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Abstract. The present paper discusses the minimax admissible characteristic in constant matrix linear model.
For Gauss-Markov model, a necessary and sufficient condition for minimax and admissible estimation is
proposed when variance is strictly positive.
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1 Introduction

Let us consider Gauss-Markov model:

H : Y = Xβ + ε, E(ε) = 0, V ar(ε) = σ2V. (1.1)

where Y is a n-dimensional observable random vector, n is a n × p design matrix, β is one unknown p-
dimension parameter vector; ε is a n-dimensional random vector, V > 0 is known and σ2 > 0 is unknown.
Rao[4] gave a necessary and sufficient condition on admissible estimation for (1.1) in the case V > 0. Wu
extended Rao’s results to V ≥ 0[5]. On the other hand, Hoffman, Oslen, Seely, Birkes and Lamotte[2, 3] aimed
at the general Gauss-Markov model, the result that AY in HL is Sβ admissibility characterization estimate
was given. In most applications, it is not enough to choose estimate in the side of admissibility characterization.

In this paper, we will study minimax and admissible estimation. Sβ in

HL = {AY : A is constant matrix}

is the minimax and admissible estimator; the loss function is different in dimension, for it has the minimax
admissibility characterization; the quadratic loss function is

L(Sβ, σ2, d) =
(d− Sβ)′(d− Sβ)

σ2 + β′Tβ
, R(Sβ, σ2, d) =

E{(d− Sβ)′(d− Sβ)}
σ2 + β′Tβ

,

where T = X ′V −1X(V > 0).
AY is said to be estimator value of Sβ, if sup(β,σ2)R(Sβ, σ2, AY ) admits the minimax value in HL.

AY is said to be minimax and admissible estimator in HL, if AY is not only a minimax estimator, but also
an admissible estimator. Throughout this paper, estimator is in the sense of the quadratic loss.
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2 The minimax admissible characteristic

Definition 1. For any matrix T with dimension m× n, if there is a matrix A such that
(1) TAT = T ,
(2) ATA = A,
(3) (TA)′ = TA,
(4) (AT )′ = AT ,
then A is called the Moore-Penrose inverse of T , denoted by T ∗.

Lemma 1. In the model H , if Sβ is linearly estimate, then the following relation holds:
(1) sup(β,σ2)R(Sβ, σ2, AY ) ≥ tr{AV A′},
(2) sup(β,σ2)R(Sβ, σ2, AY ) ≥ tr{(AX − S)T ∗(AX − S)′}.

Proof. Let

R(Sβ, σ2, AY ) =
σ2tr{AV A′}+ tr{β′(AX − S)′(AX − S)β}

σ2 + β′Tβ
. (2.1)

Setting β in (2.1), we obtain (1) immediately. Passing the limit in (2.1) (σ → 0), we get

sup
(β,σ2)

R(Sβ, σ2, AY ) ≥ tr{β′(AX − S)′(AX − S)β}
β′Tβ

. (2.2)

Introducing β = T ∗(AX − S)l to (2.2), where l ∈ Rk, it is obtained that

tr(β′(AX − S)′(AX − S)β)
β′Tβ

=
(l(AX − S)′T ∗(AX − S)l)2

l′(AX − S)′T ∗(AX − S)l
= l′(AX − S)′T ∗(AX − S)l. (2.3)

Let q1, . . . , qk be normal eigenvector of (AX − S)′T ∗(AX − S), and let Q′ = (q1, . . . , qk). Denote l =
(q1 + . . .+ qk), it is easy to verify that

l′(AX − S)′T ∗(AX − S)l = (q1 + . . .+ qk)′(AX − S)(q1 + . . .+ qk)

=
k∑

i=1

q′i(AX − S)′T ∗(AX − S)qi

= tr{Q(AX − S)′T ∗(AX − S)Q′}
= tr{(AX − S)′T ∗(AX − S)}.

This implies (2). Thus, the proof of the theorem is completed.

Lemma 2. Let L and S be two constant matrixes k × n, k × p. Suppose that Sβ is linearly estimable under
the model of H , then LY is the permissible estimator of Sβ in HL if and only if

(1) L = LXT−X ′V −1

(2) LXT−X ′L′ ≤ LXT−S′

The proof is trivial. It is omitted.

