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Abstract. New product innovations are constantly struggling for market acceptance in today’s competitive
social environment. People are keen to find the principles of innovation diffusion, which has been the focus of
an entire stream of research in marketing. Since the market success of an innovation is determined ont only by
technological performance but by the interaction of numerous factors, various models are constructed to test
which ones are key factors to influence either the diffusion rate or market potential. But few of them are on
to the fact that the population is increasing and the members of two different colonies with different attitudes
towards risk and decisive patterns are transferring between each other. For example, with the improvement of
people’s living standard, more and more people have changed their roles to potential adopters of an innova-
tion. Furthermore, every kind of new products has its life-span and adopters will return to non-adopters when
it reaches the end of its life-span. Consequently, in this research we concentrate on developing and analyzing
a dynamic rate model for innovation diffusion with the influencing factors shown above. It’s shown that the
numbers of the members will trend to a few fixed data through a stability analysis on the model whether
the members migrate or not. At the same time, an empirical analysis has also been made with the numbers
of color TV owned per 100 urban households at the year-end and those owned per 100 rural households in
China. The parameters of the model have been estimated on the basis of the historical data, and numerical
simulations have been carried out to show the diffusion process for color TV in China. Compared with Bass
model, this model is more effective to match the historical data. Besides of some universal phenomena for the
diffusion in urban and country, we have found that the inhabitants in rural area hardly consider to repurchase
color TV until the end of its life-span.
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1 Introduction

Since Shampepeter’s bringing forward the concept of “innovation”, people have realized the innova-
tion brought into product process is one of the determinant factors of economic increasing[21]. As a result,
innovation diffusion has become one of the research focuses all over the world. The followers have con-
ducted great researches on theory and application of innovation diffusion and have made great progress on
that[5, 6, 12, 19, 24, 28]. With a series of researches on the diffusion phenomena and its principle, an abundance
of significant conclusions are drawn and lots of representative diffusion models are brought forward, which
can be classified into two kinds: one is rate model which is also known as macroscopical model or S-curve
model[1–3, 7–10, 13–17, 22, 23, 26, 27]; the other is decision-making model which is also known as individual model
or microcosmic model[4, 25]. The rate models are based on the analysis of the macroscopical statistics on the
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diffusion ratio of the potential adopters, which reflects the time process of diffusion rate of innovations. The
basic method is curve simulation. However, the decision-making models are based on the potential adopters
individual decision and show the decision process of the adoption behavior of potential adopters.

Although there are many differences between them, one of the basic research works of both of the two
class models is the analysis of the influencing factors, such as price, advertisement etc. Recently, more and
more researchers have realized that the potential adopters’ attitude towards risk, decision pattern or the com-
panies size will make great difference on the adoption probability and innovation diffusion rate. Moreover,
the great difference in habit of consumption, living pattern and the surrounding environment will also make
great difference on the adoption rate of innovation, for which article [29] constructed a diffusion model in
difference patch. The author believes that the characters of adopters in different patch would make differ-
ence in diffusion rate. Furthermore, there would have migration between patches and which also affect on
innovation diffusion. However, different colonies in the same patch will have great difference in the extent of
the reaction on medium and the effect by the outside world. Conversely, the same colonies in different patch
may have the same characteristics. So it is not enough to distinguish merely according to regions. We also
should not ignore the conversion of the colonies along with the change of their economic conditions or status.
Furthermore, few models take the life-span into consideration. Therefore, this paper constructs an innovation
diffusion model with the population increasing and the conversion between two different colonies, and tries
to find the principles of innovation diffusion with the affection shown above.

We organize this paper as follows. In section 2, an innovation diffusion model with the population in-
creasing and the conversion between two different colonies is constructed. In section 3, a stability analysis
is made on the population increasing and diffusion rate of different groups. Compared with Bass model, an
empirical analysis is made with the data of color TV in China in section 4. Some concluding remarks are
finally given in section 5.

