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Abstract. This paper mainly presents the simulated calculation of Brownian Motions, SDE and BSDE in
particular that are closely related to financial derivative products and their simulations by means of MATLAB.
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1 Introduction

From the first warrior stumbled by a stone block accidentally in the Paleolithic Age on, stochastic phe-
nomena of the nature was realized. Stochastic phenomena are embodied in either variable weather or biology
evolution. What is called stochastic phenomena is that, under the same condition, there are not coming out
the same consequences. For example, stock market is affected by many uncontrolled factors, which leads to
difficult price prediction. Stochastic analysis studies stock market from a new point of view, to find some non-
random laws in the stock market by means of probability methods, to enlighten us to know further about the
stock market and guide our practical marketing operation. Thus, stochastic analysis plays an important role in
a number of methods for stock market analysis.

2 Brownian motions

To mention stochastic analysis, we have to talk about a most basic concept—-Brownian Motion.
On June 6, 1827, Mr. Brown observed pollen with a microscope, and found the pollen particle suspended

in liquid moving disorderly and continuously. From June to August in 1828, Brown published two articles “On
Particles of Plant Pollen” and “On Universal Existence of Active Molecule in Organic and Non-organic Sub-
stances”, in which his important discovery was declared. Since then, this phenomenon is called as “Brownian
Motion”.

From the definition of Brownian Motions, we know that Brownian motions are not absolutely “disorder”,
rather than in some rules. According to the definition, we compile a BM.m program by Matlab, resulting in
following Fig. 1:
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Fig. 1. Brownian motion Fig. 2. 1000 Brownian Motions contrails

The concept of BM.m program is described briefly as follows: According to the definition of Brownian
Motions in which the initial value is null, an array with length of N (which has been known) and the first
element of zero is initialized. The displacement values of Brownian Motion can be stored in this array, which
will result in stochastic arrays with length of N and being normal distribution by means of random function.
Then, based upon the standard definition of Brownian Motions, as for, we can deduce the displacement for
each moment by the stochastic array.

Only one Brownian motion simulation contrail cannot display its rule, so we compiled BM2.m to simu-
late M contrails. Supposing M = 1000, i.e. 1000 Brownian motions simulation contrails, are shown as Fig.
2:

As shown in the figure, we find amount of Brownian Motions congregating together. Maybe the rule of
Brownian motions cannot find in one contrail, but in amount of Brownian Motions. As long as we obtain
enough data of market and analyze them, we are sure to find the rule in the market that seems to have all sorts
of uncertain factors. It has an intensive and practical sense in stock analysis.

Brownian Motion is one of the most basic processes, and lots of stochastic processes are formed by
Brownian Motions or aroused by Brownian Motions. Now we simulate a process in which Brownian Motions
is affected by a function f(x) = x2.

Fig. 3. Brownian Motions affected by a function
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Moreover, to make f(x) more clear, we simulate x = x0e
αt + Btx = x0e

αt+Bt , and compare them to
x = x0e

αt. They are aroused by the same Brownian Motions.

Fig. 4. Fig. 5. Magnified Fig.4

3 Stochastic differential equations (SDE)

The general Ito’s type of SDE is as follows:{
dXt = f(t,Xt)dt+ g(t,Xt)dBt
X0 = x

Simulation for calculating solution of stochastic difference equation is given below: first, simulation
results in g the solution calculation. The solution is given by simulation of program wsq1.m. For dXt =

α(t)Xtdt+ σ(t)XtdBt, its solution is Xt = X0e
R t
0 (α(s)−σ2(s)

2
)ds+

R t
0 σ(s)dBs . Set X0 = 3, α(s) = 3s, σ(s) =

3s, shown as Fig. 6:

Fig. 6. Fig. 7.

A subprogram Ito.m in Wsq1.m is transferred to calculate It ô integral, and in Ito.m, [0, t] is divided into
N partitions (supposing N = 1000), then It ô integral is calculated approximately by

∑t
0 σ(ti)(Bti+1 −Bti)
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Wsq4.m is programmed latterly according to Euler’s method, and the solution of equation dXt =
α(t)Xtdt + σ(t)XtdBt is given by simulation of program. Let X0 = 3, α(s) = 3s, σ(s) = 3s, shown as
below Fig. 7:

The first man who used Euler’s method on SDE is a Japanese named Maruyama. Wsq4.m is programmed
according to Euler’s method, where dXt = α(t)Xtdt+σ(t)XtdBt can be written asXt+−Xt = α(ti)Xt∆t+
σ(ti)Xt(Bt+ −Bt). Xti+1 can be deduced from Xti of the above equation, and with the rest being deduced
by analogy, the entire array describing X can be finally deduced.

