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Abstract. In this paper, the symmetries and group invariant solutions of Burgers-Fisher equation are obtained
by using the nonclassical method.
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1 Introduction

The modern approach for finding special solutions of systems of nonlinear partial differential equation
was pioneered by Sophus Lie at the end of the nineteenth century[6], which was called classical Lie method.
The application of Lie transformations group theory for the construction of solutions of nonlinear partial
differential equations (PDEs) is one of the most active fields of research in the theory of nonlinear PDEs and
applications.

Motivated by the fact that symmetry reductions for many PDEs are known that are not obtained by us-
ing the classical symmetries, there have been several generalizations of the classical Lie group method for
symmetry reduction. The notion of nonclassical symmetries was firstly introduced by Bluman and Cole[2] to
study the symmetry reductions of the heat equation. The nonclassical symmetries method consists of adding
the invariant surface condition to the given equation, and then applying the classical symmetries method. The
main difficulty of this approach is that the determining equations are no longer linear. On the other hand, the
nonclassical symmetries may yield more solutions than the classical symmetries method. The description of
the method can be found in [2, 3]. Many authors have applied the nonclassical method to solve PDEs.[5, 8, 9].
Recently, some authors have designed computer programs for their obtaining. B 1̂l ă and Niesen[1] developed
a procedure to obtain the nonclassical symmetries of a PDEs system. The authors claim that the case ζp = 0
needs to be handled separately. Clarkson and Mansfield[4] proposed an algorithm for calculating the deter-
mining equations associated with the nonclassical method. Elizabeth L.Mansfield[7] describes the MAPLE
package diffgrob2, which is designed to calculate, as far as possible using the current theory, the elimina-
tion ideals, integrability conditions and compatibility conditions of a system of nonlinear partial differential
equations.

In this paper, we will use some new algorithm to derive nonclassical symmetries of the nonlinear partial
differential equations.
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2 Nonclassical method

In this paper, we restrict ourselves to one nth-order PDE of (1+1)-dimension as follows:

∆(x, t, u, ut, ux, utt, utx, · · · ) = 0 (1)

Suppose the form of (1) is invariant under a group action on (x, t, u) space given by its infinitesimals

x∗ = x+X(x, t, u)ε+ o(ε2)
t∗ = t+ T (x, t, u)ε+ o(ε2)
u∗ = u+ U(x, t, u)ε+ o(ε2)

(2)

The invariant surface condition is:

∆0 = Xux + Tut − U = 0 (3)

The nonclassical symmetries are determined by the governing equation

Γ (0)∆|∆=0,∆o=0 = 0 (4)

Solving this governing equation leads to a set of the determining equations for the infinitesimals X,T and U .
When the determining equations are solved, that gives to the nonclassical symmetries of (1). During the solve
of the symmetries of (1), there are two cases needed to discuss.

Case(i). T = 1, the invariant surface condition changes to:

∆0 = Xux + ut − U (5)

that is ut = U −Xux, substitute it into (1), and then applying the classical Lie method. It gives only rise to
the classical symmetries.

Case(ii). T = 0, we may set X = 1, without loss of generality, then (3) changes into

ux = U (6)

· Case in which (1) can be written, by using (6), in the equivalent form

ut = A(x, t, u) (7)

where A is an arbitrary function which depend of x, t and u.
Invariance of (7) under a Lie group of point transformations with infinitesimal generator

T = X
∂

∂x
+ T

∂

∂t
+ U

∂

∂u
(8)

Leads, for T = 0, X = 1, to the following determining equation:

AUu + Ut −AuU −Ax = 0 (9)

· In the case in which (1) can be written, by using (6), in the equivalent form

Utt = A(x, t, u) (10)

Invariance of this equation under a Lie group of point transformation with infinitesimal generator (9) leads,
for T = 0, X = 1, to the following determining equations:

Uuu = 0, Utt = 0, AUu + Utt −AuU −Ax = 0 (11)

In this paper, we discuss the equation in the equivalent form (7).
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3 Nonclassical symmetries and group invariant solutions of burgers-fisher equation

The Burgers-Fisher equation

ut = αuux + uxx + βu− βu2 (12)

where α and β are arbitrary constants. In this paper, we do not discuss the case that and are zero at the same
time.

Case1: T = 1, we will use the compatibility between the equation and the invariant surface equation
ut = U −Xux, to derive the governing equation.

