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Abstract. In this paper, the relation of exponential stability in mean square between approximate solutions
and explicit solutions has been investigated. Not only the stability and convergence of approximate solutions
have been proved, but also the equidistant condition of the stability between them for the neutral stochastic
differential delay equations with Markovian swithching and Poisson jumps has been obtained. Moreover,
some well-known results on the stability in the literature have been improved without Lyapunov Functions.

Keywords: exponential stability, Euler-Maruyama method, Poisson jumps, approximations

1 Introduction

In the recent years,stochastic differential delay equations receive more and more attention, because it
can render better explanations to the phenomena. Many results on the stability have been obtained [6, 9,
12, 13, 15]. On the other hand, the numerical methods on stochastic differential equations and stochastic
functional differential equations have also been well established,such as HuP!, Higham et al.['- 4!, Klodeden
and Platen!”!, Mao!!!- 14 and the references therein. However, there exist a number of difficulties encountered
in the study of stability for approximate solutions. Recently, Mao has proved the equidistant condition on the
stability between approximate solutions and explicit solutions, and the investigator will get better results by
using the method.

To the best of the authors knowledge to date,the equidistant condition is obtained only for stochastic
differential delay equations which don’t include Markov chain and Possion jumps. Neutral differential equa-
tions are often used to describe the dynamical systems which not only depend on present and past state but
also involve derivatives with delay, so it is very popular. Now we will have a try to study neutral stochastic
differential delay equations with Markov chain and Possion jumps to fill this gap.

In this paper,we will further research this topic. Our focus is on exponential stability in mean square
of approximate solutions for neutral stochastic differential delay equations with Markovian switching and
Poission jumps. We first establish the approximate solutions and convergence of approximate solutions. Later,
we research the condition which can cause the stability of approximate solutions and the stability of explicit
solutions to be equidistant, some well-known results are generalized.

The structure of this paper is as follows: In section 2, we first present some notions and hypothesis;
later, the structures of the discrete Euler-Maruyama approximate solutions and continuous Euler-Maruyama
approximate solutions have been established. In section 3, the main results and some useful lemmas under
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4 D. Liu & J. Luo & J. Bao: Exponential stability of approximate solutions

global Lipschitz condition have been obtained. In the last section, The proof of the main results has been
completed.

1.1 Preliminaries and approximations

Let {£2,F,{F}+>0, P} be a complete probability space with a filtration satisfying the usual con-
ditions, i.e., the filtration is continuous on the right and F, contains all P-zero sets. Let B(t) =

(Bi(t), Ba(t),- -+ ,wm(t))r be an m-dimensional Brownian motion defined on the probability space. Let

C([—7,0]; R"™) denote the family of functions ¢ from [—7, 0] to R" that are right-continuous and have limits

on the left. C'([—7,0]; R™) is equipped with the norm ||p|| = sup |¢(s)|, where | - | is the Euclidean norm
—7<5<0

in R", i.e., |z| = VaTz. If Ais a vector or matrix, its transpose is denoted by AT If A is a matrix, its trace

norm is denoted by |A| = y/trace(AT A) while its operator norm is denoted by || A|| = sup{|Azx| : x = 1}.
Denote by C’% ([=7,0]; R™) the family of all bounded, ¥y measurable, C'([—,0]; R"™) -valued random vari-
0

ables. Let p > 0,¢ > 0, Lg.- ([=7,0]; R™) denote by the family of all F; measurable, C'([—7,0]; R") -valued
t

random variables ¢ = {¢(f) : —7 <0 <0},and sup E|p(0)| < oc.
<6<0

Let {r(t),t € Ry = [0,+00)} be a right-continuous Markov chain on the probability space
{2,5,{F}i>0, P} taking values in a finite state space S = {1,2,---, N} with generator I" = (v;;)NxN
given by

