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Abstract. Flexible-link manipulators have high demand in many industrial and space applications. This is
simply because they have many advantages over the rigid manipulators such as light weight, fast response time
and large payload capacity. Optimal trajectories for a two-link rigid-flexible manipulator based on trajectory
tracking and obstacle avoidance criteria are designed using Generalized Pattern Search algorithm (GPS). The
GPS algorithm is a hybrid optimization technique combining the Genetic Algorithm and the Pattern Search
techniques. The kinematics analysis of flexible link is briefly discussed where the model of flexible link is
derived using the Euler-Bernoulli’s beam theory. Simulation analysis for trajectory tracking as well as obstacle
avoidance is carried out and the obtained results verified the validity of the proposed approach.
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1 Introduction

The problem of optimal trajectory planning for flexible manipulators is much more difficult compared to
rigid robots. The main difficulty in the control of flexible manipulators is to provide precise tip tracking in the
operational space. Even if joint angles are controlled successfully, the end-effector of the manipulator deviates
from the desired position because of link deflections and vibrations[6]. That deflection of the manipulator arms
due to flexibility and mass load causes positioning error. The magnitude of the error depends on the amount
of mass load and arm positions and the stiffness characteristics of arms[7]. Also the kinematic equations of the
flexible manipulators are highly nonlinear and difficult to solve using the ordinary inverse kinematics proce-
dure. The utilization of the Genetic Algorithm as a stochastic optimization tool that depends on the principles
of natural selection and natural evolution for nonlinear problems solves a lot of optimization problems[3].

The problem of designing an optimal trajectory for flexible manipulator has attracted many researches
in the past two decades. Wahyudi and Dissanayake[10] introduced a computational technique, based on radial
basis functions, for deriving trajectories for a single link flexible robot arm. Using an approximation based
on radial basis function and point collocation method, the trajectory planning problem is transformed into a
linear least-squares problem.

Kojima and Kibe[4] constructed the trajectory planning algorithm for a two link rigid-flexible robot ma-
nipulator using Genetic Algorithm for residual vibration reduction. The first and second joint velocities are
described using four cubic polynomial functions. The fitness function of the Genetic Algorithm for the resid-
ual vibration reduction of the flexible link is defined using the four unknown parameters as the genes. The
numerical calculations and the experiments have been carried out to ensure the residual vibration can be re-
duced remarkably. Rouvinen et al.[7] presented a Neural Network (NN) based trajectory planning method to
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calculate modifications in the command values of joint angles for tracking control problem, so that the position
error of the tip of the manipulator in the operational space is minimized. A Proportional Derivative (PD) con-
troller is applied for the joint angle control, where the reference inputs are the modified values calculated by
the neural network. Simulations are performed to evaluate the performance of the trajectory planning method
and the control procedure.

Shaheed et al.[8] presented an open-loop control strategy for vibration suppression of a single-link flexible
manipulator system using Genetic Algorithm. The filtered torque inputs thus developed are applied to the
system in an open-loop configuration and their performances in suppressing structural vibrations of the system
are assessed in comparison to a bang-bang torque input. A comparative study of the low-pass and band-stop
filtered torque inputs in suppressing the system vibrations are also presented and discussed. Yue et al.[12]

focused on the problem of point-to-point trajectory planning for flexible redundant manipulators in joint space.
They presented a trajectory planning method to minimize vibration and/or executing time based on Genetic
Algorithm. Kinematics redundancy is integrated into the presented method and Quadrinomial and Quintic
polynomial were used to describe the segments. They simulated the proposed algorithm on a planar three-
links flexible manipulator.

In this paper, an optimal trajectory for a rigid-flexible manipulator is presented using the Generalized
Pattern Search (GPS). The GPS is a hybrid optimization technique combining the Genetic Algorithm and the
Pattern Search and it was applied successfully to design an optimal trajectory for redundant rigid manipulators
including the obstacle avoidance caseu [1, 2].The kinematics of the rigid-flexible manipulator is presented and
the elastic displacement of the flexible link is obtained. Simulation analysis for two cases are carried out to
verify the possibility of extended this technique for flexible manipulators.

