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Abstract. The modified F-expansion method is effective to solve nonlinear partial differential equations. By
using the method and Mathematica, a series of solutions for the nonlinear dispersive-dissipative equation are
derived. Some solutions are newly proposed and we haven’t found in present works.
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1 Introduction

In recent years, it is well known that nonlinear complex physical phenomena are related to nonlinear par-
tial differential equations (NLPDEs) which are involved in many fields from physics to biology, chemistry, me-
chanics, etc. As mathematical models of the phenomena, the investigation of exact solutions of NLPDEs will
help one to understand these phenomenons better. Various methods for obtaining exact solutions of NLPDEs
have been presented, such as inverse scattering method, Hirota’s bilinear methods, Bäcklund transformation,
Painlevé expansion, sine-cosine method, Adomian Pade approximation, homogeneous balance method[15],
variational iteration method[5], direct algebraic method[9], tanh function method[4], linearized perturbation
technique[6], multiple Riccati equations rational expansion method[11], variational method[1], the rational ex-
pansion method, and so on. Recently, F-expansion method[7, 10] was proposed to construct periodic wave so-
lutions of NLPDEs, which can be thought of as an overall generalization of Jacobi elliptic function expansion
method. F-expansion method was later further extended in different manners.

In this paper, we used a modified F-expansion method[2, 3] to construct more general exact solutions of
the nonlinear dispersive-dissipative equation:

ut + uux + αuxxx − (ut + βuux)x = 0 (1)

where α, β are constants. The solutions of the nonlinear dispersive-dissipative equation possess their actual
physical application; this is the reason why so many methods, such as bilinear method[14], modified homoge-
neous balance principle[12], truncated adjunct function method[13], have been applied to obtain exact solutions
of the nonlinear dispersive-dissipative equation.

The rest of this paper is organized as follows: in section 2, we’ll introduce the modified F-expansion
method we presented in [2, 3]; in section 3, we’ll apply this method to equation (1); in section 4, some
conclusions are given.
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2 Description of the modified f-expansion method

For a given NLPDE with independent variables x = (t, x1, x2, · · ·xn) and dependent variable u:

P (u, ut, ux1 , ux2 , · · · , uxm , ux1t, ux2t, · · · , uxmt, ux1x1 , ux2x2 , · · · , uxmxm , · · · ) = 0 (2)

We seek the solutions in this form:

u =
n∑

i=−n

aiF
i(ξ) (3)

where ξ = k(x − λt) and k, λ are both constants (k , 0). Here k denotes value of waves, λ denotes speed
of waves, ai(i = −n, · · · 0, · · · , n), k, λ are constants to be determined, F (ξ) and in (3) satisfy Riccati
equation[8]

F ′(ξ) = A+BF (ξ) + CF 2(ξ) (4)

And

F ′′(ξ) = AB + (B2 + 2AC)F (ξ) + 3BCF 2(ξ) + 2C2F 3(ξ)

F ′′′(ξ) = (AB2 + 2A2C) + (B3 + 8ABC)F (ξ) + (7B2C + 8AC2)F 2(ξ) + 12BC2F 3(ξ) + 6C3F (ξ)
(5)

where A,B and C are all parameters, the prime denotes d/dξ. Given different values of A,B and C, the
different Riccati function solution F (ξ) can be obtained from equation (4) (see Appendix A). To determine u
explicitly, we take the following four steps:

Step 1. Determine the integer n by balancing the highest order nonlinear terms and the highest order
partial derivative of u in equation (2).

Step 2. Substitute (3) along with (4) and (5) into equation (2) and collect coefficients of Fi(ξ)(i =
01, · · · , n), then set each coefficient to zero to derive a set of over-determined partial differential equations
for a0, a−n, · · · , an and ξ.

Step 3. Solve the system of over-determined partial differential equations obtained in Step 2 for
a0, a−n, · · · , an and ξ by use of Mathematica.

Step 4. SelectA,B,C and F (ξ) from AppendixA and substitute them along with a0, a−n, · · · , an and ξ.
into (3) to obtain Riccati function solutions of equation (2) (see AppendixB for F (ξ)), from which hyperbolic
function solutions and trigonometric function solutions can be obtained.

