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Abstract. Effective lengths of intervals affect forecasting results in fuzzy time series. In this paper, we intro-
duce the average-based lengths of interval and applied to Chen’s model. By using the Shanghai compound
index as the forecasting target, the empirical results show that the average-based model can improve the fuzzy
time series forecasting.
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1 Introduction

It is obvious that forecasting activities play important role in our daily life. We usually forecast many
things concerned with our daily life, such as economy, stock index, population growth, weather, etc. To make
a forecast with 100% accuracy may be impossible, but we can try our best to reduce the forecasting errors[4].
To solve the forecasting problems, many researchers have proposed many different methods and models, such
as uni-variant (using past data), multi-variant (using the relationship among many variants) and qualitative
analysis (using researcher’s judgment)[13]. However, the time series is widely used. The conventional time
series models, one particularly important group of models has been the family of auto regressive integrated
moving average (ARIMA) models[1].However, there are many conditions that need to be fulfilled to success-
fully apply these models. For example, at least 50 and preferably more than 100 observations are required
to apply ARIMA[11], and zero mean and zero variance are required to apply autoregressive (AR) models[2],
etc. Meanwhile, the forecasts obtained by these models may easily encounter the problem of over-fitting[5].
Furthermore, these models have been applied to model precise observations.

Fuzzy set theory was originally developed to handle problems involving human linguistic terms[16]. Be-
cause the existing statistical time series methods could not effectively analyze time series with small amounts
of data and historical data, fuzzy time series methods were developed. Song and Chissom proposed a first-
order time-invariant model and a time-variant model of fuzzy time series in 1993[8]. They fuzzified the enroll-
ment at the University of Alabama in 1993 in the first application of fuzzy time series to forecasting[7]. Then,
in 1994, they proposed a new fuzzy time series and compared three different defuzzification models[9]. Chen
considered that the Song and Chissom’s method is too complicated to apply; he therefore presented arithmetic
operations instead of the logic max-min composition[3]. The arithmetic operations have a robust specifica-
tion and are superior to those applied in Song and Chissom model. Following these definitions, fuzzy time
series models have been proposed for various applications, such as enrollment[3, 6–9], stock indices[6, 14, 15],
reactors[12], and temperature forecasting[4].
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However, the issue of lengths of intervals had never been discussed until the effective lengths of intervals
were proposed[6]. That study showed that different lengths of intervals may result in different fuzzy relation-
ships, and in turn different forecasting results. And the effective lengths of intervals did improve forecasting
results in various empirical analyses. Thus, we introduce the average-based lengths to improve the forecasting.

The goal of this study is to propose average-based fuzzy time series models to improve fuzzy time series
forecasting, with the daily stock index in Shanghai being used in the empirical analysis. The rest of this paper
is organized as follows. In Section 2, the concepts of fuzzy time series are reviewed. In Section 3, we explain
the relevant definitions of lengths of intervals and propose the average-based fuzzy time series model. Section
4 elaborates on the use of model in forecasting Shanghai Compound Index. Section 5 evaluates the models’
performance and Section 6 concludes the paper.

2 Fuzzy time series revisited

Song and Chissom first proposed the definitions of fuzzy time series in 1993[8]. The concepts of fuzzy
time series are described as follows.

Let U be the universe of discourse, where U = {u1, u2, . . . , un}. A fuzzy set Ai of U is defined by

Ai = fAi(u1)/u1 + fAi(u2)/u2 + . . . fAi(un)/un,

where fA is the membership function of the fuzzy set Ai, ; fAi : U → [0, 1]. uk is an element of fuzzy set Ai

and fAi(uk) is the degree of belongingness of uk to Ai, fAi(uk) ∈ [0, 1] and 1 < k < n.

Definition 1. Y (t)(t = . . . , 0, 1, 2, . . .), is a subset of R. Let Y (t) be the universe of discourse defined by
fuzzy set fi(t). If F (y) consisted of f1(t), f2(t), . . ., F (t) is defined as a fuzzy time series on Y (u)(t =
. . . , 0, 1, 2, . . .).

Definition 2. If there exists a fuzzy relationship R(t − 1, t), such that F (t) = F (t − 1) × R(t − 1, t) where
× represents an operator, then F (t) is said to be caused by F (t− 1).