2 Model constructing

In this section, firstly we would first introduce the foundation of modelling, then set up a conceptual
model before construing the mathematical model. After that, a stability analysis is made on this dynamic
model of innovation diffusion .

2.1 The foundation of modelling

Each of Colony 1 and Colony 2 has its own main communication styles, broadcasting channels and ways,
and the consumption habits. Moreover, there are comparative independence and stability and there also exists
migration between Colony 1 and Colony 2. The members moving into new community will be accepted into
the new consumption system for they are affected by the new environment. In the internal of a community,
for some related external factors and oral communication, non-users adopt innovation and serve as users. Or
users give up the innovation for some reasons, such as being scrapped before anticipation and the end of its
life-span having been reached.

2.2 Conceptual model

Based on the foundation, the concrete convert relations and relations illustrating between the internal and
external of the two communities are shown in Fig. 1 and Table 1 respectively. The arrowhead denotes the flow
direction of the members.

2.3 Mathematical model

Hypothesis 1. The members of every colony are divided into users and non-users. The non-users include those
who have adopted the innovation and have given it up now.
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Fig. 1. Customers flow diagram for innovation between two colonies

Table 1. The explanation for conversion relation

Conversion name/ Way of Conversion Explanation for conversion / Ratio of conversion
A/External information, oral communication Non-users become users in colony 1 / a1A1 + b1N1A1

B/External information, oral communication Non-users become users in colony 2 / a2A2 + b2N2A2

C/Give up using Users become Non-users in colony 2 / δ1N1 + e−δ1τ1

(a1A1(t− τ1) + b1N1A1(t− τ1))
D/Give up using Users become Non-users in colony 1 / δ2N2 + e−δ2τ2

(a2A2(t− τ2) + b2N2A2(t− τ2))
E/The members shifting between the colonies Users in colony 1 keep using the

innovation after shifting into colony 2 / k1θ1N1

F/ The members shifting between the colonies Users in colony 2 keep using the
innovation after shifting into colony 1 / k2θ2N2

G/ The members shifting between the colonies Users in colony 2 give up using the
innovation after shifting into colony 1 / (1− k2)θ2N2

H/ The members shifting between the colonies Users in colony 1 give up using the
innovation after shifting into colony 2 / (1− k1)θ1N1

M/ The members shifting between the colonies Non-users in colony 2 still be
non-users after shifting into colony 1 / θ2A2

N/ The members shifting between the colonies Non-users in colony 1 still be
non-users after shifting into colony 2 / θ1A1

Hypothesis 2. The internal increasing rate of the two colonies obey the Logistic distribution functions.
Hypothesis 3. The non-users of each colony are still non-users when entering another colony, and the users
of each colony can maintain using the innovation or give it up for some causes when entering another colony.
Hypothesis 4. The number of the members in one colony shifting to another colony is proportional to the
number of the total members of the colony.

Suppose Ni(t), Ai(t) denote the number of users and non-users in colony i in time t respectively, i = 1, 2;
Qi(t) denote the number of members in colony i in time t respectively, i = 1, 2. Then it follows Qi(t) =
Ni(t) + Ai(t). According to empirical statistics, the birthrate and ratio to death are linear functions of the
population of the colony. Just to suppose the birthrate of colony i is βi0 + (−di0Qi), βi0 is the birthrate of
the colony i without resource limit, and −di0Qi is the birthrate of the colony i with resource limit, βi0 and
di0 both are positive constants. The ratio of death of colony i is βi1 + di1Qi > 0, where βi1 is the nature
ratio of death without resource limit and di0Qi is the ratio of death increasing with resource limit. That is
to say the birthrate will decrease with the increasing of population and the death ratio will increase with the
increasing of population. So, the members increased in time t in colony 1 is (β10 − β11)Q1 − (d10 + d11)Q2

