ISSN 1746-7233, England, UK
World Journal of Modelling and Simulation
Vol. 4 (2008) No. 1, pp. 44-48

l- World Academic Union

. ACADEMIC]

Existence and nonexistence of positive solutions for quasilinear elliptic
systems

G. A. Afrouzi* , H. Ghorbani
Department of Mathematics, Faculty of Basic Sciences, Mazandaran University, Babolsar, Iran

(Received February 2 2007, Accepted March 4 2007)

Abstract. We prove existence and nonexistence and uniqueness of positive solutions

—Ayu=Af(v)+0 in 2
—Agv = pg(u) + 6 in §2
u=v=0 on 012

where f,g : [0,00) — [0,00), £ is a bounded domain in R™ with smooth boundary 82, A,u =
div(|Vu|P~2Vu), Agv = div(|V|972Vv), p,q > 1, and A, p1, 0, 3 are positive parameters.
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1 Introduction

Consider the quasilinear elliptic system

—Apu=Af(v)+60  in 2
—Ag =pg(u) + 5 inf2 (1)
u=v=>0 on 012

where f,g : [0,00) — [0,00), 2 is a bounded domain in R with smooth boundary 012, Ayu =
div(|VulP~2Vu), Ayv = div(|Vo|?2Vv), p,q > 1, and A, i1, 6, 3 are positive parameters.

Dalmassol?! studied existence and uniqueness of positive solutions to (I) whenp = ¢ = 2,0 = 3 =0
and f(cg(x)) is sublinear at 0 and oo for every ¢ > 0. Related results in the case when f(0) < 0 or g(0) < 0
are obtained in [5]. D. D. Hai* studied existence and uniqueness of positive solution to (I) when § = 5 = 0.

In this paper we are interested in the existence and uniqueness of positive solutions for the quasilinear

system (I) when AT (f(cuqfll (9(x)+ %) q%l) + %) 7T is sublinear at 0 and oo for every ¢ > 0. we also show

under additional assumptions that (I) has no positive solutions for all A, i1, 6, 3 > 0. Our approach depends on
fixed points arguments and maximum principles.

2  Main results

(Hy): f,g:]0,00) — [0, 00) are continuous, nondecreasing, and g(z) > 0 for z > 0.
(H3): For each ¢ > 0,

1 1 1
AP (f (cpa=T (g(x) + 2)aT + &)
lim sup K’ =0
r—0t x
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(Hs): For each ¢ > 0,

1 1 Byl | gL
AT (FenT () + £)7 + §)7
lim inf H

T—00 €T

=0.

(Hy): There exist C1, Cy > 0 such that f(v) > C1oP~1, g(u) > Cyud=! for all u,v > 0.
Then we have

Theorem 1. Let (Hy) — (H2) hold. then (I) has a positive solution (u,v) for all X, i > 0.

Theorem 2. Let f, g satisfy (H1). Suppose that there exist positive numbers r,s with rs < (p —1)(qg — 1)
such that

f@+o L g@)+s

x" s
are nonincreasing for x > 0. then (I) has at most one positive solution.

Theorem 3. Suppose that (Hy) hold, then there exist positive number \*, u* > 0 such that (I) has no positive
solution for A\ > \* u > p*.

Let ¢, 1, satisfy

—Apyp=11in 2, =0 on 012 (1)
—Agp=11in 2, =0 on 012 2)

Let D be a sub-domain of 2 with D C 2. Let

1 ze€D
h’@):{o z¢D

and let q~5, QIJ be the solution of

~Ayp=h  inQ
=0 on {2

and

—Ayp=h  inf
=0 on {2

respectively. By the strong maximum principle (see [8]), there exist positive numbers A/, m such that ¢~) > Mo
in 2 and ¢, 1, ¢, > min D.
Without loss of generality, we assume that A = p = 1 in the proof of theorems 1 and 2.

Proof of theorem 1. By (H>), there exist ¢ € (0, 1) such that

M(f(m(g(em) + B)7T + )71 > ¢

for each w € C(12), let u = T'w be the solution of

—Ayu= f(v)+0 in §2
— Ay = g(max(w,e9)) + in §2
u=v=0 on 2

Then T : C(£2) — C(£2) is completely continuous (see e.g. [3, 4]). By (H3), there exist a number R > |}|so
such that
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(F([¥loo(g(R) + B)TT) + 0)7T[¢|oe < R.