P+ 2 =gl =) = { A I

where A > 0. Here +y;; > 0 is the transition rate from ¢ to j, if ¢ # j. While

Yii = —Z%j-

J#i

We assume that Markov chain r(-) is independent of the Brownian motion B(-). It is known that almost
every sample path of 7(¢) is right continuous step function with a finite number of simple jumps in any finite
sub-interval of R .
Let {v(dt,du),t € Ry,0 € R} be a centered Poisson random measure with parameter 7(du)dt.
Consider the following neutral stochastic differential delay equations with Poisson jumps and Markovian
switching:

dly(t) — Gyt — )] =Ff(y(8), y(t —7),7(8))dt + g(y(t), y(t — 7),7())dB(t) (D
+00
+ / h(y(t),y(t — 7),uw)v(dt, du),
with the initial condition yg = £, where £ € C&O([—T, 0]; R™) is independent of B and v, and |G (z)—G(y)| <

K|z — y| forall x,y € R™,where K € (0, 1) is constant.
Assume that

G : L’;f ([~7,0]; R") — R"
0
f: L% ([-7,0; R") x LE. ([-7,0; R") x S — R"
?t ?t
g: L% ([-7,0]; R") x L]f)f ([-7,0]; R") x S — R™™
h: Lg,t([—T, 0]; R"™) x ngt([—T, 0;R") x R— R"

moreover, f(0,0,7) = 0,¢(0,0,7) = 0,h(0,0,u) = 0.
We shall impose the following hypotheses:
(H1) (The Global Lipschitz condition) For any d > 0, there exits a Cy > 0 such that
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2 2 e 2
!f(x,y,l)—f(f,@,lﬂ V’g(fl)‘,y,l)—g(f,y,lﬂ \// ]h(a:,y,u) _g(j7y7u)| 7T(d0')

—0o0

< Ki(le =2 + |y —9°),
for every x,y, T,y € R" with |z| V |y| V |Z| V [g| < d, which implies that

|f(zoy, D) < |f(z,y,9) — £(0,0,0)]> < Ky (|z]* + |y[*)
lg(z,y,9)|* < |g(z,y,1) — 9(0,0,9)]* < K1(|2]* + [y|*)

+00 +oo
/ i, 1) () < / (i 10) — (0,0, w) Pr(du) < 6 (J? + [y ).

—0o0 —0o0

(H3) (The Hélder continuity of the initial data) There exist constants K and v € (0,1) such that for all
—T<s<t<O,

Bl(t) — &(s)]* < K(t — s)".

Under (H;), the NSDDEJ (2.1) has a unique continuous solution on ¢ > —7, with any initial data
Yo =& € L%: ([-7,0]; R™) given at time ¢ = 0. We shall denote this solution by y(¢;0,&). In this paper we
0
consider exponential stability in mean square of the origin, which is defined as follows.

Definition 1. The NSDDEJ (2.1) is said to be exponentially stable in mean square if there is a pair of positive
constants \ and M such that for any initial data § € L?f ([=7,0]; R™)
0

Ely(t;0,6)* < ME|&[2e™™ Vvt >0, 2)

where )\ is regarded as the rate constant and M is regarded as the growth constant.

Due to the property of the NSDDEJ (2.1) and (H1), the existence and uniqueness of the solution to the
equation (1) for initial data y;, = £ € L%r ([-7,0]; R™) given at time ¢ = s is guaranteed,which has the
following property

y(t;0,8) = y(t;s,ys) V0 <s<t<oo.

We can now define the Euler-Maruyama approximate solution to the NSDDEJ (2.1) with discrete Markov
Chain {r{ = r(kA),k =0,1,2,---}. Given a stepsize A = 7/N > 0 for some positive integer N such that
0 < A< 1land T = NA. Compute the discrete approximations X (¢) = y(kA) by setting Xo(t) = &(¢) on
—7 <t <0,78 = ig and forming Xo = £(t), —7 < ¢ <0,

X((k+1)A) = X(kA) — G(X (kA - NA)) + G(X((k+1)A - NA))
+ f(X(kA), X (kA — NA),r A + g(X (kA), X (kA — NA), r£') ABy, (3)
- /m WX (kA), X (kA — NA), u)v(At, du), Yk > 0,

where ABy, = B((k+ 1)A) — B(kA).

We define this discrete EM solution as X (kA; 0, ) with the initial data £ given at time ¢ = 0. Following
definition 1, we may now define exponential stability in mean square for discrete EM approximate solution.