1

and β10 − β11 > 0 according to hypothesis 2.
Based on the foundation, hypothesis and the conversion relations above, now we will build the users vari-

able N1(t) in colony 1. From conversion way A in Fig. 1, because of internal oral communication and external
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medium, the number of non-users changed to be users is a1A1+b1N1A1, in which a1 is the probability for non-
users to become users caused by external medium, b1is the probability for non-users to become users caused
by oral communication between users and non-users. Because of natural death, the decreasing number of users
is (β11+d11Q1)N1. From conversion way C in figure 1, there are δ1N1 users have to give up using the innova-
tion for some reason (δ1 is the average ratio of giving up or that of being scrapped before anticipation). Since
all product has it’s span-life and suppose that of colony 1 is τ1, there are e−δ1τ1(a1A1(t−τ1)+b1N1A1(t−τ1))
users in time t returning to non-users if the number of adopters in time t−τ1 is a1A1(t−τ1)+b1N1A1(t−τ1).
Caused by members’ shifting, there are θ1N1 users shifting out of colony 1 and k2θ2N2 users shifting into
colony 1 from colony 2. Where θ1 is the probability for the members of colony 1 converting into another one
and ki is the probability for users to keep using the innovation in colony i after converting into another colony.
Based on the above analysis, so the increase equation of variable N1 is

Ṅ1 =
dN1

dt
=a1A1 + b1N1A1 − (β11 + d11Q1)N1(t)− δ1N1(t)− θ1N1(t) + k2θ2N2(t)

− e−δ1τ1(a1A1(t− τ1) + b1N1A1(t− τ1)).

Similarly, the increase equation of variable N2 is

Ṅ2 =
dN2

dt
=a2A2 + b2N2A2 − (β21 + d21Q2)N2(t)− e2N2(t)− θ2N2(t) + k1θ1N1(t)

− e−δ2τ2(a2A2(t− τ2) + b2N2A2(t− τ2)).

Now we will build the equation of non-users variable A1(t) in colony 1. From Hypothesis 2 and Hypoth-
esis 3, there are increased (β10 − d10Q1)Q1 non-users for nature birth and decreased (β11 − d11Q1)A1 for
nature death. From conversion way A in Fig. 1, there are a1A1 + b1N1A1 non-users adopt the innovation for
internal communication and advertising. From conversion way C, there are δ1N1 + e−δ1τ1(a1A1(t − τ1) +
b1N1A1(t− τ1)) users in time t returning to non-users. Caused by members’ shifting, from conversion N and
hypothesis 4, there are θ1A1 adopters shifting out of colony 1 and (1 − k2)θ2N2 users shifting into colony 1
from colony 2 from conversion way G, where θ1 is the probability for the members of colony 1 converting
into another one and ki is the probability for users to keep using the innovation in colony i after converting
into another colony. Based on the above analysis, the increase equation of variable A1(t) is

Ȧ1(t) = −(a1A1(t) + b1N1(t)A1(t)) + δ1N1(t) + e−δ1τ1(a1A1(t− τ1) + b1N1(t− τ1)A1(t− τ1))
−θ1A1(t) + (1− k2)θ2N2(t) + θ2A2(t) + (β10 − d10Q1(t))Q1(t)− (β11 + d11Q1(t))A1(t).

Similarly, the increase equation of variable A2(t) is

Ȧ2(t) = −(a2A2(t) + b2N2(t)A2(t)) + δ2N2(t) + e−δ2τ2(a2A2(t− τ2) + b2N2(t− τ2)A2(t− τ2))
−θ2A2(t) + (1− k1)θ1N1(t) + θ1A1(t) + (β20 − d20Q2(t))Q2(t)− (β21 + d21Q2(t))A2(t).

