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Abstract. Combining both kinds of fuzzy logic forms including fuzzy T-S model and adaptive fuzzy logic
systems, this paper presents an adaptive control scheme for a class of nonlinear systems. Firstly, the fuzzy T-S
model is used to approximate the nonlinear systems, and the fuzzy control law of the fuzzy model is derived
by the linear matrix inequality. Secondly, the adaptive fuzzy logic systems are constructed, and the model-
ing errors are eliminated by a compensator based on the adaptive fuzzy logic systems with three adjustable
parameters: weights, centers and widths. It is proved that the closed loop system satisfies the anticipant per-
formance. The simulation results demonstrate that the control scheme is effective.
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1 Introduction

The H, control problem of nonlinear systems based on fuzzy T-S model has attracted considerable
attention, mainly because the fuzzy T-S model provides an effective approach to linearize nonlinear systems
.And this approach has been successful applied in [2, 3] . The stability problem of fuzzy control system is
discussed in [9]. And the robust problem of fuzzy control system is researched in [5].However, the modeling
error is neglected in these studies. Therefore, the designed controller does not always guarantee the stability
of the original system. Besides, in nonlinear modeling, the paper!”! considers that the modeling error has the
upper bound, the papers [1, 6] consider that the modeling error satisfies the matching condition, However, the
upper bound and the matching condition are difficult to find in practice.

The adaptive fuzzy logic systems have the universal approximation property and could uniformly ap-
proximate nonlinear continuous functions to an arbitrary accuracy. The adaptive fuzzy logic systems could
sufficiently make use of the linguistic information and the expert information. The adaptive fuzzy logic sys-
tems are used to model nonlinear systems by a set of fuzzy “if-then” rules. When a proper control is given to
the model, an anticipant output is produced from the nonlinear systems. At present, the adaptive fuzzy logic
systems have been successfully used in nonlinear control!* 8,

Combining fuzzy T-S model and adaptive fuzzy logic systems, this paper presents a new H, control
scheme for a class of nonlinear systems. Firstly, the fuzzy T-S model is used to approximate the nonlinear
systems, and the fuzzy controller is designed by the linear matrix inequalities to guarantee the stability of the
fuzzy system. Secondly, the adaptive fuzzy logic systems are constructed, and the modeling error is eliminated
by a compensator based on the adaptive fuzzy logic systems with three adjustable parameters: weights, centers
and widths. It is proved that the closed-loop system satisfies the anticipant H ., performance. The simulation
results demonstrate that the control scheme is effective.

* This work is supported by the Natural Science key Foundation of China (60234010).
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2 Problem formulation

Consider the following nonlinear system

.CU'1 = X9
o (1)
Tp = f(x1,29,  ,Tp,u) +d
where x1,x9,--- ,x, € R™ are the measurable state vectors, u € R is the control input vector, f are
the nonlinear vector function, d’ denotes the external disturbance. Denote = = [z], 27 - .- ,xZ]T e R”,

d=10,0,---,0,d7]".
The system equation (1) can be approximated by a fuzzy T-S model composed of rules. The L rule of
fuzzy model is in the following form. If 21 (¢) is F} and, - - -, and z;(t) is F’,Then

where z1(t), z2(t),- - - , z5(t) are the premise variables, Fjz (for j = 1,2,--- ,s) are the fuzzy sets, L is the
number of if-then rules, A;, B; are some constant matrices with compatible dimensions.
B; =10,0,---,0, b;fF]T € R"*" b; € R"™". The final output of the fuzzy system is inferred as follows

L L
Ty = Z ,uiAia:(t) + Z /LiBZ"LL(t) +d 3)
=1 =1

where p; = v;(2(t))big/ Zle vi(2(1)), vi(2(t)) = I1; = 15F}(zj(t)), F;(zj(t)) is the grade of membership
of z;(t) in FJ’ It is easy to find that y; > 0 fori = 1,2--- , L and Zle w; = 1 for all ¢ . Therefore, the
modeling error of the nonlinear system equation (1) can be expressed as

0 T2
0 T3 L L
BA(z)= |-+ | = || =Y _ mdiz(t) = Y _ pmiBu(t) 4)
0 Tn i=1 i=1
Af f
where B= [0 0 -+ 0 Lyt ,A@) = [0 0 --- 0 AfT)T . Therefore, the nonlinear system
equation (1) could be rearranged as
L L
B= Y piA(t) + Y pBu(t) + BA (x) +d Q)
i=1 i=1

3 The design of the controller

If we do not consider the effect of the A(x) . Denote A(x) in equation (5). Design a controller to
guarantee to stabilize the corresponding closed loop system of the linear part of the nonlinear system equation
(5), and make the H, performance satisfied.

