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Abstract. In this paper, we establish an equivalent statement of minimax inequality for a special class of
functionals. As an application, a result for the existence of three solutions to the Dirichlet problem

Apu+ N (z,u) = a(@)|uP~2u in 2,
u=0 ond 12,

where Apu =div(|Vu|P~2Vu) is the p-Laplacian operator, {2 C RY (N > 1) is non-empty bounded open
set with smooth boundary 02, p > N, A > 0, f : {2 x R — R is a positive continuous function and positive

function a(x) € C(£2), is emphasized.
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1 Introduction

Throughout the sequel, 2 ¢ R (N > 1) is nonempty bounded open set with smooth boundary 9f2 and
p> N.
Given two Gateaux differentiable functionals ¢ and ¥ on a real Banach space X, the minimax inequality

sup inf (P(u) + AMp —¥(u))) < inf sup(P(u) + Ap —¥(u))), p € R, (1)
A>0 ueX ueX A>0
plays a fundamental role for establishing the existence of at least three critical points for the functional ¢ (u) —
A (u).
The main result of this paper (Theorem 2) establishes an equivalent statement of minimax inequality
(1) for a special class of functionals, while its consequences (Theorem 3 and Theorem 5) guarantee some
conditions so that minimax inequality holds.
Finally, we apply Theorem 1 to elliptic equations, by using an immediate consequence of Theorem 2,
and we consider the boundary value problem

_ -2,
{ Apu~+ Af(z,u) = a(z)|uP~?u in 12, @)

u=20 on 052,

where A,u =div(|Vu[P~2Vu) is the p-Laplacian operator, A > 0, f : £2 x R — R is a positive continuous

function and positive function a(z) € C(f2), and we establish some conditions on f so that problem (2)
admits at least three weak solutions. We say that u is a weak solution to (2) if u € VVO1 P((2) and

P2y (2)Vou(x)dr — z,u(z))v(z)de = — | a(@)|u(@) P~ 2u(z)v(z)de
[ Ivu@P V@ Vo@)ds = [ f@u@)@iae == [ @@l u@pe)d
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for every v € Wy (£2).
Also by a similar arguments as in the problem (2), we will have the existence of at least three weak
solutions for the problem

Apu+ Ahi(2)ha(u) = a(x)|uP~2u in 02, 3)
u=20 on 02,
where hy € C(£2) and hy € C(R) are two positive functions, and for the problem
Apu+ A f(u) = a(z)uP~2u in 2, @
u=20 on 052,

where f : R — R is a positive continuous function.

In recent years, many authors have studied multiple solutions from several points of view and with dif-
ferent approaches and we refer to [1]-[6] and the references therein for more details, for instance, in their
interesting paper [3], the authors studied problem

{ W+ M\ f(u) =0,

u(0) =u(1) =0, ©)

(independent of ), in the case), where f : R — R is a continuous function and X is a real parameter, by
using a multiple fixed-point theorem to obtain three symmetric positive solutions under growth conditions on
f, and, in [4], the author proves multiplicity results for the problem (5) which for each A € [0, +oc], admits
at least three solutions in VVO1 ’2([0, 1]) where f is a continuous function.

Also, in [6], the authors, established the existence of three positive solutions for classes of nondecreasing,
p-sublinear function f belonging to C'*(]0, 00)) for a p- Laplacian version of [3], i.e., the problem

—Apu = Af(u) in 2
{ u:p() on 012 ©)

where p > 1, A > 0 is a parameter and {2 is a bounded domain in RN. N > 2 with 012 of class C? and
connected.

In [2], using variational methods, the authors ensure the existence of a sequence of arbitrarily small
positive solutions for problem

{ Apu+ Af(z,u) =0 in 02, e

u =0 on 012,

when the function f has a suitable oscillating behaviour at zero.

In particular, in [1] we obtained the existence of an interval A C [0, +oc] and a positive real number
q such that for each A € A the problem (2) where 2 C RV (N > 2) is non-empty bounded open set with
smooth boundary 92, p > N, A > 0, f : 2 x R — R is a continuous function and positive weight function
a(z) € C(£2), admits at least three weak solutions in whose norms in WO1 P(£2) are less than q.