Consequently, we obtain the dynamic equations of innovation diffusion based on members moving be-
tween colony 1 and colony 2 governed by




Ṅ1 = a1A1 + b1N1A1 − (β11 + d11Q1)N1(t)− δ1N1(t)− θ1N1(t) + k2θ2N2(t)
−e−δ1τ1(a1A1(t− τ1) + b1N1A1(t− τ1))

Ṅ2 = a2A2 + b2N2A2 − (β21 + d21Q2)N2(t)− e2N2(t)− θ2N2(t) + k1θ1N1(t)
−e−δ2τ2(a2A2(t− τ2) + b2N2A2(t− τ2))

Ȧ1(t) = −(a1A1(t) + b1N1(t)A1(t)) + δ1N1(t) + e−δ1τ1(a1A1(t− τ1) + b1N1(t− τ1)A1(t− τ1))
−θ1A1(t) + (1− k2)θ2N2(t) + θ2A2(t) + (β10 − d10Q1(t))Q1(t)− (β11 + d11Q1(t))A1(t)

Ȧ2(t) = −(a2A2(t) + b2N2(t)A2(t)) + δ2N2(t) + e−δ2τ2(a2A2(t− τ2) + b2N2(t− τ2)A2(t− τ2))
−θ2A2(t) + (1− k1)θ1N1(t) + θ1A1(t) + (β20 − d20Q2(t))Q2(t)− (β21 + d21Q2(t))A2(t)

.

(1)

Since Qi(t) = Ni(t) + Ai(t), the increase model of colonies’ members is governed by
{

Q̇1 = (β10 − β11)Q1 − (d10 + d11)Q2
1 + θ2Q2 − θ1Q1

Q̇2 = (β20 − β21)Q2 − (d20 + d21)Q2
2 + θ1Q1 − θ2Q2

. (2)
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3 The stability analysis on the model

Since the market is attracted in the variety of innovation users and the market potential, we only discuss
the variables of members Q1, Q2 and the variables of users N1, N2. Before discussing the stability of the
members increasing model we will introduce some related concepts and then make the stability analysis of
the innovation diffusion.

3.1 Related concepts

Suppose there is an autonomous system

ẋ =
dx

dt
= f(x), f ∈ C(G ⊆ Rn, Rn), (3)

where f ∈ C(G ⊆ Rn, Rn) denotes f(x) is continuous in real set of n dimension. The local behavior of the
nonlinear system (3) near a hyperbolic equilibrium point x0 is qualitatively determined by the behavior of the
linear system

ẋ = Ax (4)

with the matrix A = Df(x0), near the origin. The linear function Ax = Df(x0)x is called the linear part of
x0.

Definition 1. [18] A point x0 ∈ Rn is called an equilibrium point or critical point of (3) if f(x0) = 0. An
equilibrium point x0 is called a hyperbolic equilibrium point of (3) if none of the eigenvalues of the matrix
Df(x0) have zero real part. The linear system (4) with the matrix A = Df(x0) is called the linearization of
(3) at x0.

3.2 Stability analysis on colonies’ members

Here we will discuss the stability of colonies’ members based on the suppose of members not shifting, one
colony’s members shifting into another while another’s members not, or each of the two colonies’ members
shifting into another respectively.

(1)If θ1 = θ2=0, systems (2) has two equilibrium (0, 0), (M10, M20), where M10 =
β10 − β11

d10 + d11
, M20 =

β20 − β21

d20 + d21
. It’ s easy to calculate that equilibrium (0, 0) is unstable and equilibrium (M10, M20) is a stable

node. So (M10, M20) is globally stable in R2
+. Then follows such result as

Corollary 1. Suppose θ1 = θ2=0, systems (2) has one and only one positive equilibrium, which is a globally
stable node in R2

+.

That is to say if there is no shifting between two colonies, the members of the two colonies will trend it’s
maximum eventually and keep stability.

