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Abstract. Nonsmooth semidefinite programming problems is concerned in this paper where the objective
functions is quasidifferentiable. Necessary optimality conditions for quasidifferentiable optimization is pro-
posed. The advantage of Kuhn-Tucker necessary optimality condition in terms of quasidifferential over that
in terms of Clarke generalized gradient, is discussed.
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1 Introduction

We consider the problem

minx∈<n f(x)
s.t. C(x) � 0 (1)

where C(x) is an m×m symmetric matrix of nonlinear functions and C(x) � 0 means that C(x) is positive
semidefinite. Throughout, it is assumed that f is the quasidifferentiable (in the sense of Demyanov and Rubi-
nov) except for additional statement and C is twice-continuously differentiable, and we consider problems of
the form (10) for which no assumptions of C about convexity are made.

Convex semidefinite programming have been an area of intense research over the last few years, see
[1, 2, 5, 8]. Anders Forsgren has discussed the problem (10), when f and C are both twice-continuously
differentiable. The first-order optimality conditions have been given, see [3]. As well as, problems which do
not involve C2 data also play important roles in the theory of mathematical programming problems. As we
all known that Quasidifferential calculus, developed by Demyanov and Rubinov, plays an important role in
nonsmooth analysis and optimization. Since it is closely related to classical directional derivative, quasidiffer-
ential can be used to describe the behavior of extreme points more accurately. However, To our knowledge,
the semidefinite programming problems with quasidifferentiable gradient has never been studied.

The novelty of this paper is that it is the first time to discuss nonsmooth semidefinite programming
problems by quasidifferential.

The paper is organized as follows. Section 2 contains the fundamental concepts and some results that are
used in this analysis. Our analysis is based on feasible perturbations in a neighborhood of a solution. Based
on these feasible perturbations, the optimality conditions in terms of quasidifferential are derived and the
relation between Fritz John stationary points in terms of quasidifferential and of Clarke generalized gradient
for nonlinear semidefinite programming is investigated in Section 3.
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2 Preliminaries

For a Lipschitz function f on <n, the set

∂f(x) = {µ ∈ <n | µTd ≤ f◦(x; d),∀d ∈ <n} (2)

is called the Clarke subdifferential of f at x, where

f◦(x; d) = lim
y→x

sup
t↓0

f(y + td)− f(y)
t

(3)

is called the Clarke generalized directional derivative [4].
Following the definition of Demyanov and Rubinov [5, 6], a function f on <n is called quasidifferen-

tiable, at a point x ∈ <n, if it is directionally differentiable, at x, i.e., the directional derivative

f ′(x; d) = lim
t→0+

[f(x+ td)− f(x)]/t,∀d ∈ <n (4)

is well defined, moreover the function f ′(x; ·) is representable as the difference of two sublinear functions. In
other words, there exists a pair of convex compact sets ∂f(x), ∂f(x) ⊂ <n such that

f ′(x; d) = max
v∈∂f(x)

vTd+ min
w∈∂f(x)

wTd, ∀d ∈ <n. (5)

The pair of sets Df(x) = [∂f(x), ∂f(x)] is called a quasidifferential of f , at x, ∂f(x) and ∂f(x) are
called subdifferential and superdifferential, respectively.

For a real symmetric matrix A, the expression A � 0 means that A is positive definite, and A � 0 means
that A is positive semidefinite. At a point x∗ such that C(x∗) � 0, we define an orthonormal m ×m matrix
U partitioned as

U = (UI UA), (6)

where the columns of UI form a basis for the range space of C(x∗) and the columns of UA form a basis for the
null space of C(x∗). The matrix U is associated with a particular point x∗, but this dependency is suppressed
for brevity. Note that U needs not to be unique, but any orthonormal U that satisfies the above conditions will
do. We denote by mA and mI the number of columns of mA and mI respectively. This means that mA is
the dimension of the null space of C(x∗) and mI is the dimension of the range space of C(x∗). The notation
G′(x) will be used to denote differential with respect to the scalar argument x.