Let F (t) = Ai and F (t− 1) = Aj . The relationship between F (t) and F (t− 1) (referred to as a fuzzy
logical relationship, FLR) can be denoted by Ai → Aj; where Ai is called the left-hand side (LHS) and Aj

the right-hand side (RHS) of the FLR.

Definition 3. Given two FLRs with the same fuzzy sets on the LHSs Ai → Aj1, Ai → Aj2. Both FLRs can be
grouped together into fuzzy logical relationship groups (FLRG) Ai → Aj1, Aj2.

Different fuzzy time-series models have been proposed by following Song and Chissom’s definition
of fuzzy time-series. For example, there have been Song and Chissom’s time-invariant model[7], Song and
Chissom’s time-variant model, the Markov model[10] Chen’s model[3], weighted model[15], etc.

It is common for these models to include the following steps: (1) define the universe of discourse and
the intervals for the observations; (2) partition the universe based on the intervals; (3) define the fuzzy sets
for the observations; (4) fuzzify the observations; (5) establish the fuzzy logic relationship and fuzzy logic
relationship group; (6) perform the forecast; and (7) defuzzify the forecasting results.

3 Average-based fuzzy time series model

3.1 Lengths of intervals

In previous models, all the lengths of the intervals were determined at Step 1 of the forecasting process.
The interval length affects the formulation of fuzzy relationships, and the fuzzy relationships affect the fore-
casting results. In addition to capture proper fuzzy relationships, the determination of proper interval lengths
is also critical in fuzzy time-series forecasting. A key point in choosing effective lengths of intervals is that
they should not be too large or small[6]. While the length of intervals is too large, there will be no fluctuations
in the fuzzy time series. On the other hand, when the length is too small, the meaning of fuzzy time series will
be diminished. Thus, the lengths should reflect at least half the fluctuations in the time series[6].

However, the fluctuations in fuzzy time series can be represented by the absolute value of the first differ-
ences of any two consecutive data[6]. Hence, the average-based length is proposed.
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3.2 Average-based lengths

In this section, we propose an average-based fuzzy time-series model, which can be used to adjust the
lengths of the intervals determined during the early stages of forecasting, when the fuzzy relationships are
formulated.

Following the discussion in Section 3.1, the algorithm for average-based lengths is demonstrated as
follows[6]:

(1). Calculate all the absolute differences between Ai+1 and Ai(i = 1, . . . , n−1), as the first differences
and the average of the first differences.

(2). Take one half the average (in step 1) as the length.
(3). According to the length (in step 2), determine the base for the length of intervals by following Tab.

1.

Table 1. Base mapping table

Range Base
0.1-1.0 0.1
1.1-10 1
11-100 10
101-1000 100

(4). Round the length according to the determined base as the length of intervals.
In order to show how to calculate the average-based length, an example is given. Suppose we have the

following time series data: 30,50,80,120,110, and 70. The algorithm for average-based length is implemented
step by step below:

(1). The first differences are
20, 30, 40, 10, 40
The average of the first differences is 28.
(2). Take half of the average as the length, which is 14.
(3). According to the length (in step 2), the base for length of intervals is determined as 10 by Tab. 1.
(4). Round the length 14 by the base 10, which is 10. So 10 is chosen as the length of interval.

4 SCSI forecasting

To demonstrate how average-based can assist forecasting in fuzzy time series, Shanghai compound index
(SCSI) is used as target. First, we forecast the SCSI using Chen’s model with average-based length of interval.
Since weighted model gave better results than other model in terms of MSE[15]. Thus, weighted model is used
as the target model to compare the average-based model.

4.1 Forecasting with average-based model

The daily stock index is used to demonstrate the forecasting performed by fuzzy time series model.
Data covering the period 2004/01/02 ∼ 2004/10/29 are used in the estimation and the period 2004/11/1 ∼
2004/12/31 is forecast. Closing has been considered in the forecasting of the stock index[6, 14, 15], we also
choose closing index as target here.
Step 1. Defining the universe of discourse and intervals.

The universe of discourse for observations, U , is defined as [Dmin − D1, Dmax − D2], where Dmin

and Dmax is the minimum and maximum of known historical data, D1, D2 are two proper positive numbers.
According to the SCSI for 2004, we can see thatDmin = 1260.316 andDmax = 1777.516. Thus, the universe
of discourse is defined as U = [1260, 1780].

