural network-based learning technique of agents improves the overall
performance of the agents.
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1 Introduction

Study of complex adaptive systems has attracted considerable interests across many disciplines[11]. As
examples of these systems, we can mention the Internet and World Wide Web, economic markets, supply
chain, and human social networks. Agent-based models are used efficiently to analysis such systems[13, 22].
These models are able to predict global behavior of systems comprising from different participant with differ-
ent goals. In effect each agent in such systems decides based on some global information that is formed by the
collective actions of the agents themselves without centralized coordination[13, 22]. The minority game (MG)
is a suitable tool for studying many complex adaptive systems like financial markets, and traffic equilibrium
problems. This game has introduced by Challet and Zhang[5] and is a simplified and formulized version of the
El Farol bar problem, first described by Brian Arthur[2]. In the El Farol bar problem, 100 people decide inde-
pendently each week in certain night whether to go the bar or stay at home. Since space in the bar is limited, a
person decides to go if he/she expects fewer than 60 to show up, or stays home if he/she expects more than 60
to go. Therefore, it is not known that how many will go each week. People have to rely on inductive reasoning
to decide on their actions; otherwise they lose. Arthur[2] shows when people are shown by intelligent agents
the mean attendance converges always stay in nearly 60 in each week.

The setup of the original minority game is as follows: N agents have to choose at each time step whether
to go into room −1 or 1. The agents repeatedly compete to be in a minority group. Therefore the agents who
have chosen the less crowded room will win, and the others will lose. They have similar and limited capa-
bilities, but are heterogeneous in the sense that they use different strategies in making decisions by inductive
reasoning. A strategy is a mapping from the last M outcomes of the game to an action (1 or −1). At the
beginning of the game, each agent picks randomly S strategies, and after each round, each agent assigns one
virtual point to each of its strategies which would have predicted the correct outcome. At every time step
of the game, agents use strategy that gained the most virtual points. Thus, the agents interact to one another
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through a highest-score strategy selection process with considering previous histories available about the col-
lective decisions made. Major of studies implemented on MG have been presented from theoretical physicists
working in statistical mechanics. Among them, the following are worth mentioning.

Johnson et al.[14] introduced the Evolutionary MG and the mixed MG model with variable strategy spaces
presented by Li et al.[19] Chow[7] extended MG model with multiple choices. Moelbert and De Los Ria[21]

presented the local MG model allowing exchange of local information. Yang and Sun[26] proposed a new
model of Incomplete Minority Game, which features incomplete strategies with random bits and players
using default hierarchies. Foldy et al.[9] defined and studied a hierarchical extension of the minority game.
Chmura and Pitz[6] analyzed the minority game as an elementary traffic scenario. Kim et al.[15] applied the
minority game for the patient problem consulted at the department of pediatric cardiology. The MG can been
considered as generic model of competing adaptive agents in the economy. Nevertheless, a majority of papers
on the MG are motivated by the study of financial markets[3, 4, 20]. Groot and Musters[10] applied MG to study
the timing of promotional action at retailers in the fast moving consumer goods on the Dutch market. Kinzel et
al.[16] studied a system of interacting perceptrons for the problem of minority game. These perceptrons haven’t
any hidden layer which is trained on the history of minority decisions. They analyzed the statistical properties
of such a system of interacting perceptrons. Also, Abdullah[1] investigated the emergence of heterogeneity
in minority-subsequently-majority game where agents interacting to learn through individual neural networks
that don’t have any hidden layer.

The main topic of this paper is to introduce a dynamic strategy in minority game with an implementation
of reinforcement learning to a multi-layer percepton neural network with using “back propagating reinforce-
ment learning”. Since neural networks can approximate the observed bounded rationality that agents appear
to demonstrate, they can be used to model the behavior of agents of minority game. Biological neurons in
neural networks are connected to each other through junctions similar to synapses. These junctions are as-
signed connection weights and they can have either excitatory or inhibitory effects depending on the sign of
the assigned weight. When a neuron receives a critical amount of excitation, it becomes active and affects the
elements with which it is connected[17, 18].

Learning in neural networks is frequently achieved by supervised learning, from examples provided by
a knowledgeable external supervisor[24]. In other words, reinforcement learning, as a supervised learning pro-
cess, appears to be a suitable strategy to mimic agent’s behavior in minority game. Reinforcement learning
is tantalizing because learning occurs through trial and error experimentation within the environment. Feed-
back is a scalar payoff, hence no explicit supervisor is required, and little or no prior knowledge is needed[25].
Reinforcement learning is an approach that emphasizes learning by the interaction between an active agent

Fig. 1. Cycle of reinforcements learning[24]

and its environment (Fig. 1) Based on this approach, reinforcement learning can be defined as an on-line
learning (‘learning what to do by doing’) framework to find an optimal decision policy, i.e. how to map states
or histories to control actions, so as to maximize reward of each agent[24].