We now recall the three critical points theorem of B. Ricceril”! by choosing h(\) = Ap:

Theorem 1. Let X be a separable and reflexive real Banach space; ¢ : X — R a continuously Gateaux
differentiable and sequentially weakly lower semicontinuous functional whose Gateaux derivative admits a
continuous inverse on X*; T : X — R a continuously Gateaux differentiable functional whose Gateaux
derivative is compact.
Assume that im||y||— 4.0 (P(u) + NT'(u)) = 400 for all X € [0, +0oc], and that there exists p € R such

that

sup inf (@(u) + A\T'(u) + Ap) < inf sup(@(u) + A\T'(u) + Ap).

A>0 ueX ueX A>0
Then, there exists an open interval A C [0, 4+00| and a positive real number q such that, for each \ € A, the
equation &' (u) + XT"(u) = 0 has at least three solutions in X whose norms are less that than q.
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2  Main results

In the sequel, let f : {2 X R — R be a positive continuous function and g : {2 x R — R be the function
defined as follows g(z, t) fo x,&)d¢ for each (z,t) € £2 x R. X will denote the Sobolev space VVO1 P(02)

with the norm || u || := ([, |Vu(z)[Pdz)"”,

Now, we define [|ul|. := ([, (|Vul[? + a(z)|u|P)dz) e , such that there exist positive suitable constants
c1and ¢y :

crlful] < lull« < cafful] (8)

(i.e., the above norms are equivalent).

We now introduce two positive special functionals on the Sobolev space X as follows @(u) := > for
every u € X, and ¥ (u) := [, g(x, u(x))dz for every u € X.
Let p,7 € R, w E Xbe suchthat 0 < p < ¥(w) and 0 < r < ¢(w). We put
P(w)
= = 9
¥(w)
= = 10
Ba = Ba(r, w) " (w) (10)
k 1_1 1/p
Bs = B3(p, w) := am(Q)N »(p Bi(p, w)) (11
and
k 11
o =o(cr,u) = —m2)N 7 || u |l (12)
1

for every u € X, where k = k(INV, p) is a positive constant and m({2) is the Lebesgue measure of the set (2.
Clearly, 31, 32, 33 and o are positive. Now, we put 81 := inf{c € R";¥(u) > p}, dy := inf{o €
R*; m(2) max, 5 g(x,0) > p} and

5, := 01 — 6 (13)

Clearly, §; > 0o.
1 1
Taking into account that for every v € X, one has sup,cq |u(z)| < km(Q)W_EHuH for each

u € X, namely sup,cp |u(z)| < %m(Q)W_EHUH for each u € X, so that ¥(u) = [, g(z, u(x))dr <
m(§2) max, 5 g(z,0).

Namely ¥(u) < m(2)max,qg(z,0); therefore, {o € R*;¥(u) > p} C {o €
R¥im() max, g 9(2,0) > p }.

So, we have inf{o € R*;¥(u) > p} > inf{o € RT;m(2)max, 5 g(x,0) > p}.

Hence 4, > 0.

The main result of this paper is the following theorem:

Theorem 2. Assume that there exist p € R, w € X such that
(i) 0 < p < ¥(w),
(ii) m(Q) max, .o g(x, B3 - 6P) <p;
where (33 is given by (11) and 6, by (13).
Then,
sup inf (P(u) + A(p — ¥ (u))) < inf sup(@(u) + A(p — ¥(u))).
A>0 ueX ueX A>0
Proof. From (ii), we obtain 33 — d, ¢ {0 € R*; m(2)max 5g(x,0) > p}. Moreover
inf{6 € R*;m(2)max, 5g(x,0) > p} > B3 — J,; in fact, arguing by contradiction, we assume that
there is ¥ € R* such that m(£2) max ¢ g(z,9) > pand 9 < B3 — §,, so m(2) max, 5 g(z,F3 — J,) >
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m(£2) max, g g(z,9) > p and this is a contradiction. So inf{# € R*;m(2)max, 5g(z,0) > p} >
B3 — 0,. Therefore, inf{c € R*;m(2)max 5 g(x,0) > p} > B3 — J,; namely $3 < 4. So, we have

inf{M € RY; ¥ (u) > p} > (1, namely inf,cg—1([p4o0]) P(u) > p%, and, taking in to account

that (¢) holds, one has nfy w1 ((p 4o P(W) > Plw)—infy ey 11y +o0)) P(W)