(2) If θ1 = 0, θ2 > 0, systems (2) is reduced to
{

Q̇1 = (β10 − β11)Q1 − (d10 + d11)Q2
1 + θ2Q2

Q̇2 = (β20 − β21)Q2 − (d20 + d21)Q2
2 − θ2Q2

. (5)

Obviously, when β20 − β21 − θ2 > 0, M20 =
β20 − β21 − θ2

d20 + d21
is globally stable for the second equation

of systems (5). Suppose M10 is positive solution of the following equation:

(β10 − β11)Q1 − (d10 + d11)Q2
1 + θ2Q20 = 0

then
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M10 =
β10 − β11 +

√
(β10 − β11)2 + 4(d10 + d11)θ2M20

2(d10 + d11)

and systems (5) has unique positive equilibrium (M10, M20).
Assume Q10 = Q1 −M10, Q20 = Q2 −M20, and βi = βi0 − βi1, di = di0 + di1, systems (5) can be

written as {
Q̇10 = β1(Q10 + M10)− d1(Q10 + M10)2 + θ2(Q20 + M20)
Q̇20 = β2(Q20 + M20)− d2(Q20 + M20)2 − θ2(Q20 + M20)

, (6)

then the coefficient matrix of the linear systems of systems (6) is

[
β1 − 2d1M10 θ2

0 β2 − 2d2M20 − θ2

]
=

[ −
√

β2
1 + 4d1θ2M20 θ2

0 −
√

β2
2 + 4d2θ2M20

]
.

The feature values of it are both less than 0, so the equilibrium is a stable node.
Consequently, if β20 − β21 − θ2 > 0, equilibrium (M10, M20) is a globally stable node in R2

+. Then
follows such result as

Corollary 2. Suppose θ1=0, θ2 > 0, if β20 − β21 − θ2 > 0, systems (2) has one and only one positive
equilibrium, which is a globally stable node in R2

+.

That is to say if there is only one colony’s members shifting into another while another’s are not, the
members of the two colonies will trend it’s maximum eventually and keep stability if satisfying some certain
conditions.

(3)If θ1 > 0, θ2 > 0, we will show systems (2) has a unique positive equilibrium. By setting the right-
hand side of (2) to 0, we obtain

f1 = Q2 =
(−β1 + θ1)Q1 + d1Q

2
1

θ2
, f2 = Q1 =

(−β2 + θ2)Q2 + d2Q
2
2

θ1
,

df1(Q1)
dQ1

=
(−β1 + θ1) + 2d1Q1

θ2
,

df2(Q2)
dQ2

=
(−β2 + θ2) + 2d2Q2

θ1
,

df2
1 (Q1)
dQ2

1

=
2d1

θ2
,

df2
2 (Q1)
dQ2

2

=
2d2

θ1
.

By the equation (−β2 + θ2)Q2 + d2Q
2
2 −Q1θ1 = 0, we have

h(Q1) = Q2 = [(β2 − θ2) +
√

(β2 − θ2)2 + 4d2Q1θ1]/2d2.

It’s easy to see that h(Q1) > 0,
dh(Q1)

dQ1
> 0,

dh2(Q1)
dQ2

1

> 0, so h(Q1) is convex. Notice that f1(0) = 0,

h(0) = 0, lim
Q1→+∞

[f1(Q1) − h(Q1)] = +∞ and that f1 is concave. The parabolic curves have one and

only one positive equilibrium M(M10, M20). Now we will prove the equilibrium is a stable node. Suppose
Q10 = Q1 −M10, Q20 = Q2 −M20, and βi = βi0 − βi1 − θi, di = di0 + di1, systems (1) can be written as

{
Q̇10 = β1(Q10 + M10)− d1(Q10 + M10)2 + θ2(Q20 + M20)
Q̇20 = β2(Q20 + M20)− d2(Q20 + M20)2 + θ1(Q10 + M10)

. (7)

Then the coefficient matrix of the linear system of systems (7) is
[

β1 − 2d1M10 θ2

θ1 β2 − 2d2M20

]
.

Now let us check TrA = β1 − 2d1M10 + β2 − 2d2M20 < 0, detA = (β1 − 2d1M10)(β2 − 2d2M20)−
θ1θ2 > 0 and (TrA)2 − tdetA > 0.
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M10M20 × TrA = (β1 − 2d1M10 + β2 − 2d2M20)M10M20

= M20(β1M − 2d1M
2
10) + (β2M20 − 2d2M

2
20)M20,

and because M(M10, M20) is the equilibrium of systems (1), M10, M20 will satisfy the following equations
respectively:

β1Q1 − d1Q
2
1 + θ2Q2 = 0, β2Q2 − d2Q

2
2 + θ1Q1 = 0. (8)

Consequently, M10M20 × TrA = −(θ1M
2
10 + θ2M

2
20), and then TrA < 0.

