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Abstract. Symmetries play an important role in solving partial differential equations. In this paper, the de-
termining equations for a class of nonlinear partial differential equations with arbitrary order are considered.
It is shown that the determining equations for the nonclassical reduction can be obtained by requiring the
compatibility between the original equation and the invariant surface condition. A simple partial differential
equation and BBM equation serve as examples to illustrating the feasibility of this method.
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1 Introduction

Sophus Lie established the concept of Lie group in the study of the invariance of differential equations.
It is important to study the property and exact solutions of the nonlinear partial differential equations by the
invariance of differential equations. The nonclassical method of reduction was devised originally by Bluman
and Cole, in 1969, to find new exact solutions of the heat equation in [4] in terms of vector fields and their
prolongations. The nonclassical method could be used for an arbitrary system of differential equations, but for
the purposes of this paper, we restrict ourselves to one nth-order PDE of (1 + 1)-dimension as follows:

A(x7t7u7utauxauttauzma"') =0 (1)
The infinitesimal generators of (1) as follows:

x4+ X(t,z,u)e + O(?)

T =
t=t+T(t z,u)e+ O(?) )
i =u+U(t,z,u)e+ O(e?)

Suppose the (1) is invariant under the action of infinitesimal transformations if and only if it satisfies:

r™a) =0 3)

0 0 0
F—Ta+X%+U% 4

where I"(™) is the nth extension of the I".
Solving (3) leads to the infinitesimals X, 7" and U for the classical Lie point symmetry. This is so called
classical Lie method.
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The invariant surface condition about (1) as follows:
Tus + Xuy =U 5)
If we denote (5) by Ay, then
Ag=Xuz +Tuy — U (6)

The main idea of the nonclassical method is to seek the invariance of the original equation augmented
with the invariant surface condition.
The nonclassical symmetries are determined by the following governing equations:

™A =0 (7
A=0,A0=0
Solving this governing equation leads to a set of the determining equations for the infinitesimals X, 7T and U.
When the determining equations are solved, that gives rise to the nonclassical symmetries of (1).

Substitute solutions of (5) into (1) to reduce the original equation. When the reduced equation are solved,
We obtain the invariant solutions under group (2) of the original (1). Nonclassical method can get more so-
lutions than the classical method, so the method of nonclassical reduction has been used to find new exact
solutions. Recently, in [2, 6] Broadbridge and Arrigo have shown that all solutions of standard symmetric
linear partial differential equations have classical Lie symmetry. Usually, the determining equations for non-
classical method unlike the determining equations for classical method. So the properties and relationships of
the nonclassical reduction, the determining equations of it and the invariant surface condition are worthwhile
to study. Arrigo and Beckham in [2] show that the determining equations for the nonclassical method can be
derived as a consequence of the compatibility for the evolutionary partial differential equations. In this paper,
we show that for a class of the nonlinear PDE with arbitrary order instead of the nonlinear evolution equations,
the determining equations for the nonclassical symmetries can also be derived by the compatibility between
the original equation and the invariant surface condition.

This paper is organized as follows. For motivation, we consider a simple equation. In Section 2. We
will show that the determining equations for the nonclassical symmetries of a simple equation are quickly
and easily recovered. In Section 3, we will prove that for a class of nonlinear PDE with arbitrary order,
compatibility with the invariant surface condition can sententiously leads to the governing equation for their
nonclassical symmetries. The determining equations can be obtained by solving the governing equation. In
Section 4, we will consider the BBM equation illustrating the feasibility of this method.

2 Nonclassical of a simple partial differential equation

In this section, we derive the governing equations for the nonclassical symmetries of a simple equation
via compatibility are the same to the governing equation using the vector fields and their prolongations.

First, we use vector fields and its prolongations to obtain the determining equations of the nonclassical
symmetries.

