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Abstract. In this paper we focus on optimizing maintenance threshold policy for a stochastically and contin-
uously deteriorating system. We assume that each preventive maintenance action does not return the system
state to its initial condition and the amount of improvement which is made on the system state is random and
a direct function of current system state. We consider the preventive maintenance and preventive replacement
thresholds as decision variables for our system. Since exact computation of the stationary probability distri-
bution of the system state at infinity for our model is impossible and its approximation is tricky and time
consuming we use simulation as a powerful tool to optimize our model.
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1 Introduction

One of the major expenditure items for a manufacturer is the maintenance cost. The failures and deterio-
ration of systems might incur high costs on a firm. Researchers have proposed different models to tackle this
problem and decrease the maintenance cost. Two dominant policies in all of these models are preventive main-
tenance and preventive replacement actions. Nearly all of these works obtain optimum policy by minimizing
the long run cost per time unit (Andrew K. S. Jardine et al 2006)[10]. In general Condition Based Maintenance
(CBM) models fall into two categories: completely observable systems and partially observable systems. The
classification of CBM models are shown in diagram 1. Barbera et al 1996[3], proposes a CBM model which
assumes that failure rate of the system depend on the variables of the system state and fixed inspection periods.
Then the maintenance action is optimized such that the long term costs of maintenance actions and failures
are minimized. Later Barbera et al, 1999[4] in developing their previous model, considered a CBM model with
fixed inspection periods and exponential failures for a two-unit system. The condition of each unit in equal
periods is monitored and after each maintenance action, the state of the system returns to its initial state. In
their model, in each inspection interval the failure occurs only once. Also the failure rate depends on the state
of the system. Westberg and Kumar, 1997[11], suggest an approach based on reliability that inspection periods
and maintenance thresholds are such estimated that the global cost per unit time is minimized. A. Grall et al,
2002[9] focus on the analytical modeling of a condition based inspection/replacement policy for a stochasti-
cally and continuously deteriorating single unit system. They consider both the replacement threshold and the
inspection schedule as decision variables for the problem. They minimize the long run expected cost per unit
time by the stationary law for the system state. Amari and McLaughlin, 2004[1] utilised a Markov chain to
describe the CBM model for a deterioration system subject to periodic inspection the optimal inspection fre-
quency and maintenance threshold were found to maximize the system availability. B. Castanier et al, 2005[6]

consider a two unit system which can be maintained by good as new preventive or corrective replacements.
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They develop a stochastic model based on the semi-regenerative properties of the maintained system state
and the associated cost model is used to optimize the performance of the maintained model. Chen et al, 2005
buil[7] the semi-Markov decision process for the maintenance policy optimization of condition based preven-
tive maintenance problems and present the approach for joint optimization of inspection rate and maintenance
policy. Barata et al, 2002[2] uses Monte-carlo simulation to model the continuously monitored deteriorating
systems. They assume that after each maintenance action a random amount of improvement is made on the
state of the system which is independent of current system state. Then the optimized thresholds of mainte-
nance are such found that the total expected cost of system be minimized. Wang, 2002[13] applied a stochastic
recursive control model for CBM optimization based on the assumptions that the item monitored follows a
two-period failure process with the first period of a normal life and the second one of a potential failure. A
stochastic recursive filtering model was used to predict the residual, and then a decision model was established
to recommend the optimal maintenance actions. The optimal condition monitoring intervals were determined
by a hybrid of simulation and analytical analysis. Dieulle et al, 2003[8] considers a continuously deteriorating
system which is inspected in random times. In this model, they assume that deterioration follows a gamma
distribution and system fails if its condition lies upper than a pre-specified threshold. In their model two types
of replacement can be done depending on the fact that system is failed or the condition of system exceeds a
critical threshold. Diagram 1 shows different models for CBM policy optimization.

A dominant assumption in nearly all of the above works is that after each maintenance action, the state of
the system returns to its initial state. We extend this assumption in such a way that each time the maintenance
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action is initiated, the state of the system is multiplied by a random coefficient αt ∈ (0, 1). This tells us that
after each maintenance action the system state is not fully improved and the amount of improvement which is
made on the system state depends on the current state of the system. The larger the system state is, the greater
expected value of system state after maintenance action.

This paper is organized as follows: section 2 describes deteriorating behavior of the system and discusses
how the maintenance actions are done. Section 3 describes why simulation is used to solve this problem instead
of numerical analysis methods and stationary law of the system. Section 4 simulates the deteriorating system
and discusses how different costs are calculated. Finally section 5 illustrates the numerical results obtained by
running the simulated model.