3 Exact solutions of the nonlinear dispersive-dissipative equation

By balancing uuxx and uxxx in equation (1), we get n = 1. In order to search for explicit solutions of
equation (1), we set ξ = k(x− λt), k is a non-zero constant. Thus the ansatze solution of equation (1) can be
expressed by

u(ξ) = a−1F
( − 1)(ξ) + a0 + a1F (ξ) (6)

With the aid of Mathematica, substituting (6) along with (4) and (5) into equation (1), the left hand side of
equation (1) is converted into a polynomial of Fi(ξ)(i = 0,±1, · · · ,±n), then setting each coefficient to zero,
we get a set of over-determined algebraic equations for ai(i = −1, 0, 1), k, and λ
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−6A3k3αa−1 − 3A2k2βa2
−1 = 0

−12A2Bk3αa−1 + 2A2k2λa−1 −Aka2
−1 − 2ABk2βa2

−1 − k2β(3ABa2
−1 + 2A2a−1a0) = 0

Akλa−1 + 3ABk2λa−1 + k3α(−6AB2a−1 + 2ACa2
−1 −A(B2a−1 + 2ACa−1))

+k(−Ba2
−1 −Aa−1a0)− k2β(B2a2

−1 + 2ACa2
−1 − 2A2a−1(2Ckα

β ))
−k2β(a−1(B2a−1 + 2ACa−1) + 3ABa−1a0 + 2A2a−1(2Ckα

β )) = 0
Bkλa−1 + k2λ(B2a−1 + 2ACa−1) + k3α(−8ABCa−1 −B3a−1)
+k(−Ca2

−1 −Ba−1a0)− k2β(2BCa2
−1 − 4ABa−1(2Ckα

β ))
−k2β(BCa2

−1 + (B2a−1 + 2ACa−1)a0 + 4ABa−1(2Ckα
β )) = 0

Ckλa−1 +BCk2λa−1 − C2k2βa2
−1 − Ck3α(B2a−1 + 2ACa−1)

−Cka−1a0 −BCk2βa−1a0 +AB2k3α(2Ckα
β ) + 2A2Ck3α(2Ckα

β )
−Akλ(2Ckα

β ) +ABk2λ(2Ckα
β ) + 2B2k2βa−1(2Ckα

β )
+4ACk2βa−1(2Ckα

β )− k2β(B2a−1 + 2ACa−1)(2Ckα
β ) +Aka0(2Ckα

β )
−ABk2βa0(2Ckα

β )−A2k2β(2Ckα
β )2 − k2β(B2a1 + 2AC(2Ckα

β )) = 0
−Bkλ(2Ckα

β ) + k2λ(B2 + 2AC)(2Ckα
β ) + k3α(B3 + 8ABC)(2Ckα

β )
+k(Ba0 +A(2Ckα

β ))(2Ckα
β )− k2β(−4BCa−1 + 2AB(2Ckα

β ))(2Ckα
β )

−k2β(4BCa−1(2Ckα
β ) +AB(2Ckα

β )2 + a0(B2 + 2AC)(2Ckα
β )) = 0

−Ckλ(2Ckα
β ) + 3BCk2λ(2Ckα

β ) + k3α(7B2C + 8AC2)(2Ckα
β )

+k(Ca0 +B(2Ckα
β ))(2Ckα

β )− k2β(−2c2a−1 +B2(2Ckα
β ) + 2AC(2Ckα

β ))(2Ckα
β )

−k2β(2C2a−1(2Ckα
β ) + 3BCa0(2Ckα

β ) + (B2 + 2AC)(2Ckα
β )2) = 0

12BC2k3α(2Ckα
β ) + 2C2k2λ(2Ckα

β ) + Ck(2Ckα
β )2

−2BCk2β(2Ckα
β )2 − k2β(2C2a0 + 3BC(2Ckα

β ))(2Ckα
β ) = 0

Solving these over-determined algebraic equations by use of Mathematica, we get the following results:
Case 1. λ = α

β(β−1) , a0 = α−Bkα+Bkαβ
β(β−1) , a−1 = 0, a1 = 2Ckα

β , where k is an arbitrary constant.

Case 2. λ = α
β(β−1) , a0 = α(1+6β)

7β2(β−1)
, a−1 = 0, a1 = −2Ckα

7β2B
, k = − 1

7Bβ .

Case 3. λ = α
β(β−1) , a0 = α(B2+AC+4ACβ)

(B2+5AC)(β−1)β2 , a−1 = 0, a1 = − 2Cα(B2+AC)
β2B(B2+5AC)

, k = − (B2
AC)

Bβ(B2+5AC)
.