A simple PDE as follows:

Ut = Ugpt + Ugy (8

If we denote (8) by A1, and the invariant surface condition (5) with T' = 1 (without loss of generality, see [4])
by A, then

Al = U — Uyt — Ugg 9
Ag =up + Xu, — U (10)

The determining equations for the nonclassical symmetries for (8) are obtained by requiring that
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r?a =0 (11)

1 —
A1=0,A5=0

where the infinitesimal generator " is given by I' =T a% + X % +U a% with the first and second extensions
as

0 0
'Y =4 Uy=—+U 12
gy, TV, (12)
0 0 0
2 1
The coefficients of the operators in (12) and (13) are given by

U[t] = Dt(U — Xux — Tut) + Xum + Tutt = Dt(U — Xux) + Xum (14)
Ua] = Da(U — Xug — Tug) + Xtigy + Ty = Do (U — Xug) + Xtgs (15)
Uy) = Dy (U — Xuy — Tuy) + Xugge + Tugyy = Dy (U — Xug) + Xugy (16)
U[tz] = Dt:c(U — Xug — Tut) + Xtigg + Tty = Dtx(U - XU:(:) + XUz (17)

Invariance of the (8) is given by (11), which by (9) and (13), gives
ra, =Up) — Ulzt] — Ulza) (19)

A1=0,A5=0

Substituting (14), (17), (18) into (19) gives the governing equation for the infinitesimals X, T, U. Solving this
governing equation leads to a set of the determining equations for X, T, U of nonclassical symmetries.

Next we will make use of the compatibility between the (9) and the invariant surface condition 10 derives
(19). Total differentiation D; of the nonlinear wave equation (8) gives
For u; = uyt + uge we have

Dy(ut) = Di(ugt + tgy) (20)
So Dy(ug) = ugst + Uzt = Dayt(ur) + Dgg(ug) By up = U — Xu, we get
Dy(U — Xuy) = Dyt (U — Xug) + Dy (U — Xuy) 2n

Adding X uy; + Xy, to both sides of (21) and regrouping give Dy (U — Xuy) + Xty = Dyr (U — Xug) +
XUgge + Dmt(U - Xux) + XUtgr — Xtizg + Xtz — XtUgrg-

For u; = ugt + Upe = Dy(ut) = Dy(ugt + Uze) = Uty = Utgr + Ugyy SO it gives the governing
equation (19) Uy = Ulyy] + Ulpa)-

Following (20), (21) and using Ay = 0, D (u¢) = Dy (st + gy ) We can obtain the governing equation,
then the determining equations for the nonclassical symmetries of the (8) are:

Utz +Upe = Ut + U(Uue — Xz) =0
Ui — Xte + 2Upu — Xz + Xi = X(Uuz — X2) + U(Unu — Xuw — Xu) =0
Ui — Xtu — 2Xou — X (U — X — Xu) — XuuU = 0
Xe+Xe +UXy =0
XXy — Xy =0
XXy —Xy=0
The determining equation above is obtained by the compatibility, it is the same to the determining equa-
tions obtained by using the vector fields and their prolongations. In the next section, we will prove the deter-

mining equations for the nonclassical symmetries of a class of more general PDE also can be derived by this
method.
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3 Compatibility of a class of nonlinear partial differential equations
Consider the partial differential equation

u = F (ta Ly Uty Utz " Utz (m)) Uy Uz Uz * " - 7u:c(n—1)) Uy (n)

+G (t, Ly Upgs Utz "+ 5 Utg(m)> Us Uz Ugay " Ua:(n—l)) (22)

Where uy ) = 03U, Ugp(m) = O Oru and where F' and G are smooth functions of their arguments. If we
denote (23) by A; and the invariant surface condition (5) with 7' = 1 by A, then

Al = Ut — Fum(n) -G (23)
Ay =y + Xuy, — U (24)

The determining equations for the nonclassical symmetries of (23) are obtained by requiring that

r®a, =0 (25)

A1=0,A2=0 o

where k& = max(m + 1,n), the infinitesimal generator I" is given in (4), and its Kth extension is given
recursively as

k
d
I = pE=1 LN Uy —————— (26)
; O Bty

where uy(x i) (i) = af_iafcu,the coefficients of the operators in (26) are given by
Uty = FUl() + T Fug(y + TG @7)

Solving this governing equation (27) leads to a set of the determining equations for the nonclassical
symmetries of the nonlinear PDE (23).Before we establish the main result of the paper, it is important to
prove an important relationship between the extended infinitesimal generator I"*) and the total derivative
operators D, and Djy.