Definition 2. The discrete EM approximate solution is said to be exponentially stable in mean square on
the NSDDEJ (2.1) if there is a pair of positive constants v and H such that for any initial data & €

L% (-7 0); B")

E|X(k4;0,6)> <HE|¢||?e ™4 vk > 0. (4)
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Let
Zy(t) =Y Tjpagernya) (DX (kA),
k=0
o0
Za(t) = Z Iga, (k1)) ()X (KA = NA),
k=0
() =Y Tpamens e,
k=0
then we defined the conditions Euler-Maruyama approximate solution as: X (t) = £(t),—7 <t <0,

szam—m®+awm»+Afwmxa@w@mS 5)

t t p+oo
+/0 g(Zl(s),Zg(s),r(s))dB(s)+/0/_ h(Z1(s), Za(s),u)v(ds, du).

where I denoting the indicator function for the set E. Now we define this continuous EM solution as x(t; 0, &)
with the initial data £ given at time ¢t = 0, and define the exponential stability in mean square for continuous
EM approximate solution.

Definition 3. The continuous EM approximate solution is said to be exponentially stable in mean square
on the NSDDEJ (2.1) if there is a pair of positive constants v and H such that for any initial data £ €

L. (-7, 0} B

E|X(t;0,8)” < HE||¢||?e™" Wt > 0. (6)

Lemma 1. If (Hy) hold, then the discrete EM approximate solution on the NSDDEJ (2.1) is said to be expo-
nentially stable in mean square if and only if the continuous EM approximate solution on the NSDDEJ (2.1)
is said to be exponentially stable in mean square. Moreover, the rate constants are the same, and the growth
constants H and H can be made arbitrarily close with sufficiently small A.

Proof. 1t is easy to prove necessary part of the lemma from (6) to (4). Following proof is the sufficient part
from (4) to (6). Fix £ and write X (¢;0,£) = X (), for any ¢ > 0 choose k > 0 for ¢t € [kA, (k 4+ 1)A). Note
that

X(t) =X (kA) + G(x(kA — NA)) 4+ G(Z,(t))
+ f(X(kA), X (kA — NA), r&)(t — kA)
+ g(X(kA), X (kA — NA), 1) (B(t) — B(kA))
+ / o h(X (kA), X (kA — NA),uw)v(t — kA, du)

:X(k_AO;Jr F(X(kA), X (kA — NA),rd)(t — kA)
+ g(X(kA), X (kA — NA), 1) (B(t) — B(kA))

+oo
+ / WX (KA), X (kA — NA), w)v(t — kA, du).

—00

By (H1), we have
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EIX#)> <1+ e)E|X(kA)>+ 1+ HE|f(X(kA), X (kA — NA),r2)(t — kA)
+ (X (kA), X (kA — NA),r2)(B(t) — B(kA))
+ /+Oo h(X(EA), X (kA — NA),u)v(t — kA, du)|?
<(1+ EO)OE|X(I<:A)|2 + (14 e HBAE|f(X(kA), X (kA — NA), &) ?
+3AE|g(X (kA), X (kA — NA), r8)|?
+3AFE /+OO |W(X(EA), X (kA — NA),uw)|*n(du)]
<(1+ a)E]XOZkA)\z + (1 +eHA3(A +2) K [E|X (kA)]? + E|X (kA — NA) %,
where € > 0 is arbitrary, using (4) we have
E|X®)? <HE|E|Pe™ ™21 +¢) + A3(A + 2) K1 (1 + &1 (1 4+ 77)].
Let
H=H[1+e)+A3A+2)K (1+e (1 +em)]e’?, (7)
Hence

E|X() < HE||¢|?e 7" D2 < HE|¢|?e .

From (7), we know that H can be made arbitrarily close to H by choose € and sufficiently small A, the proof
is completed.

Due to the property of (5) and (H), the solution defined by following from X (¢;0, &) for the initial data
§ € Lz ([-7,0]; R") given at time 5 > 0
t
X(t55,€) =€ - G(Za(s)) + G(Zalt) + [ F(22(6). Z2(6).7(6)d0

+ [ oz, 20,500+ [ [ wnw), 2:0),00@,w,
which has the property

X(t0,8) = X(t;8,Xs) VO<s<t<oo.

