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On the stability of nonnegative solutions to classes of p-Laplacian systems

G. A. Afrouzi*, Z. Sadeghi
Department of Mathematics, Faculty of Basic Sciences, Mazandaran University, Babolsar, Iran

(Received August 19 2007, Accepted December 10 2007)

Abstract. The purpose of this paper is to investigate stability properties for non-trivial non-negative stationary
solutions to the classes of systems of the form

_Aptul(ZE) = fi(U],Ug, 7un) MRS 07
Bu;(z) =0 x € 012,

where A, denotes the s-Laplacian operator defined by

Nz = div(|V2|"72V2); s > 1,

where 2 C R™(n > 1) is a bounded domain having a smooth boundary Bz(z) = ah(z)z + (1 — o) 22
where « € [0,1] is a constant, b : 92 — R* is a smooth function with 4 = 1 when o = 1, and f; €
C'[0,4+o0) for i = 1,...,n. Then we infer stability(instability) in the case when system is cooperative and

strictly coupled (gqf; > 0,0 # j, Z?:Ljﬂ(gi; )2 > 0) and competitive and strictly coupled (35_’; <0, #
] " Ofi \2
Js Zj:l,j;ti(auj ) > 0),
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1 Introduction

In this article, we address the stability of non-trivial non-negative stationary solutions of the boundary
value problem

- Apzul(x) = fi(u17u27 7un) T € ‘Qa (1)
Bui(x) =0 x € 012, (2)

for i = 1,...,n, where /A4 denotes the s-Laplacian operator defined by A,z := div(|Vz|*72V2); s > 1. For
i=1,...,n, fi : [0,400)" — R are C' functions and {2 is a bounded region in R";n > 1 having smooth
boundary
0z(x)

on ’
here B is a boundary operator and (a%) denotes the outward conormal derivative, o € [0, 1] is a constant,
h : 02 — RT is a smooth function with » = 1 when a = 1, i.e; the boundary condition may be of Dirichlet,
Neumann or mixed type (robin boundary condition).

This problem concerning a single equation (n=1) was studied by several authors (see [7, 10]). In [7],

authors gave a simple proof of the results. This results can be summed up in the theorem below.

Bz(x) = ah(z)z(z) + (1 — ) 3)
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Theorem 1. Let n = 1 and f : [0,4+00) — R is a continuous function with the weight m(z), then

(1). {Iful) be strictly increasing (decreasing) and m(x) > 0 for all x € (2, then every non-trivial non-negative

statlonary solution is linearly unstable(stable), while

(2). <p 1) be strictly decreasing (increasing) and m(x) < 0 for all x € (2, then every non-trivial non-negative
stationary solution is linearly unstable(stable).

Concerning systems with Dirichlet boundary and p; = 2, both cooperative and competitive, Castro,
Chhetri and Shivaji established sufficient conditions on the nonlinearity for the solutions to be stable and
unstable (see [1]). Also in [9] stability of non-negative stationary solutions of symmetric cooperative semi-
linear systems with p; = 2 and some convex (resp. concave) nonlinearity condition was studied. In the case
p; = 2,m = 1, problem has been extensively studied (refer to [2,4,6,8,11,12]). In this article, we will show a
generalization of theorem 1 and theorems in [1] to a system of equations given in (1) and (2).

As a reminder, if u = (ug, ug, ..., u, ) be every non-trivial non-negative stationary solution of system (1)
and (2), then the linearized equation about u consists of

j:lgh{j(“)wj(x) = nw;(z) z €, (4)

Bw;(x) =0 x € 012, 5)

— (pi = Ddiv(|Vu P2 Vaw) = Y

fori =1, ..., n, where above Equation obtained from the formal derivative of the operator A;.

Definition 1. Ler 7); denote the first eigenvalue of (1) and (2). uw = (uy,ua, ..., u,) will be called a linearly
stable solution if n1 > 0. Otherwise u is called linearly unstable.

Now we state our results as follows:

Theorem 2. (i) Suppose fori = 1,...,n, 337_ u;(v) fﬂ( ) < (pi — 1) fi(u), for all v := (u1,ua, ..., un);
up > 0, k =1,...,n. Then any non- trlvzal non-negative stationary solution of (1) and (2) is linearly stable.
(ii) supposeforz = 1m0 uj(w )81];(“) > (pi — 1) fi(u), for all u = (u1,ug,...,un); up > 0,
k =1,...,n. Then any non- mvzal non-negative stationary solution of (1) and (2) is linearly unstable.