2 Problem formulation

Consider the rigid-flexible manipulator shown in Fig. 1. The first link is rigid while the second link is
flexible and the mathematical model of the flexible link is derived using the Euler-Bernoulli’s beam theory
where shear deformation and rotary inertia can be neglected. The tangential coordinate system is employed to
describe the elastic behavior of the second link where the maximum elastic displacement w(x, t) is expected
at the end-effector. X0Y0 frame represents reference coordinate frame while X1Y1 and X2Y2 are moving
coordinate frames with origin at the hubs of link 1 and link 2 respectively. The angles θ1 and θ2 are the
revolving angles of the two links with respect to their frames. This paper focuses on the optimal trajectory
planning for two applications. The first one is the optimal trajectory tracking of flexible manipulator that
minimizes the tracking error and joint movements and the other one is obstacle avoidance trajectory which
avoids collision with any predefined obstacle in the course of motion. The robot joints are assumed to rotate
360 degree without any physical limit.

3 Kinematics analysis

To describe the kinematics of the flexible robot, reference frames have been assigned at each joint as
shown in Fig. 1. The coordinates of any points on the flexible link can be given as:

Rx = L1 cos θ1 + x cos θ − w(x, t) sin θ (1)

Ry = L1 sin θ1 + x sin θ + w(x, t) cos θ (2)

Where, L1 is the length of the first link, x is the location of the undeformed position on the flexible link,
w(x, t) is the transverse elastic displacement measured from the x2 axis and θ1 and θ2 represent the joint
angular motions. The elastic deflection of the flexible link can be obtained by solving the beam equation[5]:

ρ
∂2w

∂t2
+ EI

∂4w

∂x4
= 0 (3)

Subject to the fixed-free homogeneous boundary conditions
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Fig. 1. Schematic diagram of rigid-flexible manipulator

w(0, t) = 0 (4)
∂

∂x
(w(0, t)) = 0 (5)

∂2

∂x2
(w(L2, t)) = 0 (6)

∂3

∂x3
(w(L2, t)) = 0 (7)

Since the main objective is to design an optimal trajectory by minimizing the tracking error as well as the joint
angle movements, the elastic deflection w(x, t) should be obtained first. Using the separation of variables
technique, w(x, t) can be expressed as:

w(x, t) =
m∑

i=1

ϕi(x)ηi(t) (8)

Where, the link bending deflection, ϕ(x) can be described by the shape function in the spatial coordinate
alone, η(t) is the time function, and m is the number of made shapes taking into considerations. Using modal
analysis, the mode shape for fixed-mass boundary conditions is given by Meirovitch[5].

ϕ(x) = sinβix− sinhβix− σ(cosβix− coshβix) (9)

where σ = sin βiL2+sinh βiL2

cos βiL2−cosh βiL2
and β4 = ρω2

n
EI in which Where E = Young’s modulus, I = area moment of

inertia, ρ = its mass per unit length of the flexible link.
On the other hand, the time function η(t) can be described as a simple Harmonic motion and can be

written as:

mη̈(t) + ω2
i η(t) = 0 (10)

The solution can be given in the form

ηt(t) = ηi(0) cosωit (11)

Where ηi(0) =
∫ L2

0 ρwi(x)w0(x)dx, i = 1, 2, . . . and w0(x) is the initial displacement function.
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4 Generalized pattern search

Generalized Pattern Search is a hybrid optimization algorithm used to find optimized angles according to
some desired objectives. In GPS, Genetic Algorithm is used for the global search and Pattern Search Algorithm
is used for the local search. GA has the advantage not to be trapped in local optima and proceeds toward global
optima because GA searches from a population not a single point. Adding the Pattern Search optimization
method refines the obtained result at each stage. As with any optimization routine, the evaluation function
provides the mechanism for determining the direction of the search. The evaluation or fitness function is
defined based on end-effector positioning error and joint angle displacements. Since a hybrid optimization
approach is applied, the evaluation function is defined separately for Genetic Algorithm and Pattern Search
methods. The objective function for GA is defined as follows:

Fobj = C1Ee + C2Dj (12)

Where, Ee is the error between desired position and generated position of end-effector, Dj is the joint dis-
placements between successive points andC1 andC2 are weighting factors to control the desired configuration
which satisfy the constraint C1 + C2used also by Tian and Collins[9]. Since the objective is to minimize the
error between the desired and generated position of end-effector, Ee will be defined as

Ee =
n∑

i=1

√
(xi − xi

g)2 + (yi − yi
g)2 (13)

Where, (xi, yi) are desired end-effector positions and xj
g, x

j
g are generated end-effector positions. The joint

displacements between successive points are considered in evaluation function in order to minimize actuator
motions. To minimize the joint movements along the trajectory, the function can be written as:

Dj =
i=m,k=2∑
i=1,k=1

(θi+1
k − θi

k)
2 (14)

Where θi
k is the current joint angle for joint number k and θi+1

k is the next joint angle for joint number k.
Pattern Search method is used only to reduce the tracking error of end-effector, so the evaluation function will
be defined as:

Feval =
n∑

i=1

√
(xi − xi

g)2 + (yi − yi
g)2 (15)

The parameters used for GA and Pattern Search in this study are listed in Tab. 1 and 2. The termination
criterion applied here is the number of generation. Through the simulation process it is found that there is no
improvement in the solution after 200 generations.

Table 1. Genetic Algorithm parameters

Population 100
Fitness scaling Rank
Selection Stochastic Uniform
Reproduction Elite count=2, crossover rate=1.2
Mutation Gaussian(scale=1, shrink=1)
Crossover Scattered function
Migration Forward (fraction=0.2 , Interval=20)
Generation 200
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Table 2. Pattern Search parameters

Poll Complete
Search Complete

Polling Order Consecutive

5 Point-to-point trajectory tracking

Simulations are carried out using MATLAB Toolbox Genetic Algorithm. The straight line and circle
trajectories for the end-effector are designeded and the Generalized Pattern Search is utilized to track these
trajectories with minimum tracking error and joint displacements. The weighting factors are defined as C1 =
0.3, C2 = 0.7 and the traveling time taken is 10 seconds. The line trajectory starts from (0.8, 0.8)m and
ends at (0.3, 0.3)m and the initial joint space configurations are defined as θ1

1 = 60◦ and θ1
2 = 90◦. For the

circle trajectory, the circle is centered at (0.3, 0.7)m with radius 0.2m. The initial joint space configurations
are defined as θ1

1 = 60◦ and θ1
2 = −90◦. The parameters used for this study are L1 = 0.5m, L2 = 0.75m,

EI = 2.4507Nm2, and ρ = 0.5kg/m.
The simulation results for both trajectories are illustrated in the following Figures. Fig. 2 and 5 illustrate

the manipulator configuration, while Fig. 3 and 6 demonstrate the optimized joint angles. Fig. 4 and 7 illustrate
the tracking error between the desired and actual trajectory obtained.

Fig. 2. Robot configuration Fig. 3. Optimized joint angles

6 Obstacle avoidance algorithm

In many robotic applications, there exist some obstacles in the workspace of the manipulator. The end-
effector is required to follow the prescribed trajectory and avoid collision with any obstacle in the course of
motion as well. The Generalized pattern search algorithm is applied here to design optimal collision- free
trajectories for the end-effector. The flowchart of proposed obstacle avoidance algorithm using Generalized
Pattern Search method is shown in Fig. 8.