2 Main result

From previous section,the EM approximate solution X (¢; 0, ) depends on the stepsize A, but in this
section we write XA (¢;0,§) = X (¢;0,¢).

Theorem 1. If (H1) hold, and the NSDDEJ (2.1) is exponentially stable in mean square, namely
Ely(t;0,€)]* < ME|¢|Pe™ vt >0,

for all £ € L?.([—T, 0]; R™). Then there exists a A* such that for every A < A*, the EM approximate
solution is exponentially stable in mean square on the NSDDEJ (2.1) with v and H, which are independent of
A, namely

E|X(;0,6)] < HE|¢|?e™" vt > 0.

Moreover,y = 3\ and H = 2MCye2”, where Cy = (VK + 1—5/? + 4+4(1Tf12<)K1T)ea:p{ 4T(Iff<)K1} and

T=7109+1I n[4l‘j\gTM]) are constants which are independent of A.
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To obtain the proof of this theorem, we must present some lemmas.
Lemma 2. [f (H1) hold, then

sup  E|X(0,€)> < C1E|€?,

—7<t<1

where C is constant which is independent of A.

Proof. We write X (t) = X (¢;0,¢). Using the Itéisometry, Ho inequality and (H;), we have
E|IX(1)]* = E|G(Z2(1)) — G(&) + I (1)
1 2 1 2
< — -
< LBIC(Za(1) ~ GOP + = BLI(0)

1
< KE|Zy(t) — €* + WEU(L‘)F

K 1
< VKE|Z,(t)]* + WEHQP + ﬁE|J(t)|2,
where
50 =€+ [ 12105).2(5). 7 s + [ 0(Z1(9). Za(o).7(s)aB(s)
t —+o00
+/0 /_ h(Z1(s), Za(s),u)v(ds, du).
Compute

t t
Bl <4E|¢|? + 4B /0 F(Z1(5), Za(s),7(s))ds|? + 4| /0 9(Z1(5), Za(3),7(s))dB(s) 2
—{—4E]/Ot /_;OO h(Zl(s),ZQ(S),U)U(ds,du)]2
<AE|¢[? + 47 /O F(Z4(3), Zo(5),7(s))|2ds + AE /0 19(Z1(5), Za(3),7(5))|2dB(5)
4B /Ot /_:O W(Zu(s), Zo(s), u) [P (du)ds

t
<4E||E|]* + 4(r + 2) K, / (E|Z1(s)]” + E|Za(s)|*)ds.
0
Putting this inequality into above

4
EIX () < VEEIZ(0) + EJ€) + T——Fllél?

_ K
1- VK

AT +2)K; [
IR [ B2 )P + Bl Zals)P)is.
1-K 0
Now for any ¢; € [0, 7], by taking supremum for ¢ € [0, ¢;) on both side of inequality, we have

K 4

sup E|X (1) <VK sup E|Za(t)]* + + Ellel?
s FIX@P <VE swp B0 +(— =+ )Pl
4T+ 2)K ¢
Ar+ 2K sup /(E]Zl(s)PJrEyZQ(s)y?)ds
1-K o<tz Jo
4T(T+2)K1 2
<(VK EleP+ ———2L R
_(\/*4—1_\/?—#17[{) IEIIF + . 1|1

sup E|X(r)|%ds.

0<r<s

L AT K, /tl
1-K Jo
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From above inequality, we obtain

K A+ 4(1+2)K 17
sup E| X <(VK + + Ellel2
02t X <( 1- VK 1K VE|E]l
4 2)K; [*
_|_(T+)l/ sup E‘X(T)‘st.
L=K  Jo o<r<s
Now we get the result by Gronwall inequality
K 44 4(t +2)Kq7
sup E|X@)]? <(VK + +
s FX (0P <(VE + )k,
4T(T+2)K1 9
- E .
x eap{—————1}B|i¢|
Let
K 4+4(r +2)Kar Ar(T + 2) Ky
Cy= (VK
' (\ﬁ+1_\/?+ —x  Jet g b
we have

sup  E|X(1)]* < CLE|¢]1*.
—7<t<t

Lemma 3. If (H1) hold, then

sup  B|X(£0,9)]* < CLE|€)?,
0<t<r+T

where Cy is constant which is independent of A.