Besides, reinforcement learning is the essential adapting tool for agents to take in a specific situation
based on feedback obtained from a complex and variable environment to allow the possibility of prompt
adjustment. In fact, trial-and-error search and delayed reward are the two most important distinguishing char-
acteristics of reinforcement learning. The secret to the well-known back propagation learning algorithm is
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that pre-synaptic neurons in the multi-layer neural network change their synaptic weights according to the
weighted sum of error signals of the post-synaptic neurons[25]. For instance, if majority of post neurons had
positive error, and the synaptic connection from a particular pre-neuron is mostly positive, this particular
neuron will change its synaptic weight from its pre-synaptic neurons in order to raise its activity, that is,
to say, enhancing excitatory synapses and decreasing inhibitory synapses. Because of this global error gra-
dient descending mechanism, the back propagation method is highly efficient in training multi-layer neural
networks[25].

In the standard form of minority game, the learning of agents takes place through the process of virtual
rating. This paper proposes a new version of Minority Game, with each of its agents being featured by a neural
network instead of strategy tables. Learning of agents is implemented by back propagation error mechanism.
Hereinafter, the original minority game is referred to as ‘OMG’ and the term ‘NNMG’ is used for the ver-
sion proposed in this paper. Numerical simulation suggests that the NNMG model can improve the overall
performance of the system.

Section 2 of this paper introduces the ideas of this version of MG and the different aspects of this new
model. Also, we describe the characteristics of the presented model, including the type of learning and dy-
namic change of strategies. Section 3 presents the simulation results, and compare them with the results from
the OMG model. Section 4 draws conclusions and sketches future study.

2 Basic model

In NNMG, agents are equipped to multi-layer perceptron neural networks and are deprived from strategy
tables. Thus each agent selects an action of −1 or 1 by its neural network. This dynamic strategy processes
input information (m) based on initial random weights of neural network. Output of neural network is either
1 or −1. In effect if the output is larger than 0, then the agent chooses action 1 and otherwise action −1. The
collective decision making of agents determines the wining group. In reality, the determination of this wining
group is a response of environment to the executed action by each agent. This response of the environment is
communicated to the agent through a scalar reinforcement signal, which indicates whether the action chosen
by the agent in the current state is suitable. In other words, each agent computes quantity of its error that is
the outcome of the difference between its actual decision and the winning group’s decision. The computed
error is propagated from the last layer to the first layer. This work modifies weights of the network so that
the agents can deicide based on the feedback received. Operations are performed based on back propagation
error mechanism. In the process of the game, the input of network is updated. Fig. 2 is based on the strategy
mentioned.

Fig. 2. Sample of neural network that each agent uses for decision making in minority game

With refer to Universal Function Approximation theorem introduced and proofed by Nilson[23],
Cybenco[8] and Hornick[12], and equip agents to a 2-layer perceptron neural network to find the best deci-
sion they can make. This powerful theorem states that if a mapping exists, then we can find a perceptron
neural network with a middle layer which approximates such mapping[8, 23, 25].

We assume that time t is discrete, and consider that each agent i = 1, · · · , N , at each time step t, can
do the binary action ai(t) ∈ {−1, 1} and also, accesses alike to a record of M past periods. This record
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of information shows which groups have been winner group in the past periods. Since agents have bounded
rationality, they are able to use only finite information. The agents are heterogeneous, thus each agent is
endowed with the 2-layer perceptron neural network as strategy, which have random weights. Therefore,
input vector of each agent’s neural network (X(t)) is alike and have M dimension with quantities 1 and −1
and its output (āi(t)) is scalar quantity that due to being random of weights in networks, for each agent i
different from other. W l

i(t) (The weights between two nodes) and bi(t) (the arc enter to a node that is called
bias) are weights in neural network of agent i at round time t that l is number of layer. ai is learning rate of
agent i and yHidden

i (t) is output vector of nodes of hidden layer.
After introducing notations, to illustrate our method further, we present a mathematical algorithm in

which each agent processes information X(t) by his/her neural network in forward operation according to:

yHidden
i (t) = f1(X(t)W 1

i (t) + b1
i (t)); (1)

āi(t) = f2(X(t)W 2
i (t) + b2

i (t)).