In this approach, the optimal trajectory for manipulators, with end-effectors moving from a specified
starting point to the goal point is generated. Specified number of intermediate points is selected and interpo-
lated using cubic-spline interpolation to obtain a smooth. In order to avoid manipulator’s end-effector collision
with surrounding obstacles, interpolated points are checked either inside or outside of obstacles. Two types of
obstacles are introduced here, circular and triangular. The triangular obstacle will be approximated as a circle
passing through its three vertices. This approach enables modeling of many obstacles and ensures that there is
a safety distance between the end-effector and the obstacles.
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Fig. 4. Tracking error Fig. 5. Robot configuration

Fig. 6. Optimized joint angles Fig. 7. Tracking Error

The algorithm will compare the distance between interpolated points and center of circle and radius of
circle for avoiding obstacles. In the case of triangle obstacle, the longest distance between the cancroids and
vertices of triangle will be used instead of radius as shown in Fig. 9. Points which are inside obstacles will be
replaced by new points as follows:

θ = A tan 2(xc − x(i), yc − y(i)) (16)

Where, (xc, yc) is the center of obstacle and (x, y) is the interpolated point which lies inside the obstacle and
new points will be obtained using:

xn = x− ((R− d)× cos(α)) (17)

yn = y − ((R− d)× sin(α)) (18)

Where, α = 90−θ, R is the radius of obstacle plus distance required away from obstacle and d is the distance
between interpolated points located inside obstacle and center of obstacle.

The algorithm will check again to avoid obstacles collision. After ensuring all trajectory points are not
trapped inside obstacles, the GPS finds optimized joint angles of each link of manipulator to track the resulted
trajectory quite exactly.

The weighting factors are defined as C1 = 0.3, C2 = 0.7 and the time interval is assumed to be 10
seconds. Two cases are considered here for verification of the proposed algorithm. In the first case study, a
circle is placed inside the manipulator workspace. It is centered at (0.5, 0.4)mwith radius 0.1m. The trajectory
starts from point (0.7, 0.7)m to point (0.3, 0.3)m and the initial joint configurations are θ1

1 = 60◦ and θ1
2 =
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Fig. 8. Flowchart of the proposed obstacle avoidance algorithm

Fig. 9. Workspace with obstacle

−90◦. The simulation results for this case such as robot configurations, optimized joint angles and tracking
error are illustrated in Fig. 10, 11, and 12 respectively.

The second case includes circular and triangular obstacles. The center of circle is located at (0.6, 0.5)m
with its radius equals 0.08m. The three vertices of triangle are (0.3, 0.3)m, (0.4, 0.2)m and (0.4, 0.4)m. The
starting point is (0.7, 0.7)m and the end point is (0.3, 0.3)m. θ1

1 = 60◦ and θ1
2 = −90◦ are initial angles for

link 1 and link 2. The simulation results for the second case are illustrated Fig. 13, 14, and 15 respectively.

7 Discussion

It is clear from the illustrated simulation results that the Generalized Pattern Search can be applied effec-
tively to design an optimal trajectory for flexible manipulators. For the point-to-point trajectory tracking, the
end-effector of the flexible manipulator follows the desired trajectory with negligible error. This can be seen
clearly for the line and circle trajectories from Fig. 4 and 7. On the other hand the optimized joint angles are
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Fig. 10. Robot configuration with one obstacle Fig. 11. Optimized joint angles

Fig. 12. Tracking error Fig. 13. Robot configuration with two obstacles

Fig. 14. Optimized joint angles Fig. 15. Tracking error
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smooth without fluctuation which adds another advantage to the GPS method. The algorithm is flexible and it
can be applied to any other trajectory. As a matter of fact, the execution time for the rigid-flexible manipulator
is higher and this is expected since we have to solve for the flexible deflection of the elastic link.

For the obstacle avoidance trajectory, as soon as the coordinates of the obstacle are identified, the algo-
rithm can design the trajectory automatically. Based on the excellent tracking performance of the GPS, the
end-effector can track the proposed trajectory without colliding with the obstacle at all. This can be observed
clearly from Fig. 10 and 13. This algorithm is very flexible and can be applied to avoid any geometrical shapes
without any difficulties. The number of interpolated point affects trajectory and operation time. However, more
interpolated points will give smoother trajectory but will take more operation time.
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