Proof. We write X (t) = X(¢;0,¢), forany ¢ € [r, 7 + T}, applying Lemma 1, we have

BIX () = B|G(Z2(t)) — G(Za(7)) + J (1)

< %E\G(Zg(t)) — G(Za(7))* + ﬁE\J(t)P

1
< KE|Zy(t) — Zo(7)]* + WEU@)F

< VEEIZ0P + — B2 + B0
where
J(t) =X; + /Tt f(Z1(s), Za(s),7(s))ds + /:g(Zl(S), Z3(s),7(s))dB(s)
N / t /_ :O W(Zu(s), Za(s), u)v(ds, du).
Compute
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t
B <UL 48] [ 10060, 2a(6). 7060l + 48] [ 9(21(6), Za(5). 7))
+oo !
+4E|/ / W(Z4(s), Za(s), u)o(ds, du)

ABX, P +4TE [ |£(Za(s), Za(s).7(s)) Pds + AE / 9(Z1(3), Za(s),7(s)) [2dB(s)

T

t +oo
+4E / /_ IB(Z4(5), Za(s), u) 2 (du)ds

t
<AB|X,? + AT +2)K, / (E|Z1(5)|? + E| Zo(s)[?)ds
t

<ACLE|E|* + 4(T + 2) K / (E|Zu(s)]” + E| Za(s)]?)ds.

Putting this inequality into above

C1K
1- VK

4T + 2) K,

25 [ (B 6)R + Bz as.

T

4Ch

E|X(t)* <VKE|Zs(t)]* + Ellg)* + = Blel”

By taking the supremem for ¢ € [, 7 + T'] on the both side of the inequality, we have

O.K 4c
swp BIX(r|* <VE swp E|Z(r) + (5 - ZElE)?
0<r<t 0<r<t - \ﬁ
AT(T + 2)K; [
()1/ sup (E|Zl(r)\2+E]Z2(7’)|2)ds
1-K r 0<r<s
O\ K 40
<VK sup E|X(t)\2+(\/E+ ! L )EH§||2
0<r<t — \/7
AT(T + 2) Ky 2 8(T+2)K1/ 2
il el Mt Sl Mt E|X .
t—T—% €117 + e ) | X (r)|"ds

Now we have the result by Gronwall inequality

) VK 1K 401 +4T(T + 2) K4
oo, PO <R T vRr T a—mu=-vE) |
o 8T (T + 2)K, )
p{(1_K)(1_\F)} 1§17
Let
o= ( VK N 1K 401+4T(T+2)K1) ( 8T (T + 2) K )
PTUSVE (- VR (-K)0-VE) Tk - VE)
Hence

sup  E|X(8)]* < C2E[|¢]1*.
0<t<7+T

Lemma 4. If (H,) hold, then for any T > 0
E|X(£0,€) = Z1(£:0,6)]> < G3E||¢]?A vt € [0,7 +T]

where C'5 is constant which is independent of A.
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Proof. We write X (t;0,£) = X(t) and Z;(¢;0,§) = Zi(t). For any t € [0,7 + T}, exist k& > 0 such that
t € [kA, (k+1)A), compute

X(t)— Z1(t) =X (t) — X(kA)
~GZa0) = G2k A) + [ 1(Z1(). Z0(o).7(5))ds
t t +o0
+/ 9(Z1(s), Za(s),7(s))dB(s) + /kA/ hZ1(s), Za(s),u)v(ds, du)

t

kA
:/ f(Zl(8)722(5)77“(5))d5+/ 9(Z1(s), Za(s),7(s))dB(s)
kA

kA

t “+o0
+/]€A /_OO h(Z1(s), Za(s),u)v(ds, du).

Hence

EIX (1) — Z1(1)? <34 /k (Z0(3). Za(5).7(5)Pds + 3 /k 10(21(9). Za(e).7(0)) s
t —+o00
+3/kA/ \h(Z1(s8), Za(s), u)|*n(du)ds

<(34+6)K, /k (BIZ(5) + B Zo(0) s

<6(n + 2)K1C2E||€]%A,

where n =7 A 1.
Let C3 = 6(n + 2) K1C5, we have

E|X(t) - Z1()* < C3E[i¢]*A.
Lemma 5. If (H,), (H2) hold, then for any T' > 0
E’X(t_T707§)_ZQ(t707€)|2 §C4A’Ya vt € [O)T+T]7

where Cy is a constant independent of A.