In Eq. (1), f i(· · · ), i = 1, 2 is transfer function which we use tanh (· · · ).
Decision of each agent is a(t) at each time step t which based on below equation:

ai(t) =

{
1 āi(t) ≥ 0

−1 āi(t) < 0
(2)

The decisions of all agents are aggregated into the global quantity: A(t) =
∑
i

ai(t). Thus wining group

is obtained as: −sgn[A(t)]. All of the agents who belong to the minority gain one point. Based on the recent
wining group, information X(t) is updated for the next time step. This updating can be stated on two method;
first, it is accomplished to shift information so that the latest past history exists from the record and the
recent wining group enters. Another, If we make the correspondence −1 → 0 and +1 → 0. Thus, if the
last winning groups were +1;−1;+1 the binary representation of µ(t) is 101 and µ(t) = 6. In other word,
µ(t) ∈ {1, 2, · · · , P}, so M = log2 P ; updating accomplish according to:

µ(t + 1) = [2µ(t) + (1− sgn[A(t)])/2] mod 2M . (3)

Based on output of network and also the wining group, error quantity of an agent is computed as: ei(t) =
āi(t)−[−sgn[A(t)]]. Now reinforcement learning is implemented to apply back propagation error mechanism.
This work is accomplished with computing and propagating local gradient according to:

δ2
i (t) = −2ai(t)ei(t); δ1

i (t) = f1(· · · )W 2
i δ

2
i (t). (4)

Finally weights matrix and bias vector of agent’s network is set as:

W l
i(t + 1) = W l

i(t)− aiδ
l
i(t)y; bl

i(t + 1) = bl
i(t)− aiδ

l
i(t) (l = 1, 2; i = 1, 2, · · · , N). (5)

In Eq. (5), when l = 2, y shows āi(t) and when l = 1, y is yHidden
i (t). To more understand this algorithm,

reader can refer to available pseudo-code in appendix.

3 Numerical simulations

Without using any special package and just by using Visual Basic programming language, we imple-
mented the entire algorithm and incorporated neural networks in a simulation environment. Over one thou-
sand lines of code, including comments, express the scope of programming task performed. To understand
the investigation of the agents’ behavior, we studied long-time behavior (after 1000 time steps) of the agents.
These studies include different states of game by changing their parameters. In addition to number of periods
which their information history (M) are available, the agents’ learning rate, and the number of hidden layer
node of agents’ neural network are suitable for study and analysis. In principle, the agent’s behavior depends
on these parameters. We investigated the agent’s attendance fluctuations of game and actual point obtained by
them.
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3.1 Experiment 1: changing M

Having the parameter M , we will discuss agents’ coordination and actual points obtained by agents in
the following opposite states: learning rate of each agent is random versus it is certain and alike for all agents.

First we assume that the learning rate is random and simulate 1001 agents who use 2-layer perceptron
neural network with 3 nodes in hidden layer and random learning rate by M = 3, 5, 7. When the parameter
M is considered large, the agents are more likely to make a better choice and increase the coordination
of population. If we plot global quantity of population for these time series in Fig. 3, it can be seen that
fluctuations will indeed decrease when intelligent agents are increased. Note that fluctuations also decrease
when agents’ memory (M) is increased in OMG and this decreasing is significantly further according to paper
Challet and Zhang[4] compared with NNMG. The variation of actual points of agents can be seen as a function

Fig. 3. Global quantity of the population for N = 1001, M = 3, 5, 7. Strategy is a 2-layer perceptron neural network
with 3 nodes in hidden layer

of learning rate in Fig. 4 and Fig. 5. One can easily realize that agents with high learning rate have obtained
more actual points. However, agents with low learning rate have much diversity on actual points. To increase
the nodes of hidden layer, the agents perform approximately identical.

We first let the learning rate to be alike and certain. In real word, the agents aren’t homogeneity and
haven’t identical learning rate; however we simulated the population of agents with mentioned assumption.
Later we will remove this relaxation and let the agents to have different rates of learning. This study showed
that the fluctuations of attendance decrease again with increasing memory (M). In effect, the fluctuations
decrease of population with enhancing memory compared to the OMG is very trivial in this situation.

Expeiment1 shows that the agent’s information process power has increased by neural network and there-
fore by enhancing memory, the fluctuations have reduced noticeably.
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3.2 Experiment 2: changing learning rate

In this experiment, all of parameters are fixed expect learning rat and we simulate a population with 101
agents which use neural networks. This can be observed in Fig. 7 that the population with larger learning
rate has better performance and thus fluctuations decrease and subsequently average points of agents increase
accordingly. Fig. 8 and Fig. 9 depicts the situation. In high learning rates, population behavior is similar to
evolutionary agents at the last step of simulation. This situation is preferable since it has the lowest fluctu-
ations. Note that coordination and cooperation happen perfectly. The above results obtained for interacting

Fig. 4. Actual points of agents versus learning rate:
agents with neural network 3-3-1

Fig. 5. Actual points of agents versus learning rate:
agents with neural network 3-15-1

neural networks, by 5 input of information and/or number of 9 nodes in hidden layer; but in other determin-
istic amount of this two parameters, these results are repeated; although, curves of Fig. 6 and Fig. 7 shift to
right or left side.