First, total differentiation Dt of the equation gives

Dt(ut) = Dt(−αuux + uxx + βu− βu2)

Dt(U −Xux) = −αutux − αuuxt + uxxt + βut − 2βuut

= −α(U −Xux)ux − αuDx(U −Xux) +Dxx(U −Xux) + β(U −Xux)− 2βu(U −Xux)

Substituting Xuxt to both sides, we can get

U[t] = −αUux +αXux
2−αuU[x] +U[xx] +βU −βXux− 2βUu+2βXuux +αXuuxx−Xuxxx +Xuxt

By virtue of Dx(ut) = Dx(−αuux + uxx + βu− βu2) gives

uxt = −αux
2 − αuuxx + uxxx + βux − 2βuux

so it gives the governing equation:

U[t] = −αUux − αuU[x] + U[xx]β + U − 2βuU

where U[t], U[x], U[xx], U[xxx] are:

U[t] = Dt(U −Xux − Tut) +Xutx + Tutt = Dt(U −Xux) +Xutx,

U[x] = Dx(U −Xux − Tut) +Xuxx + Tuxt = Dx(U −Xux) +Xuxx,

U[xx] = Dxx(U −Xux − Tut) +Xuxxx + Tuxxt = Dxx(U −Xux) +Xuxxx,

Substituting them into the governing equation, we can get the following determining equations for the sym-
metries of the Burgers-Fisher equation:

Ut + UuU − Uxx − βU = 0
−UuX −Xt −XuU + αU − 2Uxu +Xxx = 0
XuX − Uuu + 2Xxu = 0
αUx + 2βU = 0
αUu − αXx = 0
−αXu = 0
−Uu + 2Xx = 0
Xuu = 0
Xu = 0

Case1(A): When α , 0, β , 0, we can obtain:

X = c1, T = 1, U = 0

When c1 = 1the symmetries are:
σ1 = ux + ut

When c1 , 1, the symmetries are:
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σ2 = ux, σ3 = ut

Case1(B): When α , 0, β = 0,we can obtain:

X = αc1t+ c2T = 1, U = c1

When c1 = 1, c2 , 1, the symmetries are:

σ4 = 1− αtux − ut, σ2 = ux

When c1 = 1, c2 = 1, the symmetries are:

σ5 = 1− αtux − ux − ut

When c1 , 1, c2 , 1, c1 , c2, the symmetries are:

σ6 = 1− αtux, σ2 = ux, σ3 = ut

When c1 , 1, c2 , 1, c1 = c2, the symmetries are:

σ7 = 1− αtux − ux, σ3 = ut

When c1 , 1, c2 = 1, the symmetries are:

σ1 = ux + ut, σ5 = 1− αtux

Case1(C): When α = 0, β , 0, we can obtain:

X = c1, T = 1, U = 0

This case is the same as Case1(A).
Case(2): T = 0, we can set X = 1, without loss of generality. Subsequently, we find the equivalent form

of (12) using the invariant surface condition (6) and its derivatives. This yields a new equation in the form (7)
where A(x, t, u) = −αuU + Ux + Uuux + βu− βu2

1) Choosing U = U(x, t),we find that the infinitesimal generators take the form:

ξ = 1, τ = 0, U = U(x, t),

where U satisfies the following equation:

Ut + 2αU2 − 2βU + 4βuU + αuUx − Uxx = 0

When α = 0, β = 0, Solving it, we can obtain that:

U = c21e
C1t+

√
C1tx + c1c2e

C1t−
√

C1tx

Therefore we obtain the solution

u(x, t) = c
3
2
1 e

C1t+
√

C1tx −
√
c1c2e

C1t−
√

C1tx + c1

this solution is a new solution.
Next, we will solve the group invariant solutions of the Burgers-Fisher equation.
1) σ1 = ux + ut, substituting it into σ(u) = 0, then we can obtain: u(x, t) = F1(ξ),where ξ = t− x.
2) σ2 = ux, following σ2 = 0, we can let u = f(t), then substitute it into (12), we can obtain: u =

1
1+c1e−βt .

3) σ3 = ut, following σ3 = 0, we can let u = f(x), substitute it into (12), we can obtain: −αff ′ +
f ′′ + βf − βf2 = 0, if f(x) satisfied this equation, then u = f(x) is the group invariant solution of the
Burgers-Fisher equation.

WJMS email for contribution: submit@wjms.org.uk



World Journal of Modelling and Simulation, Vol. 3 (2007) No. 4, pp. 305-309 309

4) σ4 = 1 − αtux − ut, substituting it into σ(u) = 0, we can obtain: u(x, t) = αt2√
α2t2

+ F1(ξ), where

ξ = −−2x+αt2

α .
5) σ5 = 1 − αtux − ux − ut, substituting it into σ(u) = 0, we can obtain: u = t + 1+F1(ξ)α

α ,where
ξ = −x+ αt2

2 + t.
6) σ6 = 1 − αtux, substituting it into σ(u) = 0, we can obtain: u(x, t) = x

αt + F1(t), substitute it into
(13), we can obtain: F ′ + F

t −
βx
αt − βF + βx2

α2t2
+ 2βxF

αt + βF 2 = 0, if F1(t) satisfied this equation, then
u(x, t) = x

αt + F1(t) is the group invariant solution of the Burgers-Fisher equation.
7) σ7 = 1− αtux − ux, let σ7 = 0, we can obtain: u(x, t) = x

αt+1 + F1(t).

4 Conclusions

In this paper, we solve the Burgers-Fisher equation to demonstrate how to use the nonclassical method
to obtain the nonclassical symmetries. And we proved that using the nonclassical method can obtain new
solutions which can not obtain by the classical Lie method. These make the work of studying the symmetries
more expediently.
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