Proof. We write X (t — 7;0,§) = X(t — 7), Z2(t;0,§) = Za(t), for any t € [0, 7 + T, there exists k > 0
such thatt € [kA, (k + 1)A), then

X(t—7)—2Z2(t)=X(t—NA) — X(kA—- NA).
To show the desired result,we consider the following three case:

Case1: Ift — NA > kA — NA > 0, by the definition of Z5(t) and lemma 3, we obtain
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12 D. Liu & J. Luo & J. Bao: Exponential stability of approximate solutions

E|X(t— NA) - X(kA - NA)|? =E|G(Z3(t — NA)) — G(Zo(kA — NA))

t—NA
N /k F(Z1(s), Za(s),T(s))ds

A—NA

t—NA
+ / 9(Z1(5), Zols),7(s))dB(s)
kEA—NA

L NA +00
2
+/kA—NA /_oo h(Z1(s), Z2(s), u)v(ds, du)|
t—NA
=E| f(Z1(s), Z2(s),7(s))ds
kEA—NA

t—NA
+ / 9(Z1(s), Za(s),7(s))dB(s)
kA—

NA
t—NA —+o00
+/ / h(Zl(S),ZQ(S),U)U(dS,dU)|2
kA—NA J -
t—NA
§3(A+2)K1/ (E|Zu(5)|? + E|Zo(s)[2)ds
EA—NA

<6C KL E|€]%(n + 2)A.

Case2: If0>t— NA > kA — NA. Then,

E|X(t—NA) - X(kA—-NA)P? = Bl¢(t — NA) — (kA - NA)P? < KA,

since the hypothesis of (H3).
Case3:Ift — NA >0 > kA — NA. Then,

E|X(t—7)— Zo(t)]? =F|X(t — NA) — £(kA — NA)?
=E|X(t = NA) = £(0) +£(0) — (kA = NA)P?
=2E|X (t — NA) — £(0)]* + 2E|£(0) — £(kA — NA).

In view of (H3) and case 1, we obtain

E|X(t—7) — Zo(t)|* <12CoK1(n + 2)E||€]2A + 2K A7
<[12C K (n + 2) E[|¢||* + 2K]A”

so the desired result is obtained by letting

Cy = 120K, (n+ 2)E||€|* + 2K.

Lemma 6. Write y(t) = y(t; 7, X;) which is the solution to the NSDDEJ (2.1) with initial data X . given at

t =7, where X; = {X(u) : 0 <wu <7} If (Hy) hold, then

sup  E|X(t)—y®)>?<CA VT >0
T<t<7t+T

where C'is constant which is independent of A.

Proof. Note that
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t
X(0) = 9l0) =G(Za(t) = Glu(t = 7))+ [ 1(Z1(). Za(s).7(5))ds

t
/f (s —7) >>ds+/ 9(Z1(s), Za(s).7(s))dB(s)

- / o(u(s), y(s — ), / /_+°° (Z1(s), Za(s), u)o(ds. du)

//+oo (5 — 7), u)v(ds, du).

Hence
BIX(0) - y() = BIG(Za(0)) - Gyt 7)) + (1)
< LEIG(Z2(1)) — Gly(t — )P + - BLI(0)P
< KBIZo(t) — gt~ 1) + = BLI(0)
< VEE|X(t—1)—y(t—7)+ _K\/EE|Z2(t) —X(t—T1)P
+ BT,
where
= [ 50169, 2(5),7(60) = (31,005 = ). )
+ [ (90,2060, 706)) ~ o505 — 7))L
w7 6.2, — b0t = 7)),
compute

B <TE [ 115 22, 76)) ~ (69,5 = ). r(5) s
+38 [ 01051, 2a(6).706)) ~ o0(5) (s — 7).7(5)) s
+3E/T /_+°° (Z1(5), Zo(s), ) — h(y(s), y(s — 7), ) [2r(du)ds