3.3 Experiment 3: changing the number node in hidden layer

For investigating the effect of variation of the number of nodes in hidden layer, we simulated population
of agents for the cases N = 1001, M = 3 that they use 2-layer perceptron neural network with random
learning rate. Plotting global quantity of population in Fig. 8 and Fig. 9, shows that the fluctuations are indeed
decreasing when the number nodes in hidden layer is increased. In this state, the agents also behave similar to
evolutionary agents.

4 OMG compared with NNMG

The common parameters of tables’ strategy and the proposed one in this paper are: number of agents (N)
and memory (M). Thus, these parameters are identical in both of version; but quantities of other parameter
are selected to make the lowest fluctuations of attendance. For comparison of the agents’ performance two
versions of game, we simulated them.

By plotting global quantity of agents for time step 1000 in the population 1001 with memory 5, for two
versions of game in Fig. 10 and Fig. 11 show fluctuations of attendance in NNMG and in OMG, respectively.
The agents’ attendance fluctuations in Fig. 10 are significantly smaller than those of Fig. 11. The proposed
model shows that agents with neural network are more adaptive and dynamic and therefore can be considered
to be more intelligent. Our simulation results show that in our model, agents can produce more efficient
cooperation. If we address agents of NNMG and agents of OMG as group 1 and 2, respectively, Fig. 12 shows
a comparison between the performances of the two groups. It can be seen that group 1 has better performance
and diversity of agents’ points of group 1 is significantly higher than those of the other group.
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Fig. 6. Standard deviation of attendance versus learn-
ing rate for 1000 time step

Fig. 7. Average actual points versus learning rate for
1000 time step

Fig. 8. Total action of the population for N = 1001,
M = 3: 2-layer perceptron neural network with 10
nodes in hidden layer

Fig. 9. Total action of the population for N = 1001,
M = 3: 2-layer perceptron neural network with 30
nodes in hidden layer

5 Conclusion

In this paper, we developed a version of minority game. It is a competitive mechanism for determining
how to take advantage of limited resources. In the original form the agents in minority game make decisions
using strategy tables. These tables are developed based on the history of the past. In the original form of
minority game, the learning of agents takes place through the process of virtual rating. We equipped the agent
to two layer perceptron neural networks instead of strategy tables. Back propagation algorithm is used as the
method of learning of the neural network.

Our simulation results showed that to increase intelligence of agent’s fluctuation of attendance decreases
in proposed version similar to OMG. Effective parameters in NNMG are learning rate and node number of
hidden layer. Also, the agents with small memory, high learning rate, and low node number of hidden layer
have behaviour equal to agents with small memory, low learning rate, and high node number of hidden layer.

Eventually an analogy survey of the agents’ performance is carried out between the previous and the new
approaches. Results demonstrate that applying two layer perceptron neural networks yields better decisions
according to reduced agents’ attendance so it enhances performance averages.

The adaptive complex system is a meaningful and interesting field. There are still many questions that
need to be answered. This modelling can be extended to the other case of such systems. Also, one can extend
this model for forecasting time series in financial markets as well.
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Appendix

Computerized pseudo-code minority game with Neural Networks.

C Agents, choice

Do i = 1, N
Neural Network (i)

y(i, Hidden) = f1(X(i) ∗W (i, 1) + b(i, 1))
ā(i) = f2(y(i, hidden) ∗W (i, 2) + b(i, 2))
If (ā > 0) then

a(i) = 1
Else

a(i) = −1
End if

End do

C Reinforcment learning

Do i = 1, N
Neural Network (i)

e(i) = a(i)−Winside
Sigma (i, 1) = −2 ∗ a(i) ∗ e(i)
Sigma (i, 2) = f1(· · · ) ∗W (i, 2) ∗ Sigma(i, 1)
Do l = 1, 2

W (i, 1) = W (i, 1) + LearnRate ∗ Sigma(i, 1) ∗ y
b(i, 1) = b(i, 1) + LearnRate ∗ Sigma(i, 1)

End do
End do

C Information update

Shift Information
Or Mu = mod(2 ∗Mu + Winside, 2 ˆM )
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