The fuzzy state feedback controller is in the following form:

if 21 (t) is F¥ and, - - -, and zs(t) is F?, then

u(t) = Kiz(t), 1=1,2,---,L (6)

where K; are matrixes with proper dimensions.
The overall state feedback controller is given by
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L

u(t) =Y pikix(t) (7)
i=1

Because of the existence of the fuzzy modeling error, it is difficult to make the system equation (1) satisfy the
anticipant H, performance by only using the fuzzy state feedback controller. In this situation, we construct
the fuzzy logic systems to eliminate the fuzzy modeling error. Therefore, the nonlinear system is stabilized
and the desired H, performance is achieved.

Combining the fuzzy state feedback control with the fuzzy-logic-system-based control, we design the
control law

u(t) = w(t) —up(t) ®)

where v;(t) denotes the fuzzy control law in equation (6), us(t) is the compensator based on the adaptive
fuzzy logic systems.
Choose the adaptive compensator

us(t) = E~a(z]O, a, 0) )
ET(I + EET) 'a(z|6, a, 6) (10)

If E is nonsingular, equation (9) is chosen, or else, equation (10) is chosen. Where u(x|©, «, §) is constructed
by the adaptive fuzzy logic systems, £; = b; € RY™" FE = E{;l wib;.

Denote B = — B. Substituting equation (8) into equation(5), we get a closed-loop system
L L
de= > HipjAia(t) +d+ (U(2]0, 0, 8) — Ax)) (1)
i=1 j=1

where Aij =A; + BZI(‘7 (Z,j =1, - ,L)

If the fuzzy logic systems 4 (x|©, a, 0) could eliminate A (z) , then the closed-loop system equation (11)
is stable.

It has been proven that the adaptive fuzzy logic systems have the universal approximation property. We
construct the adaptive fuzzy logic systems to approximate the vector function A(x) with n dimensions. The
fuzzy logic systems have the form A (|6, o, §) = ¥(x, o, §)O, where the fuzzy basis function ¥ (x, o, ) =
diag[fl(% Qaq, 51)7 T 7€n(w7 On, 5n)]’ e = [9{7 HTv T 7977;7]’ o= diag[alv T 70471}’ o= diag[élv T 7571]’
0; (fort = 1,2, .- ,n) are the column vectors, «;, §; (fori = 1,2, -- ,n) are the row vectors. The weights
O , the centers « and the widths are the adjustable parameters. We have the following theorem:

Theorem 1. Define the estimation errors of the parameter vector and the parameter matrix © = O —
0" = (0; =07),,,& = a —a" = diag(la; — af, - ,0n, — ay), 0 = diag(éy — 67, , 0, — 0};),
& = &i(x,04,0;) — & (2, 04,0;) (fori = 1,2,--- ,n), then the approximation error for the vector function

Az) = [Ar(z), -, Ap(x)]T can be expressed as
Ax|0,a,8) — A(z) = (¥(x) — o () — 6Ws(2))O + (aWs(z) + 0Ws(x))O + wy

where U(x) = ¥ (z,a,9), ¥, (z) = diag[§ra, (T,1,01),+ , Enay, (T, Ay O],

';p(s(l') = diag[gl(sl (x7 ar, 61)7 Tty fnﬁn (1'7 Qp, 671)]:
i, (T, vi, 07) and &5, (x, vy, 0;) denote partial derivatives of §; with «; and 0; ,respectively. wy is the
residual term.

Proof. Denote (4;), ., = A(z|61,a, ) — A(x)
A; = Ai(2]0;, 04, 0:) — Ai(2) = &(, i, 6;)0; + &0; — £0] + & (12)
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where &; = A;(z]0F, af, 67) — Ai(x).

R

Using the Taylor expansion of &;(z, o, 6;) in (o, 6F) ,we derive

§i(w,q;,6i) = &i(w,05,07) + (i — o7 )i + (0 — 67)&is + o(x, 0 — o, 6 — 07) (13)
= &(z,0f,07) + Giia + 0:i&is + o(x, G, 0;)
where o(z, d;, 6;) denotes the high order argument.
Substituting equation (13) into equation (12) yields
A; = (&i(7, 04, 0) — iia, — 0ikis,)0; + (Giia, + 0:&i5,)0;i + (0 &ia, + 07 &is,)0i + 0(x, A, ;)07 + &

Denote w1 = (wlz’)n X 1wyt = (Oz;-kfmi + (xkfusb)éz + O(ZL‘, Qa;, (SNZ)H:( + &;.
We have R . ~
A(z]|O,a,0) = (¥(z) — a¥y(z) — 0¥s(x))O + (¥ (x) + 0¥s(x))O + w