Theorem 1. In the model H , if Sβ is homogeneous linear estimate, then one has that
(1) AY is the minimax estimator of Sβ if and only if
A) tr(ST ∗S′)

4 ≥ tr(AV A′),
B) tr(ST ∗S′)

4 ≥ tr{(AX − S)T ∗(AX − S)′}.
(2) AY is the minimax admissible estimator of Sβ if and only if the conditions of A), B), and Lemma 2.2

holds.
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Proof. “The necessity of (1)”. Because AY is the Minimax estimator of Sβ, it is plain that

sup
(β,σ2)

R(Sβ, σ2,
1
2
ST ∗X ′V −1Y ) ≥ sup

β,σ2

R(Sβ, σ2, AY ). (2.4)

Thus, one has that

R(Sβ, σ2,
1
2
ST ∗XV −1Y ) =

σ2tr((1
2ST

∗X ′V −1)V (1
2ST

∗X ′V−1))
σ2 + β′Tβ

+
tr(1

2ST
∗X ′V −1X − S)β · β′(1

2ST
∗X ′V −1X − S)

σ2 + β′Tβ

=
σ2tr(1

4ST
∗X ′V −1XT ∗S′) + tr((−1

2S)ββ′(−1
2S)′)

σ2 + β′Tβ

=
1
4σ

2tr(ST ∗S′) + 1
4 tr(Sββ

′S′)
σ2 + β′Tβ

. (2.5)

Choosing an orthogonal matrix Q = (q′1, . . . , q
′
k). Then, there exists

trSββ′S′ = tr(QST ∗X ′V −1Xββ′X ′V −1T ∗S′Q′)

=
k∑

i=1

q′1ST
∗X ′V −1Xββ′X ′V −1T ∗S′qi

=
k∑

i=1

(q′iST
∗X ′V −1Xβ)2. (2.6)

Using Schwartz inequality in (2.6), one has that

(q′iST
∗x′V −1Xβ)2 = (q′iST

∗XV −
1
2V −

1
2Xβ)2

≤ q′iST
∗X ′V −1XT ∗S′qiβ

′X ′V −1Xβ

= q′iST
∗S′qiβ

′Tβ. (2.7)

It implies that

tr(Sββ′S′) ≤
k∑

i=2

q′iST
∗S′qiβ

′Tβ

= (
k∑

i=1

q′iST
∗S′qi)β′Tβ

= tr(QST ∗S′Q′)β′Tβ
= tr(ST ∗S′)β′Tβ

Thus, one has

sup
(β,σ2)

R(Sβ, σ2,
1
2
ST ∗x′V −1Y ) ≤ tr(ST ∗S′)

4
. (2.8)

From (2.4) (2.8) and Lemma 2.1 we complete the proof of the proposition that A) and B) are true.
“The sufficiency of (1)”. Supposing A meets the conditions A) and B), similar to the way proved the

necessity, we can obtain
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sup
(β,σ2)

R(Sβ, σ2, AY ) = sup
β,σ2

σ2tr(AV A′) + tr{(AX − S)ββ′(AX − S)′}
σ2 + β′Tβ

≤ sup
(β,σ2)

σ2tr(AV A′) + tr{β′Tβ(AX − S)T ∗(AX − S)′}
σ2 + β′Tβ

≤ tr(ST ∗S′)
4

. (2.9)

Supposing BY is one of estimators of the Sβ, by the lemma 2.1, we get:

sup
(β,σ2)

R(Sβ, σ2, BY ) ≥ 1
2
[tr(BV B′) + tr(BX − S)T ∗(BX − S)′]

=
1
2

[
trB(V −XT ∗X ′)B′ + 2tr(BX − 1

2
S)T ∗(BX − 1

2
S)′ +

1
2
ST ∗S′

]
≥ 1

4
tr(ST ∗S′). (2.10)

Because of V −XT ∗X ′ ≥ 0, the equation(2.10) is true. By virtue of (2.9) and (2.10), the sufficiency of (1) is
proved.

Likewise, we can prove (2).

3 The relationship between admissibility in hl and minimax admissibility

Definition 2. In the normal-quadratic-loss function L(Sβ, σ2, d), if an equation has the following forms

R(Sβ, σ2, LY ) = R(Sβ, σ2, AY ).

where β ∈ Rp, σ2 > 0, then we call LY and AY is the R-equivalent and call LY the R-unique Minimax
estimator of Sβ. If AY is the Minimax estimator of Sβ as well, we can say that AY and LY are the R-
equivalent.

Theorem 2. In the quadratic-loss function R(Sβ, σ, d), if LY is a R-unique Minimax estimator of Sβ, then
LY is admissible.

Proof. If LY is not admissible, the there must be another estimator of AY which is defined by

R(Sβ, σ2, AY ) ≤ R(Sβ, σ2, LY ).

At any time, in a particular value of β and σ2. as following , β ∈ R and σ2 > 0, which in equation is true.It is
easy to see that AY is also an Minimax estimator, therefore, one can find that

R(Sβ, σ2, AY ) , R(Sβ, σ2, LY ).

And the conclusion reverse the assuming that LY is the R-unique Minimax estimator of Sβ, so that LY is
admissible is proved.
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