From the above figures, the graphs with exact solution and without exact solution are different dramati-
cally. The reason is that discrete mathematics is applied in simulation of integral without exact solution. Since
integral is not a.e., the graphs from this method would show significant error.

4 Solutions to sde with constraints

The solutions of SDE are simulated preliminarily in the above, but in practical life, there always comes
some impersonal factors to limit solutions of equations. The restrained equations are more valuable in practice,
especially in futures market or stock market where the fluctuation of price is usually restrained. So we can
establish a proper model to simulate them. Here, we just implement several approximate simulations.

Limited term 1: upper bound and lower bound are given, the solutions of the equation will result in
lens-echo when reaching upper bound and lower bound. (The given upper bound is 3.5, lower bound is 2.5,
X0 = s, α(s) = 3s, σ(s) = 3s).

Fig. 8. dXt = α(t)dt+ σ(t)dBt Fig. 9. Magnifying Fig. 8

Limited term 2: upper bound and lower bound are given, the solution of equation will run along the upper
or lower bound when contacting to them. (The given upper bound is 3.5, lower bound is 2.5,X0 = s, α(s) =
3s, σ(s) = 3s).

Limited term 3: upper bound and lower bound are given, the solution of equation will be cut in the upper
or lower bound. (The given upper bound is 3.5, the lower bound is 2.5, X0 = s, α(s) = 3s, σ(s) = 3s).

5 Simulation of bsde

Since the seminal paper of Pardoux and Peng publicshed in 1990, the theory and applications in finance
of Backward Stochastic Differential Equations (BSDE) have been developed rapidly. For instance, the famous
“Black-Scholes formula” in options price is just a linear case of BSDE. For the extensive practical applications
of BSDE, the study on the calculation and simulation of BSDE is essential and necessary. For the study in this
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Fig. 10. dXt = α(t)Xtdt+ σ(t)XtdBt Fig. 11. Magnifying Fig. 10

Fig. 12. dXt = α(t)dt+ σ(t)dBt Fig. 13. dXt = α(t)Xtdt+ σ(t)XtdBt

Fig. 14. dXt = α(t)Xtdt+ σ(t)XtdBt Fig. 15. Magnifying Fig. 14
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Fig. 16. dXt = α(t)dt+ σ(t)dBt Fig. 17. dXt = α(t)Xtdt+ σ(t)XtdBt

field, please reference the work papers of Haibing Zhou and Mingyu Xu. The general Pardoux-Peng’s type of
BSDE is as follows: {

−dYt = f(t, Yt, Zt)dt− ZtdBt
YT = ξ

The solution of BSDE is simulated briefly as follows:
Also according to Euler’s method−dYt = f(t, Yt, Zt)dt−ZtdBt is written in differential form. It should

be noticed that we simulate Brownian Motion by means of binomial tree in the program. Thus, −dYt =
f(t, Yt, Zt)dt−ZtdBt is written as −(yk+1−yk) = f(t, Yt, Zt)∆t−sign×zk

√
∆t. How to decide the sign

of the above equation? Provided the left were positive, then the right would be negative, and for details :{
ynk = y

n(+)
k+1 + f(t, Y n

t , Z
n
t )∆t− Znk

√
∆t

ynk = y
n(−)
k+1 + f(t, Y n

t , Z
n
t )∆t+ Znk

√
∆t

where f = g as f is only involved with z.{
ynk = y

n(+)
k+1 + g(Znt )∆t− Znk

√
∆t

ynk = y
n(−)
k+1 + g(Znt )∆t+ Znk

√
∆t

By calculating the above equations, we get

znk =
y
n(+)
k+1 − y

n(−)
k+1

2
√
∆t

, ynk =
y
n(+)
k+1 − y

n(−)
k+1

2
+ gnk (znk )∆t

The rest may be deduced to n-1 by analogy, and finally we can get (y, z) Compiling program is mainly
based on the above idea. The final value is given, i.e. the value for n. The main part of the program is given as
follows

for i = N − 1 : −1 : 1
for j = 1 : i
z(j, i) = (y(j, i+ 1)− y(j + 1, i+ 1))./(2 ∗ sdelta);
x = z(j, i);
y(j, i) = (y(j, i+ 1) + y(j + 1, i+ 1))/2 + eval(g) ∗ delta;

end

end
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In this paper we simulate two simple cases to introduce this method on calculation and simulation of BSDE.
The first case is f(t, yt, zt) = |zt| . The final value is given by sin(x) satisfies the uniform distribution, and is
divided into 401 shares, as shown in the figure: (In this figure, when t = 1, y = 0.56699.)

The second case is f(t, yt, zt) = 0.1yt−zt. The final value results from hyperbolic function, and divided
into 401 shares, as shown in the figure:(In this figure, when t = 1, y = −5.1127.)

Fig. 18. Simulation of BSDE 1 Fig. 19. Simulation of BSDE 2
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