We denote by Sm the space of symmetric m ×m matrices. Frequent use will be made of properties of
trace, such as trace(AB) = trace(BA).

The sparsity pattern of a function A : <n → Sm is of interest in the analysis of this paper. At a point x∗,
we define S(A, x∗) as the subspace of Sm that reflects the sparsity pattern of A in a neighborhood of x∗, i.e.

S(A, x∗) = {M ∈ Sm : mkl = 0 if ∃ε > 0 for akl(x) = 0,∀ x s.t. ‖x− x∗‖ < 0}. (7)

Formally, we define the subspace B(A, x∗) of Sm that will be used latter as

B(A, x∗) = {M ∈ Sm : mkl = 0 if k and l belong to different components of
connectivity graph associated with S(A, x∗) where S(A, x∗) is defined by (7)}. (8)

Note that S(A, x∗) ⊆ B(A, x∗).
Let x be sufficiently close to x∗ that UTI C(x)UI where UI is associated which x∗ as defined by (6).

Define the symmetric matrix C̃(x) , such that

C̃(x) = C(x)− C(x)UI(UTI C(x)UI)−1UTI C(x). (9)

We will refer to this matrix C̃(x) as the local feasibility matrix.
The following lemmas in this section are given by [3], which we can utilize in the present paper.
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Lemma 1. Let the matrices C̃(x) of (9)and U of (6) be associated with a point x∗ such that C(x∗) � 0. Then
for any x sufficiently close to x∗ thatUTI C(x)UI � 0, it holds thatC(x∗) � 0 and C̃(x) = UAU

T
A C̃(x)UAUTA

. In addition, C(x) � 0 if and only if UTA C̃(x)UA � 0 if and only if C̃(x) � 0.

It follows that feasibility in a neighborhood of x∗ is completely determined by the eigenvalues of
UTA C̃(x)UA � 0. In addition, C̃(x∗) = 0 , so that C̃(x) corresponds to the active constraints in nonlinear
programming. Consequently, in a neighborhood of x∗, (10) is equivalent to the problem

minx∈<n f(x)
s.t. C(x) � 0 (10)

In our analysis, the derivatives of UTA C̃(x)UA � 0 at x∗ will be needed. They are provided in the
following Lemma.

Lemma 2. Let the matrices C̃(x) of (9) and U of (6) be associated with a point x∗ such that C(x∗) � 0. Then
C̃(x∗) = 0 , and for i = 1, . . . , n, it holds that

∂C̃(x∗)
∂xi

UI = 0,

UTA
∂C̃(x∗)
∂xi

UA = UTA
∂C(x∗)
∂xi

UA.

At a local minimizer x∗, it will be shown in Section 3 that the m×m matrix Λ∗ of Lagrange multipliers
belongs to the set {UAUTAMUAU

T
A : M ∈ B(C̃, x∗)} . The following Lemma ensures that the block-diagonal

structure of C(x∗) will be preserved in Λ∗.

Lemma 3. Let the matrices C̃(x) of (9) and U of (6) be associated with a point x∗ such that C(x∗) � 0. Then
for any x sufficiently close to x∗ that UTI C(x)UI � 0 it holds that

{UTAMUA : M ∈ S(C̃, x∗) ⊆ UTAMUA : M ∈ B(C̃, x∗)} ⊆ B(C, x∗),

where S(C̃, x∗) is defined according to (7) and B(C̃, x∗) is defined according to (8).
A point x∗ such that C(x∗) � 0 is defined to be a regular point if
(a) the matrices

UTA
∂C(x∗)
∂xi

UA, i = 1, · · · , n,

span {UTAMUA : M ∈ S(C̃, x∗)} , and
(b) there is a matrix in {UTAMUA : M ∈ S(C̃, x∗)} which is positive definite. Where C̃(x) and U are

associated with x∗, as defined in (9) and (6), and S(C̃, x∗) is defined according to (7). Those regularity
conditions serve as a constraint qualification, in that they ensure that the linearization of C̃ is adequate in a
neighborhood of x∗. They also ensure that the matrix version of Farkas Lemma is valid, as stated in Lemma
5. Note that in general,

{UTAMUA : M ∈ S(C̃, x∗) ⊆ UTAMUA : M ∈ B(C̃, x∗) ⊆ SmA }.