From equations (8), we can learn that

θ1 = −(β2M20 − d2M
2
20)/M10, θ2 = −(β1M10 − d1M

2
10)/M20 (9)

so
det A = (β1 − 2d1M10)(β2 − 2d2M20)− θ1θ2

= (β1 − 2d1M10)(β2 − 2d2M20)− (β1 − d1M10)(β2 − d2M20)

from equations (9) we can conclude that βi − diMi0 < 0, and det A > 0. As far as (TrA)2 − 4 det A > 0
clearly come into exist. So equilibrium M(M10, M20) is a stable node. Consequently, equilibrium M(M10,
M20) is a globally stable node in R2

+. Then follows such result

Corollary 3. Suppose θ1 > 0, θ2 > 0, systems (2) has and only has one positive equilibrium, which is a
globally stable node in R2

+.

Accordingly, the members of the two colonies will trend it’s maximum eventually and keep stability if
satisfying some certain conditions whether there are members shifting from one colony into another or not.

3.3 Stability analysis on innovation diffusion

Since the equilibrium point in systems (2) is globally stable and we are interested in the asymptotic
behavior of systems (1), so we only discuss the stability of systems (1) on the base of systems (2) in it’s
equilibrium. That is to say, we can only discuss the stability of innovation diffusion when the members of two
colonies are in their stability. Suppose the global equilibrium of systems (2) is (M1, M2), and Q1 = M1, Q2 =
M2. At the same time suppose β1 = a1−b1M10 +d11M10 +β11 +e1, β2 = a2−b2M20 +d21M20 +β21 +e2,
then we have following theorems. The proof course is done in the appendix.

Theorem 1. Suppose θ1 = θ2 = 0, if p1 − q1 < 1, and p1 − q1 < m1p1 < (v2 + (p1 − q1)2)1/2, systems





Ṅ1 = (a1 + b1N1(t))(M1 −N1(t))− (β11 + d11M1 + δ1 + θ1)N1(t) + k2θ2N2(t)
−e−δ1τ1((a1 + b1N1(t− τ1))(M1 −N1(t− τ1)))

Ṅ2 = (a2 + b2N2(t))(M2 −N2(t))− (β21 + d21M2 + δ2 + θ2)N2(t) + k1θ1N1(t)
−e−δ2τ2((a2 + b2N2(t− τ2))(M2 −N2(t− τ2)))

(10)

has one and only one positive equilibrium point, which is asymptotically stable. Where pi = biMi−ai−2biN
∗
i ,

qi = βi1 + di1Mi + δi + θi, v is the root of v cot v = p1 − q1, such that 0 < v < π.

Theorem 2. Suppose ki , 0 (i =1, 2), θ1 = 0, θ2 > 0, if pi + qi < 1, and pi + qi < pie
−δiτ < (v2 +

(pi +qi)2)1/2(i = 1, 2), systems (10) has one and only one positive equilibrium point, which is asymptotically
stable. Where pi = biMi−ai− 2biN

∗
i (i = 1, 2), q1 = −(d11M

+
1 β11 + δ1), q2 = −(d21M2 +β21 + δ2 + θ2),

v is the root of v cot v = pi + qi, such that 0 < v < π.