Theorem 3. (i) Let system be cooperative, and for i = 1,...,n, f;i(u)/ uii_l with respect to u; be strictly
increasing, then every non-trivial non-negative stationary solution of (1) and (2) is linearly unstable.

(i) Let system be competitive, and fori =1, ...,n, f;(u)/ul =L yith respect to u; be strictly decreasing, then
every non-trivial non-negative stationary solution of (1) and (2) is linearly stable.

The purpose of this paper is to prove Theorem 2 and 3 by analyzing the linearized equation.

2 Proofs of theorems

Proof of Theorem 2. Let u := (uy,ug, ..., u,) be every non-trivial non-negative stationary solution of (1)
and (2), and (¢1, ..., ¥y, ) a corresponding eigenfunction that satisfying ¢); > 0 fori = 1, ..., n (in [5] sufficient
conditions are given for the nonnegativity of the first eigenfunction). Calculate (1)(p; — 1)t; — (4)u; for each
i =1,...,n, and integrate parts over {2 yields and add results,

(—m) /Quz(x)wl(x)da: =(pi—1) /Q{ui(x)div(|Vuipi2V¢i) — () div(|Vug P2V ;) Yda

3fz
/Zj il 8u )I/Jj(x)dx(pi1)/in(u)1/),-(x)dq:. (6)

Now we use the Green identity, which applies that second term be zero. Because

OY; Ou;

oY) 5

/ (uidiv([Vus P -2V0) — didiv(| VP2 V) o = / Vol “as,
0 o
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on the other hand when o = 1, using the boundary condition, we obtain u; = 0 and v; = 0 for each s € 02
and when o # 1, then

/ ’VU ‘pz 2{ 18% _w )8Uz}d —[;leui‘pi2{OZ(I—L1(8_)1/;()8)}<Ui—UZ‘)dS:0,

therefore

() [ @iz = [ 57 ute) S wvste)is = i=1) [ o )

now add (7) over 7 = 1, ..., n, then rearrange the terms to get

(m) [ wteyiads = [ 37 oo () @) 52 ) ~ (o~ D)o

Fori =1,...,n,u; > 0and ¥; > 01in {2, so we conclude 7); is positive in case (i) and negative in (ii). This
completes the proof of theorem 2.

Proof of Theorem 3. As before let us u := (uy,us,...,u,) be any non-trivial non-negative stationary
solution of (1) and (2), and use of the same way as for theorem 2 to get (7), and add (7) over z = 1, ..., n, but
one can rearrange on the other way, that is

LSS ) g s+ [ ST @) 500 = 1= Dl

l

= (nl)/(zui($)¢i($)dx

On the other hand fori = 1,2, ..., n, u;(x) gzﬁ (u) — (p; — 1) fi(u) are positive in the case (i) and are negative
in the case (ii), by using the following formula

i (Usg Uix?fi.u— i — 1) fi(u
di Zfifl))(wz Sk )up,.(p Vi) e mhy,

But because of forall i = 1,2, ...,n, u; > 0 and 9»; > 0 in {2, thus we have 7; < 0 in the case (i) and so u is
linearly unstable and 7; > 0 in the case (ii) and so u is linearly stable.

Remark 1. This results even could be easily extended to the general elliptic operator of the form Lu :=
div(AVu), that is (Lu); = div(A;Vu;) as in [11], where all A; : 2 — R™*™ are symmetric and uniformly
positive definite.

3 Application

Consider
—Apu(z) = Au*v?Y x € (2,
—Agv(z) = Mudv? x € 12, (1)
Bu=0=DBv x € 052,

where ) is positive parameter and (2 is as defined before, o, 3 > 0, v, § > 0. Readers are referred to [3] where
the authors concerned with the existence and nonexistence of positive solution of system (7). It is easy to see
thatif « + 1 < pand 8+ 1 < g, then by theorem 2, every non-trivial non-negative stationary solution of (1)
is linearly unstable. The same result is easily obtained by theorem 3.
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