The first regularity requirement can be given purely in terms of local feasibility matrix, as the following
Lemma shows.

Lemma 4. Let the matrices C̃(x) of (2.8) and U of (6) be associated with a point x∗ such that C(x∗) � 0 ,
and let S(C̃, x∗) is defined according to (7). Then the matrices

UTA
∂C(x∗)
∂xi

UA, i = 1, · · · , n,
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span {UTAMUA : M ∈ S(C̃, x∗)} if and only if the matrices

∂C̃(x∗)
∂xi

, i = 1, · · · , n,

span {UAUTAMUAU
T
A : M ∈ S(C̃, x∗)}.

Our regularity conditions may also be related to the so-called Mangasarian-Fromowitz constraint qualifi-
cation, which has been used in the analysis of semidefinite programming, see [7]. In our notation this condition
would be the assumed existence of a vector d ∈ <n such that

C(x∗) +
n∑
j=1

∂C(x)∗

∂xj
dj � 0.

The following matrix version of Farkas Lemma is fundamental in deriving the optimality conditions.

Lemma 5. Let B be a space of symmetrically permuted block-diagonal symmetric m×m matrices. Let U be
an orthonormal m×m matrix partition U = (U1 U2) . Let {Ai}ni=1 be a sequence of matrices such that there
is a q ∈ <n such that

∑n
i=1 U

T
2 AiU2qi � 0 and for each i, Ai ∈ B and UT1 Ai = 0. Let g be an n-vector, then

exactly one of the set M1 and M2 is nonempty, where

M1 = {Λ ∈ B : Λ � 0, trace(AiΛ) = gi, i = 1, · · · , n},

M2 = {p ∈ <n :
n∑
i=1

Aipi � 0, gT p < 0}.

The following Lemma deals with the linearization of a matrix function in a neighborhood of a particular
point x∗.

Lemma 6. Let p ∈ <n, let A be twice continuously differentiable function from <n to Sm, and let U be an
orthonormal m ×m matrix with partition U = (U1 U2). If A(x)U1 = 0 in a neighborhood of x∗, and if the
m×m matrices

∂A(x∗)
∂xi

, i = 1, · · · , n,

span {U2U
T
2 MU2U

T
2 : M ∈ S(A, x∗)}, where S(A, x∗) is defined according to (7), then there is an ε(ε > 0)

and a twice continuously differentiable function x(t) such that x(0) = x∗, x′(0) = p and

A(x(t)) = A(x∗) +
n∑
j=1

∂A(x∗)
∂xj

pjt, for t ∈ (−ε, ε).

3 Optimality conditions

Let x∗ be a feasible point to (10). For a sufficiently close to x∗ such that UTI C(x)UI > 0, where UI is
associated with x∗ as defined by (6), and for Λ ∈ Sm, let the local semidefinte Lagrangian function l̃(x,Λ) be
defined by

l̃(x,Λ) = f(x)− traceC̃(x)Λ, (11)

where C̃(x) is associated with x∗, as defined in (9). This function is Lagrangian associated with the local
formulation given by (??), and it plays the role analogous to that of the Lagrangian function in nonlinear
programming.