The proof is completed.
Denote w; = [0 o --- 0 wﬂT, w = d — w; . By use of Theorem 1, (11) is rearranged as

L
= i A (t) + @ + B{(#(x) — alla(x) — 0Us(2))6 + (0o (x) + 0Ws(2))0]  (14)

i=1 j=1
If the following parameter updating laws are chosen as
O = —m(¥(z) — aWu(z) — 6¥s(x))" (BT Px)
& = =BT Px x (W, (2)0)T (15)
6 = —n3 BT Px « (Ws(2)0)"
where 77, n2andns are positive constants. We have the following theorem:

Theorem 2. For the nonlinear system equation (1), the control law is chosen as equation (8) composed of the
fuzzy state feedback control law equation (6) and the compensator equation (9), (10) based on the adaptive
fuzzy logic systems, and the parameter updating laws are chosen as equation (15), then the closed-loop system
equation (11) satisfies the H, performance

/ ! 2T ()Qx(t)dt < 2T (0)Px(0) + nléT(O)é(O)
0 1

+ L (@7 (0)a(0)) + —tr(5T(0)5(0)) + p? / " Ty (16)
2 3 0

where p > 0, P, QQ are some symmetric and positive definite matrices. P and @) satisfy the following matrix
inequalities

- _ 1
AijTP+PAij+?PP+Q<O (i,j=1,---,L) (17)

Proof. Choose the Lyapunov function V + 27 (t) Px(t) + ﬁéTé + ﬁtr(de) + Z—:Btr(STS)

Vo= SET@Pa(t) + o (OPit)] + 676 + —tr(GTE) + —tr(575)
2 m 772 3
| L. L T
- 5[(22 pip Agja(t)) Pa(t ZZMzM]AUJ? ) +@! Px(t) + 27 (t) Pw)]
=1 j=1 i=1 j=1

+[zTPB(W(2) — aWo(z) — 0Ws(2))O + nlléTé] + [«T PBaw,(2)6 + T}Ztr(de)]

2T PBSW (2)0 + ;tr(STg)]
3

WJIMS email for contribution: submit@wjms.org.uk



World Journal of Modelling and Simulation, Vol. 3 (2007) No. 2, pp. 149-154 153

Because ofé = 9, &= d,g = 5using (15), we yield

L L

. 1 T 7T 1 —T 1 T —
vV = P Zuiuj[x (t)A;; Px(t)] + 5@ Pl‘(t)+§£6 (t)Pw
=1 j=1
—1p2’u_JT7I) - iacT(t)PP:U(t) + 1,021DT7I) + L 2T (t)PPx(t)
2 2p? 2 2p?
| L. L
= SO mimle" (O AGPa(t) + 27 (#)pAija ()]
i=1 j=1
1 T _ 2 2 L
—(;Paz(t) — pw) (;P:c(t) — pw) + p W w + szaz (t)PPzxz(t)
1 1 1
< 3 SN i () (ALP + PA; + ﬁPP)a:(t) + 5ot
i=1 j=1

From equation (12), we derive V < —12T(1)Qu(t) + Lp*wTw .
Integrating the above equation from ¢ = 0 to T yields equation (16). The proof is completed.

By the Schur complements, the inequalities equation (17) can be transformed into the linear matrix inequal-
ities. Denote W = P~!,Y; = K;W. The inequalities equation (17) are equivalent to the linear matrix
inequalities

AW +WAT + BY;+ (BY)T+ (AT W

. o] <0 (18)

4 Simulation example

A 2-link manipulator system is used to illustrate the effectiveness of the proposed method

M(0)0(t) + C(0,0)0(t) + G(0) = 7(t) + d’
where 6 = [0;,65]", d is random noise.

Denote 1 = 6, 2o = 6, u = 7. The system is rearranged as the form equation (1): © =
[z f(x,u)+ d']". Simulation results are shown in Fig. 1 and Fig. 2. The simulation results demonstrate

0.6 - 0.6
iRk _91
04t 1 oa4r e 5!2 4
-
g 0.z - 'g 0.z \/V‘"
= : 3 a\e e
ER ' B
& &
02} ] 0.2}
0.4 : 0.4 :
0 & 10 0 ] 10
tis tfs
Fig. 1. The responses of the system states by only us- Fig. 2. The responses of the system states under fuzzy
ing fuzzy state feedback controller state feedback controller and adaptive compensator

that the proposed control scheme can guarantee to stabilize the nonlinear system rapidly.
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5 Conclusion

This paper presents a control scheme for a class of nonlinear systems. The fuzzy T-S model is used to
approximate the nonlinear systems. The modeling error is eliminated by a compensator based on the adaptive
fuzzy logic systems. The simulation results demonstrate that the control scheme is effective.
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