. Now, let A € R, and taking into

’ i W f W
. . . . @w—inu 1 Oo@u inu 1 Oo@u
account the previous inequality, one has either A > ;‘(pw)ﬁ[z o)) or A\ < —u&¥ (ptee) - 7

Namely inf,cp—1([p oo P(u) > P(w) + Ap — ¥(w)) or Ap < inf,cp—1([p4oo)) P(u). Therefore,
thanks to the 0 < p < ¥(w), we obtain infuex(P(u) + Ap — ¥(u)) < infyep—1() o)) P(u),
and then, one has supysginfuex(®(u) + Ap — ¥(u))) < infyep-1(p4o00]) P(u). Therefore,
thanks to the infyexsupy>o(®(u) + Alp — ¥(u))) = infycp—1(p4oc)) P(u), we have the
Supys fuex (B(u) + A(p — (u))) < infyex supsso(@(u) + A(p — ¥(u)))

Remark 1. supy g inf,c x (P(u)+A(p—¥(u))) is well define, because A — inf,c x (P(u)+A(p—¥(u)))
is upper semicontinuous in [0, +o0] and tends to —oco as A — +oo0.

Remark 2. If in Theorem 2, 33 —d,, < 0; the Theorem holds again. Because, 33 < §; —d2 < J1. Arguing
as before, proof Theorem 2, result holds.

If instead of condition (ii) in Theorem 2, we put m(f2) max .5 g(z,#3) < p, then the result holds,
because m (§2) max, 5 g(x, B3 — 0,) < m(2) max, 5 g(w, B3) < p.

So, we have the following result:

Theorem 3. Assume that there exist p € R, w € X such that
(i) 0 < p < ¥(w),
(ii) m(§2) max . g(x, B3) < p.
where (35 is given by (11).
Then,

sup in)f((@(u) +Ap—¥(u)) < in)f( sup(@(u) + Ap — ¥ (u))).
A>0 U€ UEA \>0

Now, we point out the following result:

Proposition 1. The following assertions are equivalent:
(@) there are p € R, w € X such that

(i) 0 < p < ¥(w),

(ii) m(§2) max_ 5 g(x, B3) < p; where (33 is given by (11).
(b) there are r € R, w € X such that

()0 <7 < B(w),

(jj) m(§2) max_ .5 g(x Em (02 )%71’ {/pr) < B2; where (B3 is given by (10).

7a

Proof. (a) = (b). First we note that 0 < &(w), because if 0 > &(w), from (i) one has p% > d(w),

1 1
namely (33 > %m(ﬂ)ﬁ_ﬁ ||w]||«. Hence, taking into account (ii), one has

1

¥ (w) <m(82) r;le%g(»’v, Cklm(f?)_f’ | w [[+) < m(82) r;leaxg(w ,B3) < p,

and that is in contradiction to (i). We now put #; = r. We obtain p = [ and 33 = —m(Q)%_% Y/pr.
Therefore, from (¢) and (¢7), one has 0 < r < ¢(w) and
1

m(2) max gz, “m(Q)¥F YFT) < fa.
e C1

(b) = (a). First we note that 0 < ¥(w), because if 0 > ¥ (w), from (j) one has qug )) < 0; namely, 32 < 0.
Hence, from (j7) one has
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k 1_1
0 = w(0) < m(2) maxg(z, —m(2)¥ " {/pr) <0,
zeS? 1

1 1
and this is a contradiction. We now put B2 = p. We obtain » = (3, and %m(())ﬁ_E ¢/pr = [33. Therefore,
from (j) and (jj), we have the conclusion.