Lemma 1. If I'%) is the extended infinitesimal generator, and D, and D are total derivative operators, then
Sfor any smooth function F(t, x, Uiy, Utzy - - - s Uiz (m)s Ws Uz, ** 5 Ug(n)»

I'®F = DiF + XD, (F) (28)
Provided uy = U — Xug.

Proof. From the definition of I'®) it is clear that

r'p—F+XF,+UF, + Z Ulta()) Fusegsy + Z Us(iy P (29)
j=1 i=1

m n
Di(F)+ XD,F = Fy + Fyu; + Zuttm(j) : Futz(j) + Zutz(i)Fuzw
j=1 i=1

m n
+ X (Fy + Futia + Y Py () + 3 Py Ua(isn) (30)
j=1 i=1

Because Upy(y,—i)u(i)] = D?_iDi(U — Xug) + Xtyn—i)a(it1), We get
Ulte(j)] = Utte() T XUta(i+1)s  Ule(s)] = Wta(i) + X Ug(iv1) (3D
U=u + Xuy (32)
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We use (31), (32) denote U, U[x(i)], U[m(j)] in (30), we get

m m
Fr'YpF —F + XF, +wF, + XFu, + Z Fuy, ) Uita(j) + Z X Fup, ) Uta(j+1)
j=1 j=1

+ D Py ttatiy + O X Fuy g (i) (33)
i=1 i1

It is easy to know that (33)=(30). So (29)=(30).
Asaresult '®) F = D,F + X D,(F). Then the lemma holds true.
With the result of this lemma we are now ready to give and prove the main result of the paper.

Theorem 1. The determining equations for the nonclassical symmetries of the partial differentia equation
ur = F(t, 2, Uty Utz 5 Ugg(m)s Us Uy Uz, " 5 Ug(n—1)) Uz (n)
+ G, T, Uty Wiz, 5 Uta(m)s Uy Uy Uy " 5 Ug(n—1)) (34)
can be obtained through compatibility with the invariant surface condition.
u = U — Xuy (35)
where X = X (x,t,u) and U = U(X, T, U) are smooth functions.
Proof. Suppose that the two equations are compatible. Subtracting (34) and (35) gives
U~ Xug = F(t, %, Uz, Wizzs -+ Utz (m) s Uz Uzzs **  Ug(n—1)) Uag(n)
+ G(t, @, Ui, Utz 5 Utar(m)» Uy Ua Ugs * 5 Uz (n—1) (36)

Total differentiation D; of (36) gives

Dy(U — Xuz) = Di(F)ug(n) + Fuggm) + DiG (37)
where as repeated total differentiation D7} of (35) gives
Utz (n) = Dy (U — Xuy) (38)
Eliminating w; () from (37) gives
Di(F)ugny + FDy (U — Xug) + DiG = Dy(U — Xuy) (39)

Adding Xy + F X tg(n41) to both sides and regrouping gives Dy (U — Xug) + Xuge = FDR(U — Xug) +
FXuymi1y + DiG + Di(F)ug(ny + Xt — F Xty 1) By the definition of Uy and Ul it follows that

Uy = FUyg(n) + Di(G) + Di(F)ugn) + Xuge — FXUgy(nin) (40)
Total differentiation D, of (34) gives
Uty = Dy (F)uy(n) + Fgnyr) + DG (41)
Eliminating u;, from (40) gives

U[t] = FU[x(n)} + D(G) + Dt(F)um(n) + X(Dx(F)uz(n) + Fum(m_l) + D, (G)) — FXUZ(M_I)

SO
Uy = FUp(n)) + (De(F) + X Do (Fug(n) + (De(G) + X D2 (G)) (43)
Through the above lemma, (43) becomes

Uty = FUpuy) + T Fugy + 10 G (44)
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According the theorem, we know (37) together with the original equation (34) and the invariant surface
condition (35) is equivalent to (44). So following the above theorem and the process of the proof we can
obtain the determining equations for the nonclassical symmetries of (34) through directly solving (37) with
the substitutions (38) and (41) instead of solving the governing equation (44).