Case 4. λ = α
β(β−1) , a0 = α(2B2+2β+4ACβ)

(5B2+4AC)(β−1)β2 , a−1 = 0, a1 = − 4BCα
β2B(B2+5AC)

, k = − (2B
β2(5B2+4AC)

.
Substituting Cases 1-4 into (6) respectively, we have four kinds of formal solutions of equation (1):

(a) u(ξ) =
α−Bkα+Bkαβ

β(β − 1)
+

2Ckα
β

F (ξ), ξ = k(x− α

β(β − 1)
t)

From Appendix A, choosing A,B,C, F (ξ), inserting them into (a), we obtained seven kinds of Riccati func-
tion solutions of equation (1):

Choosing A = 0, B = 1, C = −1, F (ξ) = 1
2 + 1

2 tanh(
ξ
2), inserting them into (a), we obtain

u1(ξ) =
α

β(β − 1)
−
kαtanh( ξ

2)
β

where ξ = k(x− αt/β(β − 1));
Choosing A = 0, B = −1, C = 1, F (ξ) = 1

2 + 1
2coth(

ξ
2), inserting them into (a), we obtain

u2(ξ) =
α

β(β − 1)
−
kαcoth( ξ

2)
β

where ξ = k(x− αt/β(β − 1));
Choosing A = 1/2, B = 0, C = −1/2, F (ξ) = coth(ξ) ± csch(ξ)or tanhξ ± isechξ, inserting them

into (a), we obtain

u3(ξ) =
α

β(β − 1)
− kαcoth(ξ)± csch(ξ)

β
,
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u4(ξ) =
α

β(β − 1)
− kαtanhξ ± isechξ

β
,

where ξ = k(x− αt/β(β − 1));
Choosing A = 1, B = 0, C = −1, F (ξ) = tanhξ or isech ξ, inserting them into (a), we obtain

u5(ξ) =
α

β(β − 1)
− 2kαtanhξ

β
, u6(ξ) =

α

β(β − 1)
− 2kαcothξ

β
,

where ξ = k(x− αt/β(β − 1));
Choosing A = 1/2, B = 0, C = 1/2, F (ξ) = secξ + tanξ, orcscξ − cotξ, inserting them into (a), we

obtain

u7(ξ) =
α

β(β − 1)
− kα(secξ + tanξ)

β
, u8(ξ) =

α

β(β − 1)
− kα(cscξ − cotξ)

β
,

where ξ = k(x− αt/β(β − 1));
Choosing A = −1/2, B = 0, C = −1/2, F (ξ) = secξ − tanξ, orcscξ + cotξ, inserting them into (a),

we obtain

u9(ξ) =
α

β(β − 1)
− kα(secξ − tanξ)

β
, u10(ξ) =

α

β(β − 1)
− kα(cscξ + cotξ)

β
,

where ξ = k(x− αt/β(β − 1));
Choosing A = 1(−1), B = 0, C = 1(−1), F (ξ) = tanξ, orcotξ, inserting them into (a), we obtain

u11(ξ) =
α

β(β − 1)
+

2kαcotξ
β

, u12(ξ) =
α

β(β − 1)
− 2kαcotξ

β
,

where ξ = k(x− αt/β(β − 1));
Choosing A = 0, B = 0, C , 0, F (ξ) = −1/(Cξ +m) (m is an arbitrary constant), inserting them into

(a), we obtain

u13(ξ) =
α

β(β − 1)
− 2Ckα
β(Cξ +m)

,

where ξ = k(x− αt/β(β − 1));

(b) u(ξ) =
α(1 + 6β)
7(β − 1)β2

− 2Cα
7Bβ2

F (ξ), ξ = − 1
7Bβ

(x− α

β(β − 1)t
)

Choosing A = 0, B = 1, C = −1, F (ξ) = 1
2 + 1

2 tanh(
ξ
2), inserting them into (b), we obtain

u14(ξ) =
α(1 + 6β)
7(β − 1)β2

− 2α
7β

(
1
2

+
1
2
tanh(

ξ

2
)),

where ξ = 1
7β (x− α

β(β−1) t);

Choosing A = 0, B = −1, C = 1, F (ξ) = 1
2 + 1

2coth(
ξ
2), inserting them into (b), we obtain

u15(ξ) =
α(1 + 6β)
7(β − 1)β2

− 2α
7β

(
1
2

+
1
2
coth(

ξ

2
)),

where ξ = 1
7β (x− α

β(β−1) t);
Choosing A as an arbitrary constant, B as a non-zero arbitrary constant, C = 0, F (ξ) = (exp(Bξ) −

A)/B, inserting them into (b), we obtain

u16(ξ) =
α(1 + 6β)
7β2(β − 1)

where ξ = − 1
7Bβ (x− α

β(β−1) t);
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(c) u(ξ) =
α(B2 +AC + 4ACβ)
(B2 + 5AC)(β − 1)β

− 2Cα(B2 +AC)
Bβ2(B2 + 5AC)

F (ξ)

ξ = − (B2 +AC)
Bβ(B2 + 5AC)

(x− α

β(β − 1)
t)