Theorem 3. If ki , 0(i =1, 2), θ1 > 0, θ2 > 0, systems (10) has one and only one positive equilibrium point
(N∗

1 , N∗
2 ). If

2∑
i=1

((1− e−δiτi)pi + qi) < 0,
2∏

i=1
((1− e−δiτi)pi + qi)− k1k2θ1θ2 > 0,
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then there has a positive number ∆ =
ab

256A4

[
1 +

48A2

B

] > 0, and when 0 ≤ τi ≤ ∆(i =

1, 2), this equilibrium point is asymptotically stable. Where pi = biMi − ai − 2biN
∗
i , qi =

−(di1Mi + βi1 + δi + θi), A = max
i=1,2

{|pi + qi|, kiθi, |pie
−δiτi |}, a = −

2∑
i=1

(pi + qi − e−δiτipi), b =
∣∣∣∣

p1 + q1 − p1e
−δ1τ1 k2θ2

k1θ1 p2 + q2 − p2e
−δ2τ2

∣∣∣∣.

Based on the above theorems, there exists only positive equilibrium point, which is asymptotically stable.
That is to say, the members of the two colonies will trend it’s maximum eventually and keep stable if satisfying
some certain conditions whether there are members moving from one colony into another or not. But the
market potential will change according to the effect of members moving or not on either the diffusion rate or
the maximum potential.

4 The empirical analysis

Because of the control system of domicile of Planned economy in history, China has divided population
into urban population and rural population. There exits great difference between urban population and rural
population in communication channels, information transmission, and consumption habit because of strict
control, rarely shifting, huge gaps between industry and agriculture, and the different environment and living
level. However, with China’s reform and opening to the outside world, the economic development converts
China into urban society from village society, and inhabitants begin to move. According to related news, there
is 1% rural population moving into town per year since 1980s. The ratio between urban population and rural
population may be 7:3 after 60 years. So it’s not enough to discuss their consumption systems respectively
without taking the population moving between the cities and countries into consideration. Based on this we
will try to build a dynamic model for the diffusion of color TV in China on condition that exiting large
population moves between town and country.
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Fig. 2. Plots of the diffusion rate of color TV in urban area and in rural area of China

To make it easier, we assume this model satisfy following hypothesis: (1) Since the standard of living in
town is superior to that in country of China, we suppose θ2=0, θ1=1%, which means the population shifting
from country into town is 1% of rural area inhabitants at that time, while there are no people in China shifting
from town into country; (2) The population in China will reach 1.6 billion and maintain stable, which is
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obtained according to some related research on population in China[30]; (3) Because the color TV is popular
and necessary in town of China, we suppose k1 = 0, , which means the people will purchase new color TV
after shifting into town whether he or she has color TV before or not; (4) The average life-span of color TV is
about 10 years, so we suppose τ = 10.

Based on the hypothesis above, we can conclude that the population of country will be stable in 0.48
billion and that of town will be 1.12 billion, which is concluded by the nonlinear regression on systems (2).
According to 17 groups of history data from 1985 to 2001 as illustrated in Fig. 2 , and the software SPSS11.0,
we also make nonlinear regression on the systems (10), and obtain the following model





Ṅ1 = 0.26466N1 − 0.0017015N2
1 − (0.26466N1(t− 10)− 0.0017015N2

1 (t− 10))
Ṅ2 = 0.02545 + 0.11430N2 − 0.00042N2

2 − e−0.0997(0.02545 + 0.11430N2(t− 10)
−0.00042N2

2 (t− 10))
. (11)

Fig. 3. Plots of the predicted curve and the historical curve of the diffusion rate of color TV in rural area of China

In which the coefficient of external influence in town a1 = 0, the coefficient of the internal influence
b1=0.0017015 and those in country respectively are 0.0935545, 0.000420. The R squared of the first equation
of (11) is 0.57411 and that of the second is 0.84021. Consequently, we reach such following conclusion:

(1) The rural habitants are rarely effected by the external-influence factors such as advertising. Whether
they purchase color TV are mostly influenced by the relatives and friends; However, the coefficient of external
affection are highly larger than that of internal affection, which means the affection on the urban habitants to
purchase color TV by media is larger than that by oral communication.

(2) Since the medium system in town is highly superior to that in rural area, the necessity and popularity
of communication in town are also better than those in rural area, the coefficient of external influence in town
(0.0935545) is obviously larger than that in rural area (0.00).