In the next section BBM equation serves as examples.

4 Examples

In this section, we consider the BBM equation to show that compatibility can lead to the determining
equations for nonclassical symmetries. The BBM equation:

Ut + Uy + Uy — Uggr = 0 45)

First, we use vector fields and its prolongations to obtain the determining equations of the nonclassical
symmetries.
We denote the BBM equation by A; and the governing equation (25) for X, 7T, U is given by

réa = Ul + Uy + uUp) + Uty — Ulgay)- (46)

1
A1=0,A5=0

Eliminating U}y, Ujy), Uz from (46) and substituting uy = U — X, give rise to the governing equation for
X, T,U.

On the other hand, we use compatibility to obtain the determining equations, according to the above
theorem, taking total differentiation D; of (45) and substituting %yzzt = Uzt +Uzy —l—u% F Uy, U = U—Xuy
also gives rise to the governing equation for X, 7", U. Comparing the two governing equation, They are same.
The determining equations for the same governing equation are same. The determining equations are

U,=0 (47)
-3XX,=0 (43)
2X Xy +3X2 =0

X+ X, U—-XX, =0

Ui+ Ur — Uge + (Xo — Uiza)U + (Xow — 2Uua ) Uy + XpUpe =0

U— Xt — 22Uty + Xtza — (Xz — U)X + (Xugz — 2Unue)U + (Xugz — 2Upue)U

— (Xaz — 2Uuz) X + (4Xuz — 2Unu)Us + 2Xo Uy — Xo Xog + 2XyUzz = 0

2Xtzu — Upiw — (Xuze — 2Uuuz) X + 2Xuue — Unun)U — (Xazw — 2Uuz) Xug + (4Xyz — 2Uu) Uy

+ 3X iUy + XU — 2X o Xow — 4X Ui — 2XuX e — (4Xye — 2U) Xe =0

XU — (4X e — 2Uu) Xu + 3X iUy — 4X 00X + 2X U — 4X 0 X s

+ Xtww — (2Xuwz — U)X =0

— X Xouu = 5Xy Xy =0

— Upi + 2Xtz + (2Xuz — Uua)U = (Xaw — 2Uue) X 43X Up + XoUy — 2X2 =0

3Xpw — (2Xuz — U)X +3X U — (4Xyy — 2U) X +5X,U, — 10X, X, =0

Through (48), we obtain
Xu=0 (49)

Substituting (47), (48) and (49) into other equations, we can obtain the determining equations for the
nonclassical symmetries of the BBM equation, and it reads as follows:
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Xy=0
Uy =0
U =0
Xi— XX, =0

— U+ 2X10 — X Xpo + XUy —2X2 =0
- Xt +U + th:t - XXz + chUu - QXIIXx =0

So the determining equations for the nonclassical symmetries of the BBM equation can be obtained by
the compatibility between the original equation and the invariant surface condition (35). The determining
equation is same to the determining equations obtained by use vector fields and its prolongations.

5 Conclusion

The nonclassical method, first introduced by Bluman and Cole, is based on a generalization of the method
of Lie, which seeks invariance of a given partial differential equation under a group of infinitesimal transfor-
mations. In this paper we have considered a method of deriving the determining equations for the nonclassical
symmetries of evolutionary partial differential equations. We study a new method to obtain the determining
equation of the nonclassical of the partial differential equations. We show nonclassical symmetries can be
easily and quickly derived through the compatibility between the original equation and the invariant surface
condition (35). A simple partial differential equation and BBM equation serve as examples illustrating the fea-
sibility of this method. Our future work is to consider whether conditional symmetry and plential symmetry
can be obtained by this method.
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