2 The deterioration model

Many manufacturing equipment suffer increasing wear with usage which are subject to random failures
resulting from this deterioration. Examples of these systems are cutting tools, hydraulic structures, brake
linings, airplane engine compressor blades, corroding pipelines and rotating equipment (A. Grall et al 2002)[9].

Let Xt denote the condition of the system at inspection time t. The measurement is taken on continuous
scale. Also we assume that the system is inspected at equidistant times and time to failure follows an exponen-
tial distribution and failure rate is a linear increasing function of system condition. For simplification, failures
are assumed to occur at the end of a period. This will not affect the policy much as long as intervals are not
too long.

For each change of time∆t, the random deteriorationsXt+∆t−Xt is assumed to be independent and have
the same probability density function. Natural candidates for the associated probability density function can be
obtained in the class of infinitely divisible distributions, e.g. gamma distributions. The exponential distribution
is a special case of gamma distributions. This distribution is easier to further investigate developments for the
evaluation of the maintenance policy.

At the end of each period a decision is made to initiate either a preventive maintenance or preventive
replacement action according to system condition. The preventive maintenance action is initiated when the
state of system exceeds a threshold U and the preventive replacement action is initiated when the state of
system exceeds a threshold β where β > U . Fig. 1 shows the deterioration evolution of the system for
X0 = 0.

Fig. 1. Simulated behavior of the deteriorating system

These two thresholds are determined such that the cumulative cost of maintenance and failure per time
unit is minimized. The cost of preventive maintenance action is Cpm, the cost of preventive replacement is
Cpr and the cost incurred by failure is Cf . It is assumed that Cf is strictly bigger than Cpm. Fig. 2 shows all
of the events which may occur during one period.

If no failure occurs during period t, the condition of system at the beginning of period t+ 1 is:

Xt+1 = Xt + Yt (1)
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Fig. 2. Tree of the possible events for the maintained system

where Yt is the deterioration occurred in period t.
In practice preventive maintenance action almost never restores the system to a good as new condition.

In order to model these statements, we assume that after each maintenance action, the system state is not
fully improved rather the percent of improvement is a random variable. So after each preventive maintenance
action the condition of system is restored to αt(Xt−X0) where αt ∈ (0, 1) are identical independent random
variables with α = E(αt) and follow a normal distribution. This tells us that the percent of improvement
after each preventive maintenance action is 100[(Xt − X0) − αt(Xt − X0)] = 100(1 − αt). The expected
value of system state after preventive maintenance action is E[αt(Xt − X0)] = XtE(αt). This shows that
the restored system state is directly proportional to the current system state. This is a reasonable assumption,
since for a large amount of deterioration, we expect the restored system state to be large and vise versa. That
is the amount of improvement on system condition depends on current system state and is a direct function of
it.

3 Two approaches for computing cumulative cost per time unit

A stochastic regeneration process is characterized by accumulation of a stochastic input process and an
output mechanism that removes all the present quantity whenever it exceeds a critical level. As discussed
in section 2, after replacement of the system, it is in the good as new initial state and its future evolution
does not depend any more on the past. These replacement times are regeneration points for the system. Ross,
1983[12] shows that for a regeneration process, as time increases the distribution of converges to the steady
state distribution. The assumption of Xt restoring the system state to X0 when system state reaches β tells us
that after each preventive replacement action the system state is independent of what has happened before.

The long-run average cost per time unit is defined as follows:

C∞ = lim
t→∞

E(C(t))
t

(2)

Let π(x) denote the stationary law of the deterioration process. From the regenerative properties of the deteri-
oration process (Xt)t∈� the limit of Eq. (2) at infinity can be changed into a ratio of expectations with respect
to the stationary law over one regeneration cycle at steady state:

C∞ =
Eπ(C(S))
Eπ(S)

(3)

where S is the time between two successive regenerative points of the deterioration process at steady state.
Eπ(S) is the expected length of one regenerative cycle at steady state with respect to π. Eπ(C(S)) is the
expected cumulative cost incurred by inspections on the first regenerative cycle.

WJMS email for subscription: info@wjms.org.uk



234 K. Shahanaghi & H. Babaei & etal.: A new condition based maintenance model

Let x1 and x2 be the system deterioration levels observed at the beginning of two successive maintenance
operations. By integration on the whole state space, the description of the different maintenance actions as is
shown in Fig. 1 can lead to the following expression of the stationary probability density for the deterioration
process at operation times.

π(x2) =
(∫ U

0
π(x1)dx1

)
f(x2) +

(∫ β

U
π(x1)dx1

)
f(x2)

+
(∫ ∞

β
π(x1)dx1

)
f(x2) (4)

where f(x) is probability density function of amount of deterioration which occurs during two successive
periods. The evaluation of the probability density function π(x) is tricky and requires to solve a one sided
integral equation. Hence due to complexity of Eq. (3) we do not use stationary distribution of the deterioration
process to minimize cumulative cost per time unit.