Choosing A = 0, B = 1, C = −1, F (ξ) = 1
2 + 1

2 tanh(
ξ
2), inserting them into (c), we obtain

u17(ξ) =
α

β2(β − 1)
− 2α
β2

(
1
2

+
1
2
tanh(

ξ

2
)),

where ξ = −(x− α
β(β−1) t)/β;

Choosing A = 0, B = −1, C = 1, F (ξ) = 1
2 −

1
2coth(

ξ
2), inserting them into (c), we obtain

u18(ξ) =
α

β2(β − 1)
− 2α
β2

(
1
2

+
1
2
coth(

ξ

2
)),

where ξ = (x− α
β(β−1) t)/β;

Choosing A as an arbitrary constant, B as a non-zero arbitrary constant, C = 0, F (ξ) = (exp(Bξ) −
A)/B, inserting them into (c), we obtain

u19(ξ) =
α

β2(β1)

where ξ = −(x− α
β(β−1) t)/Bβ;

(d) u(ξ) =
α(2B2 + 3B2β + 4ACβ)

(5B2 + 4AC)(β1)β2
− 4BCα

(5B2 + 4AC)β2
F (ξ),

ξ = − 2B
(5B2 + 4AC)β2

(x− α

β(β − 1)
t).

Choosing A = 0, B = 1, C = −1, F (ξ) = 1
2 + 1

2 tanh(
ξ
2), inserting them into (d), we obtain

u20(ξ) =
α(2 + 3β)
5β2(β − 1)

− 4α
5β2

(
1
2

+
1
2
tanh(

ξ

2
)),

where ξ = −
2(x− α

β(β−1)
t)

5β ;

Choosing A = 0, B = −1, C = 1, F (ξ) = 1
2 −

1
2coth(

ξ
2), inserting them into (d), we obtain

u21(ξ) =
α(2 + 3β)
5β2(β − 1)

− 4α
5β2

(
1
2
− 1

2
tanh(

ξ

2
)),

where ξ = −
2(x− α

β(β−1)
t)

5β ;
Choosing A as an arbitrary constant, B as a non-zero arbitrary constant, C = 0, F (ξ) = (exp(Bξ) −

A)/B, inserting them into (d), we obtain

u21(ξ) =
α(2 + 3β)
5β2(β − 1)

where ξ = −
2(x− α

β(β−1)
t)

5β .
Let α = k = 1, β = 2, C = 1, we get some numerical simulation images of some solutions as following:
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Fig. 1. u1(ξ) = α/β(β − 1)− kαtanh( ξ
2 )/β Fig. 2. u1(ξ) = α/β(β − 1)− 2kαcothξ

β

Fig. 3. u7(ξ) = α/β(β − 1) + kα(secξ + tanξ)/β, Fig. 4. u8(ξ) = α/β(β − 1)− 2Ckα/β(Cξ +m)

Fig. 5. u9(ξ) = α/β(β − 1)− ka(secξ − tanξ)/β Fig. 6. u14(ξ) = α/(1 + 6β)/7β2(β − 1) + 2α
7β ( 1

2 +
1
2 tanh(

ξ
2 ))

4 Conclusion

In this paper, we have used a modified F-expansion method[2, 3] to construct more exact solutions of
the nonlinear dispersive-dissipative equation. With the aid of Mathematica, the method provides a powerful
mathematical tool to obtain more general exact solutions of a great many NLPDEs in mathematical physics.
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What is remarkable is that this method is more usually used in the case where the odd and even partial
differential terms don’t exist simultaneously. Applying this method to the nonlinear dispersive-dissipative
equation, we have successfully obtained many new and more general soliton-like solutions, trigonometric
function solutions and rational solutions.

Appendix
Relations between values of (A,B,C) and corresponding F (ξ) in Riccati equation

F ′(ξ) +A+BF (ξ) + CF 2(ξ)

are listed in Tab. 1.

Table 1. The relations between values of (A,B,C) and corresponding F (ξ) in Riccati equation

A B C F
0 1 -1 1

2 + 1
2 tanh(

1
2ξ)

0 -1 1 1
2 −

1
2coth(

1
2ξ)

1
2 0 − 1

2 cothξ ± cschξ, tanhξ ± isechξ
1 0 -1 tanhξ, cothξ
1
2 0 1

2 secξ + tanξ, cscξ − cotξ
− 1

2 0 − 1
2 secξ − tanξ, cscξ + cotξ

1(-1) 0 1(-1) tanξ(cotξ)
0 0 , 0 − 1

Cξ+λ (λ is an arbitrary constant)
arbitrary
constants 0 0 Aξ

arbitrary
constants , 0 0 exp(Bξ)−A

B
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