Average-based length is calculated:
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(1). The first differences are calculated and the average of the first difference is 31.94138.
(2). Take half the average as the length, which is 15.97069.
(3). Given the length chosen in step 2, the base for length of intervals is determined as 10 by following

Tab. 1.
(4). Round the length by base 10, which is 20. 20 is chosen as the length.
Now average-based length is applied to Chen’s model.
Then U can be partitioned into equal-length intervals u1, . . . , u26, and the midpoints of these intervals

are m1, . . . ,m26, respectively, where u1 = [1260, 1280], . . . , u2 = [1760, 1780].
Step 2. Defining fuzzy sets for observations.

Each linguistic observation, Ai , can be defined by the interval u1, . . . , u26, as follows:

A1 = 1/u1 + 0.5/u2 + 0/u3 + 0/u4 + . . .+ 0/u26;
A2 = 0.5/u1 + 1/u2 + 0.5/u3 + 0/u4 + . . .+ 0/u26;
A2 = 0 + 0.5/u2 + 1 + 0.5/u4 + . . .+ 0/u26;
. . .

A25 = 0/u1 + 0/u2 + 0/u3 + 0/u4 + . . .+ 0.5/u24 + 1/u25 + 0.5/u26;
A26 = 0/u1 + 0/u2 + 0/u3 + 0/u4 + . . .+ 0/u24 + 0.5/u25 + 1/u26;

Step 3. Fuzzifying observations.
Each SCSI can be fuzzified into a fuzzy set. To facilitate the explanations that follow, some SCSI and

their corresponding fuzzy set Ai are listed in Tab. 2.
Step 4. Establishing FLRs and FLRGs.

Table 2. Some fuzzy SCSI

Date SCSI Fuzzy Sets
. . . . . . . . .

2004/10/08 1422.929 A9

2004/10/11 1413.154 A8

2004/10/12 1384.439 A7

2004/10/13 1386.721 A7

2004/10/14 1332.938 A4

2004/10/15 1330.518 A4

2004/10/18 1335.394 A4

2004/10/19 1337.618 A4

2004/10/20 1330.584 A4

2004/10/21 1310.545 A3

2004/10/22 1329.355 A4

2004/10/25 1311.151 A3

2004/10/26 1324.783 A4

2004/10/27 1342.799 A5

2004/10/28 1341.737 A5

2004/10/29 1320.536 A4

Based on the fuzzy set in step 3, the FLRs are established, as in Tab. 3. The FLRs can be rearranged to
FLRGs, as in Tab. 4.
Step 5. Forecasting.

Table 3. Fuzzy Logic relationships

. . . , A9 → A8, A8 → A7, A7 → A7, A7 → A4, A4 → A4, A4 → A3,
A3 → A4, A4 → A5, A5 → A5, A5 → A4, . . .
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Table 4. Fuzzy Logic relationship Group

. . .
A3 → A2, A4, A5

A4 → A3, A4, A5

A5 → A4, A5, A6

A6 → A6, A8, A5

. . .