These implications seem enough to use simulation in minimizing total cumulative cost per time unit.

4 Model simulation

We assume time to failure follows a non-homogeneous Poisson process, and the failure rate is an increas-
ing function, λ(Xt), of the variable Xt. We assume a linear relationship. The reliability of the system is the
probability that the system will not fail by the end of time period t. According to Eq. (1), the state of system
at the end of period t is Xt+1 = Xt + Yt, So the reliability of our system at the end of period t is given by:

e−λ(Xt+Yt)T (5)

where T is the time between two successive inspection periods. Formula (5) is identical to the probability that
time between failures is greater than T .

The cost of failure per inspection period, given that the amount of deterioration at the beginning of period
t was Xt, is the product of repair cost and the probability of failure during period t.

Cf

[
1− e−λ(Xt+Yt)T

]
(6)

we also assume that in each inspection period only one failure can occur. This can not make significant effect
on optimum policy; since the probability of the unit’s second failure within a fraction of interval starting at
X0 is negligible.

In order to simulate continuous deterioration process we discretize the state space. We assume that be-
tween exponentially distributed times there exists a small amount of deterioration ∆. Therefore we have
Xt+1 = Xt +N∆. If the mean time between two small deteriorations is 1/µ then the reliability of the system
given that the amount of deterioration at the beginning of period t was Xt can be calculated from

P (no Fail) =
∞∑

j=0

P (no Fail|Yt = j∆)P (Yt = j∆)

=
∞∑

j=0

e−λ(Xt+j∆)T e
−µTµT j

j!
(7)

thus the expected cost of failure given Xt is given by:

Cf

∞∑
j=0

[
1− e−λ(Xt+j∆)T e

−µTµT j

j!

]
(8)

at the end of inspection period t if the amount of deterioration is bigger than β the preventive replacement
action is initiated and at the beginning of the next inspection period the system state is X0. In this case the
cumulative cost per unit time is

WJMS email for contribution: submit@wjms.org.uk



World Journal of Modelling and Simulation, Vol. 4 (2008) No. 3, pp. 230-236 235

C(t) =

(t− 1)C(t− 1) + Cpr + Cf

∞∑
j=0

[
1− e−λ(Xt+j∆)T e

−µTµT j

j!

] /t (9)

and if the amount of deterioration is less than β and bigger than U the maintenance action is initiated and at
the beginning of the next inspection period the system state is αtXt; where αt follows a normal distribution.
In this case the cumulative cost per unit time is

C(t) =

(t− 1)C(t− 1) + Cpm + Cf

∞∑
j=0

[
1− e−λ(Xt+j∆)T e

−µTµT j

j!

] /t (10)

if the system state is less than U the cumulative cost per inspection period is

C(t) =

(t− 1)C(t− 1) + Cf

∞∑
j=0

[
1− e−λ(Xt+j∆)T e

−µTµT j

j!

] /t (11)

5 Numerical illustration

We simulated this system using Mathematica for 1000 periods and saw that C(t) converges.
We assumed ∆ = 0.002, T = 1, α = 0.2, Cpm = 2, Cpr = 40, and X0 = 0. We executed this code for

different values of threshold ranging from 0 through β with step 0.1. The obtained results are shown in Fig. 3.

Fig. 3. Comparison of cost per time unit for β = 1, 2, 3, 4, 6

We can infer from the obtained data that our best policy is U = 0.5 and β = 2. As it is obvious from Fig.
3, the optimum value of U does not depend on β. This is a natural result; since the preventive maintenance
threshold U which is less than β, immediately improves the system state significantly and avoids the system
failure. According to these discussions we can infer that the long run cost per time unit is independent of β,
as is shown in Fig. 3.

6 Conclusions

In this paper we considered a single unit system which is subject to continuous deterioration. We assumed
that the system can not be maintained by good as new. Since in practice no system works for a long time
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without replacement it is more realistic to assume that the expected value of system state increases while no
replacement is done on the system. Moreover we assumed that the larger the state of the system is, the greater
its expected initial state at the beginning of the next period after preventive maintenance. We modeled this
assumption by introducing a random coefficient αt ∈ (0, 1) which after preventive maintenance action the
state of the system is αt(Xt−X0). Therefore (1−E(αt))100 shows the expected percent of the improvement
made by preventive maintenance action. In order to get results with higher degree of confidence one can
approximate the stationary distribution of deterioration process from Eq. (4) by numerical analysis methods.
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