<6TE [ (A0 25).76)) = (20 (5), Za(s)7(5) s
+6E /Tt 9(Z1(s), Za(s),7(s)) — 9(Z1(s), Za(s),7(s))[*ds
L 32T + 3)K, /:(E|Z1(s) ()2 + E|Za(s) — y(s — 1)),
Using the method of [16],we obtain
E|J(t)? <6(T +1)Cs A+ 3(2T + 3) K /:(E]Zl(s) —y(s)> + E|Za(s) — y(s — 1) %),

where C5 = 16Co K1TyA and v = 1r<nzl>1<v( Vii)-

By taking the supremum, applying Lemma 4 and Lemma 5, we have

13
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qutE\X(r) —y(r))? <VK s<ugtE|X(r) —y(r)2+ ﬁcm
6(T +1)Cs 6(2T 4 3) K1 T(C3E||€|? + Cy)
-k 27 1-K A
PR [ s BIXG) -y
) C4K 9 6(T +1)Cs5 6(2T + 3)K T (C3E||€]|> + Cy)
Tigr;tElX(r) —y(r)| é[mEllﬁll + 1- K- V&) - K)(1— VE) ]A
12(2T + 3) K, t B 9
+ - K- \/F)/T ngt;gsE]X(r) y(r)|“ds.
We observe the result by Gronwall inequality
) C4K ) 6(T + 1)Cs 6(2T + 3)K T (C3E|€]|> + Cy)
Ts;r;tElX(r) —y(r)] é[mEllﬁll + - K- V&) - K)(1- VE) ]
12(2T + 3) K4 T
v
Let
O [C4KE||§H2 N 6(T + 1)Cs 6(2T + 3)K T (C3E|€]|> + 04)]%]7{ 12(2T + 3) K T |
(1-VK)? (1-K)(1-VK) (1-K)(1- VK) (1-K)(1-VEK)"
thus
sup  E|X(t) —y(t)]* < CA.
T<t<r+T

Theorem 2. Let (Hy) hold, if for some A > 0, the EM approximate solution is exponentially stable on the
NSDDEJ (2.1), and following inequality hold:

A HA
B 2 B O+ e <o, ®

where T' = 7(9 + In[zllfyyif_H]),ﬁg =2C(T — 1) and In[4lgf_H] is the integer part of Mgif_H. Then the NSDDEJ

(2.1) is exponentially stable, namely

Ely(t;0,8)* < ME|¢||Pe™, vt >0.

Moreover, A = 5y, M = C’le%AT[% +2 %@é + Hland By = C(T — 7).

To obtain the proof of this theorem,we must give the following lemma.

Lemma 7. If (H1) hold, then

sup Ely(;0,8)* < C1E|€]?,
0<t<r

where C was defined in lemma 2. Moreover

sup  E|X(t) —y(t)? <CA VT >0,

T<t<7+4+T

where X (t) = X (t;7,y,) and C has been defined.
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Proof. The proof of this theorem is very similar for Lemma 2 and Lemma 6, so we omit it.

Applying Theorem 1 and Theorem 2, we obtain the equivalent condition:

Theorem 3. If (H1) hold, then the NSDDEJ (2.1) is exponentially stable in mean square if and only if for some
A, the EM approximate solution is exponentially stable in mean square on the NSDDEJ (2.1) with following

inequality hold:
BsA BsHA _1.p_o; —y(T—27 1,7
w2\ e T PHeTT = e

where T' = 7(9 + In[‘”fyigH]), B3 =2C(T —71).

3 Proof of theorem

Proof of theorem 1: We write X (¢) = X(¢;0,€),y(t) = y(t;7,X;). The property of exponential
stability on the NSDDEJ (2.1) is that:

Ely@#)|> < ME||X,||?e ™) vt > 7. 9)
By the definition of 7', we have
MeMT—27) < e—%AT' (10)

Applying Lemma 6 and (9), we obtain

sup E|X(t)|2 <1 +a)BA+ (1+ a—l)MEHXTH2e—/\(T—27)
T—7<t<2T-71
P

<(T+a)5mA+(1+ o HYMe T2 sup EIX(1)]%,
EH&” —7<t<t
where 51 = 2C(T — 7).
Let o = \/% we have
sup  B|X(1)]” < K2(4) sup EIX(1), (11)
T—7<t<2T—T1 —7<t<T1