Table 5. Forecasts of the SCSI in the Year 2004

Date Actual Average-Based Weighted
2004/11/01 1305.291 1330 1326.3
2004/11/02 1301.528 1310 1330
2004/11/03 1326.749 1310 1330
2004/11/04 1304.776 1330 1326.3
2004/11/05 1305.128 1310 1330
2004/11/08 1304.229 1310 1330
2004/11/09 1307.429 1310 1330
2004/11/10 1354.386 1310 1330
2004/11/11 1347.070 1350 1342.2
2004/11/12 1352.217 1350 1342.2
2004/11/15 1370.046 1350 1342.2
2004/11/16 1370.389 1376.667 1378.3
2004/11/17 1356.138 1376.667 1378.3
2004/11/18 1367.828 1350 1342.2
2004/11/19 1379.960 1376.667 1378.3
2004/11/22 1383.020 1376.667 1378.3
2004/11/23 1371.244 1373.333 1388.3
2004/11/24 1359.125 1376.667 1378.3
2004/11/25 1358.333 1350 1342.2
2004/11/26 1356.727 1350 1342.2
2004/11/29 1337.434 1350 1342.2
2004/11/30 1340.771 1330 1326.3
2004/12/01 1334.944 1350 1342.2
2004/12/02 1333.090 1330 1326.3
2004/12/03 1337.197 1330 1326.3
2004/12/06 1339.644 1330 1326.3
2004/12/07 1323.752 1330 1326.3
2004/12/08 1326.438 1330 1326.3
2004/12/09 1338.810 1330 1326.3
2004/12/10 1317.717 1330 1326.3
2004/12/13 1309.695 1310 1330
2004/12/14 1307.553 1310 1330
2004/12/15 1313.045 1310 1330
2004/12/16 1305.018 1310 1330
2004/12/17 1290.490 1310 1330
2004/12/20 1275.459 1280 1276.6
2004/12/21 1275.170 1310 1310
2004/12/22 1307.570 1310 1310
2004/12/23 1282.719 1310 1330
2004/12/24 1285.036 1280 1276.6
2004/12/27 1280.272 1280 1276.6
2004/12/28 1278.943 1280 1276.6
2004/12/29 1274.313 1310 1310
2004/12/30 1273.709 1310 1310
2004/12/31 1266.496 1310 1310
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Forecasting is conducted by the following rules:
Rule 1: If the current fuzzy set is Ai, and the fuzzy logical relationship group of Ai is empty, i.e., Ai →,

the forecast is mi, the midpoint of ui.

Forecasting = mi

Rule 2: If the current fuzzy set is Ai, and the fuzzy logical relationship group of Ai is one-to-one, i.e.,
Ai → Aj , the forecast is mj , the midpoint of uj .

Forecasting = mj

Rule 3: If the current fuzzy set is Ai, and the fuzzy logical relationship group of Ai is one-to-many,
i.e., Ai → Aj1, Aj2, . . . , Ajn, the forecast is equal to the average of mj1,mj2, . . . ,mjn, the midpoints of
uj1, uj2, . . . , ujn, respectively.

Forecasting =
∑n

i=1mji

n

In this paper, we use MSE to compare the forecasting performance.

MSE =
∑n

i=1(Forecasting V aluei −Actual V aluei)2

n

where there are altogether n data.

4.2 Defuzzifying the forecast

In the following, we only illustrate the process of some SCSIs.The similar procedure can be applied to
other SCSIs.

[2004/11/01] Because the fuzzified SCSI of 2004/10/29 shown in Tab. 2 is A4, and from Tab. 3, we can
see that the corresponding FLRGs to A4 is as follows:

A4 → A3, A4, A5

Following the forecasting rules 3, the forecasted SCSI of 2004/11/01 is equal to

1
3
(m3 +m4 +m5) =

1
3
(1310 + 1330 + 1350) = 1330

[2004/11/11] Because the fuzzified SCSI of 2004/11/10 shown in Tab. 2 is A5, and from Tab. 3, we can
see that the corresponding FLRGs to A5 is as follows:

A5 → A4, A5, A6

Following the forecasting rules 3, the forecasted SCSI of 2004/11/11 is equal to

1
3
(m6 +m4 +m5) =

1
3
(1370 + 1330 + 1350) = 1350

[2004/12/24] Because the fuzzified SCSI of 2004/12/23 shown in Tab. 2 is A2, and from Tab. 3, we can
see that the corresponding FLRGs to A2 is as follows:

A2 → A1, A2

Following the forecasting rules 3, the forecasted SCSI of 2004/11/01 is equal to

1
2
(m1 +m2) =

1
2
(1270 + 1290) = 1280
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Fig. 1. Performance comparison

Table 6. MSE comparison

Average-Based Model Weighted model
MSE 292.3224 436.227

5 Empirical analyses

Following section 4, the out-of -sample defuzzified forecasts for average-based model and weighted
model[15] in the 2004 (from 11/01 to 12/31) are listed in Tab. 5 as an illustration. These defuzzified forecasts
are also depicted in Fig. 1.

For comparison purpose, we list the MSE of 2004 in Tab. 6.

6 Conclusion

In this paper, we introduce average-based fuzzy time series model, where the data of historical SCSI are
adopted to illustrate the forecasting process. The forecasting results show that the proposed model outperforms
weighted model. The average-based models can thus be applied to improve fuzzy time series forecasting.
Furthermore, the average-based lengths are simple to calculate. In summary, the proposed model is as simple
as Chen’s method, but more accurate in forecasting.
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