The following Theorem is another consequence of Theorem 2.

Theorem 4. Assume that there existr € R, w € X such that
(J)0<r < P(w),

1 1
(j7) m(£2) max, q g(, %m(ﬁ)ﬁf% /pr) < (B2 where (32 is given by (10).
Then, there exists p € R such that

sup in)f((@(u) +Ap—¥(u)) < in)f( sup(@(u) + A(p — ¥ (u))).
A>0 u€ ucEX >0

Proof. 1t follows from Theorem 3 and Proposition 1.

Finally, we interested in ensuring the existence of at least three weak solutions for the Dirichlet problem
(2). Now, we have the following result:

Theorem 5. Assume that there exist p € R, by € L'(£2), w € X and a positive constant v with v < p such
that

(1) 0 < p < [o9(z,w(x))dr,

(i1) m(£2) max ¢ g(z, B3) < p.

(7i1) g(x,t) < bi(x)(1 4+ [t|7) almost everywhere in §2 and for each t € R.
where (35 is given by (11).

Then, there exists an open interval A C [0, +o0] and a positive real number q such that, for each X € A,

problem (2) admits at least three solutions in X whose norms are less than q.
[ [%

Proof. For each u €X, we put &(u) = ,

particular, for each u,v € X one has

,T(u) = = [, 9(x,u(x))de and J(u) = $(u) + AT(u). In

@' (u)(v) = /Q (IVu(@) P2 V(@) Vo(z) + a(@)|u(@) P~ u(z)o(@))dz

and

TWWOZjAﬂ%M@MMM-

It is well known that the critical points of .J are the weak solutions of (2), and our goal is to prove that ¢ and

T satisfy the assumptions of Theorem 1. Clearly, @ is a continuously Gateaux differentiable and sequentially

weakly lower semi continuous functional whose Gateaux derivative admits a continuous inverse on X * and

T is a continuously Gateaux differentiable functional whose Gateaux derivative is compact.

Thanks to (4ii), for each A > 0 one has that lim||,|| o (®(u) + AT (u)) = +o0 for all A € [0, +-o0].
Furthermore, thanks to Theorem 3, from (7) and (ii) we have

sup inf (@(u) + AT (u) + A\p) < inf sup(®(u) + NT'(u) + Ap).
A>0 ueX ueX A>0

Therefore, we can apply Theorem 1. It follows that there exists an open interval A C [0, 4+00] and a positive
real number ¢ such that, for each A € A, problem (2) admits at least three solutions in X whose norms are

less than q.

We also have the following existence result:
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Theorem 6. Assume that there exist v € R, by € L'(£2), w € X and a positive constant  with ~y < p such
that

Hw\l

(J)o<r<

1 1
(75) m(£2) max, g g(x, Em(2)N v ¢/pr) < fo;
(777) gz, t) < ba(z)(1 + |t|7) almost everywhere in 2 and for each t € R. where 32 is given by (10).
Then, there exists an open interval A C [0, +o0] and a positive real number q such that, for each A € A,
problem (2) admits at least three solutions in X whose norms are less than q.

Proof. Tt follows from Theorem 4 and Theorem 5.

Let hy € C(_Q) and hy € C(R) be two positive functions. Put f(z,t) = hy(x)ha(t) for each (z,t) €
Q2 x R, H(t fo ho(&)dE for all t € R, and bg(x) = Zl(( )) for almost every = € (2. Then, with use the
Theorem 5, we have the following result:

Theorem 7. Assume that there exist p € R, by € L'(£2), w € X and a positive constant v with v < p such
that

()0 < p < Jo(ha(2) H(w(x)))da,

(id") m(£2) max, . hi(x) < %.

(#3") H(t) < b3(x)(1 + |t|?) almost everywhere in (2 and for each t € R. where 33 is given by (11).

Then, there exists an open interval A C [0, 00| and a positive real number q such that, for each X € A,
problem (3) admits at least three solutions in X whose norms are less than q.