The following lemma gives the derivatives of the local semidefinite Lagrangian function at x∗, where
the lagrange-multiplier matrix Λ∗ is assumed to satisfy the complementarity conditions. In this case, the La-
grangian function l(x,Λ) defined by l(x,Λ) = f(x)− trace(C(x)Λ) , and the local semidefinite Lagrangian
function l̃(x,Λ) of (11) are identical, with identical, derivatives with respect to x at (x∗, Λ∗).
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Lemma 7. Let l̃(x,Λ) be defined as in (11) and f is quasidifferentiable at x∗, with the quasidifferential
Df(x∗) = [∂f(x∗), ∂f(x∗)] . If Λ∗ ∈ Sm satisfies C(x∗)Λ∗ = 0, then

l̃(x∗, Λ∗) = f(x∗)− trace(C(x∗)Λ∗),

l̃′(x∗, Λ∗; d) = max
υ∈∂f(x)

υTd+ min
ω∈∂f(x)

ωTd−∇trace(C(x∗)Λ∗)Td

Proof. From [4] it follows by postmultiplication by Λ∗ that

trace(C̃(x)Λ∗) = trace(C(x)Λ∗ − C(x)UI(UTI C(x)UI)−1UTI C(x)Λ∗)
= trace(C(x)Λ∗)− trace(C(x)UI(UTI C(x)UI)−1C(x)Λ∗),

since C(x∗)Λ∗ = 0, it is true that

l̃(x∗, Λ∗) = f(x∗)− trace(C(x∗)Λ∗).

Following from the Lemma 2 conjunction with the identity Λ∗ = UAU
T
AΛ

∗UAU
T
A ,

UAU
T
A

∂C̃(x∗)
∂xi

UAU
T
AΛ

∗ = UAU
T
A

∂C(x∗)
∂xi

UAU
T
AΛ

∗,

hence trace(∂
eC(x∗)
∂xi

Λ∗) = trace(∂C(x∗)
∂xi

Λ∗). It is assumed that C is twice-continuously differentiable and
f is quasidifferentiable. Conjuncting with the property of differential, it is easy to see that l̃ is directionally
differentiable and it holds that

l̃′(x∗, Λ∗; d) = f ′(x∗; d)−∇trace(C(x∗)Λ∗)Td

= max
υ∈∂f(x)

υTd+ min
ω∈∂f(x)

ωTd−∇trace(C(x∗)Λ∗)Td

When used in conjunction with the matrix form of Farkas Lemma 5, the above results allow us to state
the optimality conditions. Our motivation for considering them here is that they include structural sparsity of
the constraint matrix as well as the associated Lagrange multiplier matrix.

The following Lemma gives a condition for the existence of a feasible descent direction with respect to
the optimization problem (10) at a regular feasible point x∗.

Lemma 8. Assume that x∗ is a regular feasible point of (10)and f is quasidifferentiable at x∗, with
the quasidifferential Df(x∗) = [∂f(x∗), ∂f(x∗)] . Then for any ν ∈ ∂f(x∗) either there is Λ∗ ∈
{UAUTAΛUAUTA : Λ ∈ B(C̃, x∗)}, such that

∇trace(C(x∗)Λ∗) ∈ ∂f(x∗) + ν,

C(x∗)Λ∗ = 0, Λ∗ � 0,

where C̃(x) and U are associated with x∗, as defined in (9) and (6) and B(C̃, x∗) is defined according (8), or
there is a p ∈ <n, such that

n∑
i=1

∂C̃(x∗)
∂xi

pi � 0, {ξT p | ξ ∈ ∂f(x∗) + ν} < 0.

Proof. If S(C̃, x∗) is defined according to (7), it follows that

∂C̃(x∗)
∂xi

∈ S(C̃, x∗), i = 1, · · · , n,

hence, if the required p dose not exist, the regularity of x∗ and Lemma 5 implies that for {ξ = (ξ1, · · · , ξn) ∈
<n | ξ ∈ ∂f(x∗) + ν} there exsits a Λ ∈ B(C̃, x∗) such that
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trace(
∂C̃(x∗)
∂xi

Λ) = ξi, i = 1, · · · , n, (12)

Λ � 0, (13)

where B(C̃, x∗) is defined according to (8). For x in a neighborhood of x∗, Lemma 1 implies that C̃(x) =
UAU

T
A C̃(x)UAUTA . Hence,

∂C̃(x∗)
∂xi

= UAU
T
A

∂C̃(x∗)
∂xi

UAU
T
A = UAU

T
A

∂C(x∗)
∂xi

UAU
T
A , (14)

where the last equality is obtained from Lemma 2. A combination of (12), (13) and (14) gives

trace(
∂C(x∗)
∂xi

UAU
T
AΛUAU

T
A ) = ξi, i = 1, · · · , n,

Λ � 0.