We claim that T : B(0, R) — B(0, R), where B(0, R) denotes the closed ball centered at 0 with radius R in

C(£2). Indeed, let w € C({2) with |w|s < R. Then we have

—Ag = g(maz(w,ep)) + 5 >g(R)+ 5 in §2
which implies by the maximum principles that

v < (9(R) +B)7 T
Thus
—Agu = f)+0 < F(9(R) +B)719) +0 < F([Yloolg(R) + B)77) +0
and therefore
u < (F(Wlo(g(R) + 8)77) +0)77 6

consequently

[uloo < (f(1¥]oe(9(R) + )77) +0)7 7 |ploc < R
proving the claim.

—Agw = g(max(u,£6)) + > { glem) 4 v e -

By the Schauder fixed theorem, 7" has a fixed point u with |u|s < R. Next we verify that u > e¢. Since

Ay = gmastue) +52 { S TED

It follows from the maximum principle that

1

v 2 (g(em) + B)T4.

Using this in the equation for u gives

and therefore
u> (f(mglem) + B)TT +0)71¢ > M(f(m(g(em) + B)TT +0)716 > cg.

Since g(x) > 0 for z > 0, we have v > 0 in {2 by the strong maximum principle. This completes the
proof of theorem 1.
Proof of theorem 2. Let (u,v) and (ug,v;1) be positive solutions of (I). As in [1, 8], we define 6 = sup{e >
0:v>evy in 2}. Thenv > dv;. If § < 1, then we have

—Apu = f(v)+60> f(6v1)+0>6"(f(vr) +0).
Since

—Ap(67 Tur) = 6" (f(v1) + ),
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it follows that
w > 0r1u.

Using this in the equation for v gives

—Ago = g(u) + B> g(67Twy) + B = 671 (gur) + B),
which implies

v > 5(1)71)(%1)1)17

47

a contradiction with the definition of §. Thus 6 = 1, i,e, v > vy, and so v = vy, u = uy, proving theorem 2.
Proof of theorem 3. Suppose that (I) has a positive solution (u, v) for every A, u > 0. By (H3) then we have

—Apu = Af(0) +0 > XC1oP T, —Ag = pg(u) + 8 > pCou .

Hence
o, > uC,
Or
— div(wlﬂzjvu) > \Ch,
— div(W) > pCs.

3)

“

Let B = B(z1,5) and ¢ € C§°(B) with ¢ > 0 on B and ¢ # 0. Multiplying (3), (4) by ¢, and integrating,

we obtain

p—2
/’W| VlquSd >)\Cl/¢dx,

P~ B
|Vu|92Vu. V¢

ud—1

dx > ,uCg/ odx.
B

B

By Holder’s inequality,

p—2 p—1 — p
/Wd </ [Vl |V¢|dx§p 1/ [Vl da:+1/ |VolPde,
p B B

pp—1 pp—1 VP
/ |Vo|1~ 2vlv Vo, </ |Vo|?™ 11N¢|d <4 [Vol? /|V¢|‘1dm
ud ud q Jp ud
Combining (3),(5) and (4), (6) we get
IVU\”

VU g > Ay /¢dw—/ VélPda,
q_l/ |v”|quu02/ gbdx—/ Vo|%da.

Next we show that

P
VP e < ko,
B VP

[Vol?

B ul

dx < Kg,

)

(6)

@)

®)

©)

(10)
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where K1, K5 are constant independent of u, v, A, .
To this ends, let ) € C3°(B1) with ¢» > 0 on B; = B(x,r). Multiplying (3) by ¢* and (4) by 7 and
integrating we obtain

p—1 p—2 PP
p [ I o) [ o0 [ a0,
B By P By

(i v
q—1 q—2 Iy
P |V’U|71 VoV B (q _ 1)/ M > pCo ¢qu > 0.
B1 ud By ufl B

From this and holder’s inequality, we deduce

DofyP p—1 p—2 -1 Do)y
(p— 1)/ |Vu|p¢) dx <p i AU vuv¢dx <P / [Vul*y dx + pP~! Vi |Pdz,
Bl Bl

(% Bl ,Upil B p Up Bl
q)sP g—1 q—2 -1 dq)yd
(g—1) [Vo|Ty) d < q Y WU', VvW)dx <4 |Vo|?y do+¢ ' [ |Volda,
q q—1 q
By u By u q By U B

which implies

—1)2 Do)y
D B W B

—_1)2 qq/)d
(q 1) / |vv|qw dr S qq—l/ ‘vwr]dx
By B

q u 1

and (9),(10) follows if we choose % so that ¢» = 1 on B. In view of (7), (8) we reach a contradiction if A, u is
sufficiently large. This completes the proof of theorem 3.
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