Put by(z) = 221((?) for almost every z € 2. Then, with use the Theorem 6, we have the following
existence result:

Theorem 8. Assume that there exist v € R, by € L'(£2), w € X and a positive constant  with v < p such
that

lel*

()0 <r < Ll
2) max h B ;
(JJ ) m($2) z€0 1(r) < H(ﬁm(ﬁ)%_% o)
(775") H(t) < bg(x)(1 + |t|7) almost everywhere in (2 and for each t € R. where [35 is given by (10).
Then, there exists an open interval A C [0, 400 and a positive real number q such that, for each \ € A,
problem (3) admits at least three solutions in X whose norms are less than q.

We now want to point out two simple consequences of Theorem 5 and Theorem 6, respectively. Let
f : R — R be apositive continuous function. Put g(¢ fo &)d¢ foreach t € R.
So we have the following results:

Theorem 9. Assume that there exist p € R, w € X and two positive constants v and 1, with v < p such that
()0 < p < [,y g(w(x))da,
(id") m(2)g(Bs) < p.
(13i") g(t) < m (1 4 |t]7) for each t € R. where [33 is given by (11).
Then, there exists an open interval A C [0, +00| and a positive real number q such that, for each \ € A,
problem (4) admits at least three solutions in X whose norms are less than q.

Theorem 10. Assume that there exist r € R, w € X and two positive constants v and 1y with v < p such
that
(") 0 < r < Il

1 1
(75" m(2)g(Em(2)N "7 ¢/pr) < fo;
(733") g(t) < ma(1 + |t|7) for each t € R. where (32 is given by (10).
Then, there exists an open interval A C [0, +00) and a positive real number q such that, for each X\ € A,
problem (4) admits at least three solutions in X whose norms are less than q.

WJIMS email for contribution: submit@wjms.org.uk



World Journal of Modelling and Simulation, Vol. 3 (2007) No. 2, pp. 83-89 89

Now, in the case N = 1 and p = 2, we present two simple consequence of Theorem 9 and Theorem 10,
respectively..
For simplicity, we fix {2 = [0, 1] and consider a positive continuous function f : R — R. Moreover, put
Ly
= [y f(§)d¢ forall t € R.

B

Taking into account that, in this situation, k = 3 Land 33 = L 3"

we have the following results:

Theorem 11. Assume that there exist p € R, w € X and two positive constants v and n3 with v < 2 such
that

@) 0<p< [} g(w(x))da,

(@) g(Z /2 < p.

(25i"") g(t) < m3(1 4+ [t|7) for each t € R. where [31 is given by (9).
Then, there exists an open interval A C [0,+00) and a positive real number q such that, for each A € A,
problem

u(0) = u(l) =

admits at least three solutions in VVO1 2([0, 1)) whose norms are less than q.

{ ) £ M) = alaue) < 0.1 (14

Theorem 12. Assume that there exist r € R, w € X and two positive constants v and ng with v < 2 such
that

(") 0 < r < Iz

(75") 9(5; f) < B

(777" g(t) < na(1 + |t|7) for each t € R. where (35 is given by (10).

Then, there exists an open interval A C [0, 400) and a positive real number q such that, for each A € A,
problem (14) admits at least three solutions in WO1 2([0,1]) whose norms are less than q.

Example 1. Consider the problem

" U, 2 — o
{u + Ae"u (3 +u)) = e”u, (15)

u(0) =u(1) = 0.

Then, there exists an open interval A C [0, +00) and a positive real number ¢ such that, for each A € A,
problem (15) admits at least three solutions in T/VO1 2(]0,1]) whose norms are less than g. In fact, by choosing
p = % and w(z) = x so that B (p,w) = ;5. all assumptions of Theorem 11, are satisfied with v = 1, ¢
is positive constant such that the inequality (8) hold for m(z) = e and 73 sufficiently large, also with choose
r =1 and w(z) = x so that Bz (r, w) = =2 , are satisfied with v = 1, ¢ is
positive constant such that the inequality (8) hold for m(z) = e* and 74 sufficiently large.
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