Now, let Λ∗ = UAU
T
AΛUAU

T
A , then Λ∗ � 0 and UTI Λ

∗ = 0. But since UTAC(x∗) = 0, it follows that
UTI Λ

∗ = 0 if and only if C(x∗)Λ∗ = 0. Hence, for a given d, Λ∗ has the required properties. i.e. the result that

∇trace(C(x∗)Λ∗) ∈ ∂f(x∗) + ν,

C(x∗)Λ∗ = 0, Λ∗ � 0,

is true. Given this Lemma, the necessary optimality conditions follow.

Theorem 1. Assume that x∗ is a regular point and a local minimizer of (10) and f is quasidifferentiable at
x∗, with the quasidifferential Df(x∗) = [∂f(x∗), ∂f(x∗)]. Then for any ν ∈ ∂f(x∗) there exists a matrix
Λ∗ ∈ {UAUTAΛUAUTA : Λ ∈ B(C̃, x∗)} such that

∇trace(C(x∗)Λ∗) ∈ ∂f(x∗) + ν, (15)

C(x∗)Λ∗ = 0, Λ∗ � 0, (16)

where U and C̃(x) are associated with x∗, as defined in (9) and (6), B(C̃, x∗) is defined according to (7). If
{UAUTAMUAU

T
A : M ∈ S(C̃, x∗)} = {UAUTAΛUAUTA : Λ ∈ B(C̃, x∗)} then Λ∗ is unique.

Proof. We first to show the existence of Λ∗ by contradiction. Assume that no such Λ∗ exists, then Lemma 5
implies the existence of a p ∈ <n such that

∇C(x∗)T p � 0, f ′(x∗; p) < 0.

Hence, since x∗ is a regular point, we can substitute C̃ for Λ, UI for U1 and UA for U2 in Lemma 6 and use this
with Lemma 4 to show the existence of a positive ε and a twice continuously differentiable arc x(t). Setting
F (t) = f(x(t)) such that x(0) = x∗, x′(0) = p and C̃(x(t)) � 0 for t ∈ [0, ε). By the chain rule of derivative
of composition functions,

F ′(0; 1) = f ′(x(t); 1)|t=0x
′(0)

= ( max
υ∈∂f(x∗)

υT · 1 + min
ω∈∂f(x∗)

ωT · 1) · p

= max
υ∈∂f(x∗)

υT p+ min
ω∈∂f(x∗)

ωT p

= f ′(x∗; p) < 0

Then ∃δ > 0, when 0 ≤ t ≤ δ, we have F (t) < F (0), i.e. f(t(x)) < f(x∗) this contradicts the local
optimality of x∗, the assumption that no such Λ∗ exists must be false.

Assume that {UAUTAΛUAUTA : Λ ∈ S(C̃, x∗)} = {UAUTAΛUAUTA : Λ ∈ B(C̃, x∗)}, in addition, as-
sume that Λ∗ and Λ̃ satisfy the conditions of the theorem. Then, since Λ∗UI = Λ̃UI = 0, it follows that

trace(UTA∇C(x∗)UA(UTA (Λ∗ − Λ̃)UA)) = 0,

hence, the regularity of x∗ implies that UTA (Λ∗− Λ̃)UA = 0 , which in conjunction with gives Λ∗UI = Λ̃UI =
0 gives Λ∗ = Λ̃. Consequently, in this situation Λ∗ is unique.