A A _l(r—2r ANT—27
wherng(A):%+2 Efé’”linAe 3(T—27) | pre—NT—27)
By (10), we obtain that

Ko(0) = Ko(A)YMeT727) < =127

Because of the monotonically increasing for K5(A), then exist A, for all A < A*, we observe Kz(A) <

1
e 27T

Using (11),we obtain that

sup  E|IX(t)]* < e 2 sup E|X ()% (12)
T—7<t<2T—-71 —7<t<T

For any integer i > 0, write X (t) = X (¢;4T, X;r), Vt > iT. Repeat the method of (12),we have

sup EX®))<e 2T sup  E[X(1) (13)
(i+1)T—r<t<(i+2)T—7 iT—7<t<iT+7

Applying (13),we obtain that
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sup EX@®)<e T sup  BIX(1)]
(1) T —7<t<(i+2)T—71 T—7<t<(i+1)T'T
<e 2T g E|X(t)]?. (14)
—7<t<T—T1

By Lemma 6 and (9),we observe that

sup  EIX(0)P <(1+a)hA+ (1 +a )ME|X,|?

T<t<T—T1
< ta)2 AL (1 ta M) sup BIX(H)P.
El¢ll —r<t<r
where §o = C(T — 7). Leta = MﬁEz”AgHQ, we have

B2 B AM 2
EIXHP?P<[—=_A4+2, /2= 4+ Mm ElX(t
e BXOF < [gapa +21 Fge M s FIX O

and let A* be smaller, so that ﬁA + 2 % + M < 2M, for any A < A*, we observe that

sup E|X(t)? <2M sup E|X(t)] (15)
T<t<T—1 —7<t<t

Using (15) and (14),we have

sup BIX(#)]2 < 2Me 2T qup BIX ()2
(+1)T—7<t<(i+2)T—1 —7<t<T

Applying Lemma 2, we obtain that

sup E|X ()2 < 2Me 2T oy Blj¢|2,
(+1)T—1<t<(i+2)T—7
while
sup E!X(t)]2 < 2MClEH§H2.
0<t<T—r
Hence

E|X(t))> <2MCyex* T E||¢|%e™ 2
<HE|¢|2Pe™ t>0.

Proof of theorem 2: Because the proof is very similar to the proof of theorem 1, we choose the different part.
Write y(t; 0,§) = y(t), X (¢; 7,y-) = X(t), the property is that

EIX(t)? < HE|y.|?e ) vi>r. (16)

Applying Lemma 7 and (15),we have

53 ﬁgAH _l.7_9 (T —
Elyt)? <= A+ 2, |2 e 27(T=27) | fre—(T=27) Elu()12. 17
ree S, PWOT = e DIEN o B0

Using (8),we obtain that

sup  Ely()* <e 277 sup  Ely(t)| (18)
T—7<t<2T—-71 —7<t<t
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Repeat the method of (17), we observe that

sup Elyt)? < g2+ IT sup  Ely(t)]* i>0, (19)
(i+1)T—7<t<(i+2)T—7 —T<t<T—7
while
B BaAM 9
sup  Ely(t))? < + H] sup Ely®)|? (20)
p PWOF < U a =2\ g + 1 sz, PO

where 8y = C(T — 7).

Hence
ﬂ4 ﬁ4AM 9
Bly®)P < ——5 A+ 2| =5 + HE . 21
e Bly)F < Glpras A+ 2y Free + HIEIE 1)

Using (20) and (21), we have

Ba BaAM

sup  Ely(t)]? <Cre2 | A+2 e + H|E||¢|?e 2

r<t<T—r E|&|?

<ME|¢||Pe ™ t>0.

Proof of theorem 3: The one part of proof is the proof of theorem 2, so we only give the other. Applying
theorem 1, we obtain that exist A* > 0, for any A < A*, the EM approximate solution is exponential
stability on the NSDDEJ (2.1). Moreover, «y, H are independent of A. By the definition of 7", we have

He V(T=27) < e~ 1T < =277,

Hence, the inequality in the theorem 1 hold with sufficiently small A.
All the proof have been completed.
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