WJMS email for contribution: submit@wjms.org.uk



World Journal of Modelling and Simulation, Vol. 2 (2006) No. 4, pp. 247-254 253

Proposition 1. [9] Assume that x∗ is a regular point and a local minimizer of (10) and f is locally Lipschitzian
in a neighbourhood of x∗. Then there exists a matrix Λ∗ ∈ {UAUTAΛUAUTA : Λ ∈ B(C̃, x∗)} such that

∇trace(C(x∗)Λ∗) ∈ ∂f(x∗), (17)

(x∗)Λ∗ = 0, Λ∗ � 0, (18)

where U and C̃(x) are associated with x∗, as defined in (9) and (6), and B(C̃, x∗) is defined according to (8).
If {UAUTAMUAU

T
A : M ∈ S(C̃, x∗)} = {UAUTAΛUAUTA : Λ ∈ B(C̃, x∗)} then Λ∗ is unique.

A point x∗ ∈ <n is called Kuhn-Tucker stationary point in terms of quasidifferential for the problem (10),
or Kuhn-Tucker stationary point in terms of Clarke generalized gradient for the problem (10), provided that
(15) and (16), or (17) and (18) hold. The following theorem gives the relation between these two kinds of
stationary points.

Theorem 2. Let x∗ ∈ <n, f be locally Lipschitzian, in a neighbourhood of x∗ and quasidifferentiable, at x∗.
If x∗ is Kuhn-Tucker stationary point in terms of quasidifferential for the problem (10), then x∗ is Kuhn-Tucker
stationary point in terms of Clarke generalized gradient for the problem (10).

Proof. Suppose that x∗ is Kuhn-Tucker stationary point in terms of quasidifferential, that is to say (15) and
(16) hold. It implies that

0 ∈ ∂f(x∗) + ν −∇trace(C(x∗)Λ∗),

For any d ∈ <n, there exists a set of ν ∈ ∂f(x∗) such that

νTd = min
w∈∂f(x∗)

wTd,

since ∂f(x∗) is convex compact set. It follows from the correspondence between a convex compact set and its
support function as well as Theorem 1 that

0 ≤ max{vTd | v ∈ (∂f(x∗) + ν −∇trace(C(x∗)Λ∗))}
= max

v∈∂f(x∗)+ν−∇trace(C(x∗)Λ∗)
vTd

= max
v∈∂f(x∗)

vTd+ νTd−∇trace(C(x∗)Λ∗)Td (19)

= max
v∈∂f(x∗)

vTd+ min
w∈∂f(x∗)

wTd−∇trace(C(x∗)Λ∗)Td

= f ′(x∗; d)−∇trace(C(x∗)Λ∗)Td, ∀d ∈ <n.

According to f ′(x∗; d) ≤ f◦(x∗; d),∀d ∈ <n and (19), one has that

0 ≤ f◦(x∗; d)−∇trace(C(x∗)Λ∗)Td, ∀d ∈ <n.

Consequently, the system of strict inequalities below

f◦(x∗; d)−∇trace(C(x∗)Λ∗)Td < 0, d ∈ <n,

is inconsistent. Evidently, f◦(x∗; ·)− < ∇trace(C(x∗)Λ∗), · > is convex. By (2) it is true that

f◦(x; d) = max
u∈∂f(x)

uTd, ∀d ∈ <n. (20)

Substituting (20) into (19) and deducing, one has that

0 ≤ max{uTd | u ∈ (∂f(x∗)−∇trace(C(x∗)Λ∗))},∀d ∈ <n.
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Based on the correspondence between a convex compact set and its support function, the formula above leads
to

0 ∈ ∂f(x∗)−∇trace(C(x∗)Λ∗).

That is to say x∗ is Kuhn-Tucker stationary point in terms of Clarke generalized gradient for the problem (10).
This completes the proof of the theorem.

Theorem 2 tells us that Kuhn-Tucker stationary point in terms of quasidifferential must be Kuhn-Tucker
stationary point in terms of Clarke generalized gradient for semidefinite programming problems. That is to
say, an optimality condition given in terms of quasidifferential is more accurate than that given in terms of
Clarke generalized gradient for the nonlinear semidefinite programming problems.
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