(3) The coefficient of internal influence in town (0.000420) is much less than that in rural area
(0.0017015), which means inhabitants in rural area are more dependent on oral communication than those
in town. The main cause is that there are few communication channels in rural area and the information com-
munication mainly depends on oral communication. However the network of communication in town is much
developed and oral communication is not always necessary.
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Fig. 4. Plots of the predicted curve and the historical curve of the diffusion rate of color TV in urban area of China

(4) In this paper we take the effect of nature death on the innovation diffusion into consideration. How-
ever, from the simulation result we can find that β11, β21, d11, d21 are all equal to 0, which means that the
nature death of urban habitants and rural habitants have no obvious effect on diffusion of color TV. Probably
because color TV is either durable product but public for family. Even someone dies, the color TV is inherited
by the members of his or her family.

(5) The ratio of being scrapped before anticipation in rural area is 0, which means that the living standard
and earning in rural area are relatively lower and the habitants of it hardly repurchase color TV after purchase
it. However, 9. 97% color TVs in town are washed out in their span of life.

We also use Bass model to describe and forecast the numbers of the Color TV owned per 100 urban
households and rural households respectively without taking the people shifting between them into account.
With the nonlinear regression, another forecasting model is governed by

{
Ṅ1 = (0.000577843 + 0.00189931N1)(127.69853−N1)
Ṅ2 = 0.0525524(201.82046−N2)

, (12)

in which the coefficient of external influence in town a1 = 0.000577843, the coefficient of the internal influ-
ence b1 = 0.00189931 and those in rural area respectively are 0.0525524, 0. The market potential of color TV
owned per 100 rural households is 127.6985 and that owned per 100 urban households is 201.82046. The R
squared of the first equation of (12) is 0.55581 and that of the second is 0.8021.

Comparing model (11) with model (12) we can see that they are consistent with each other in the simula-
tion of the coefficient of external influence and that of internal influence. The coefficients of external influence
in rural area of China are both close to zero, which means the rural habitant are rarely influenced by external
factors. The coefficients of internal influence in urban are of China are also both close to zero, which means
the urban habitant are rarely influenced by oral communication.

In order to distinguish which prediction model is more accurate, we have drawn the plots of the prediction
curves of different models compared with those of the historical data, which are shown in Fig. 5, Fig. 6, Fig.
7, Fig. 8 respectively.
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Fig. 5. Plots of the historical curve and the predicted curves of diffusion rate of color tv owned per 100 urban households
of china governed by bass model or model (11) respectively
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Fig. 6. Plots of the historical curve and the predicted curves of color tv owned per 100 urban households of china
governed by bass model or model (11) respectively

In which, p me, p Bass denote the predicted numbers governed by model (11) or by Bass model re-
spectively. We also use the data of year 2002-2003 to test the accuracy of model (11), which is shown in Table
2. Compared with Bass model, model (11) is more effective to match the historical data. The Bass model
may underestimate the potential of an new product because of the life-span of an new product. When it come
to the end of the life-span, those who have been adopters of a new product will return to be non-adopters.
Consequently, the market potential will be enlarged.

5 Conclusions

In this paper, we construct an innovation diffusion model with migration between two different colonies
as well as the influence of the product life-span. With the analysis on the innovation diffusion model based
on the members of two colonies moving between each other, and the empirical analysis on the diffusion of
color TV of China, we conclude that the consumers will trend to its maximal market potential under some
given conditions. But the market potential will change according to whether the members shift or not and
with which the companies can forecast the market potential much efficiently. Moreover, during the process of
urbanization and the relaxation of the control of domicile in China, such phenomena should not be ignored

WJMS email for subscription: info@wjms.org.uk



84 Z. Liao & Y. Liu & M. Wu: A class of dynamic new-product diffusion model

0

2

4

6

8

10

12

1
9
8
6

1
9
8
8

1
9
9
0

1
9
9
2

1
9
9
4

1
9
9
6

1
9
9
8

2
0
0
0

Year

rural_r

P_Bass

P_me

Fig. 7. Plots of the historical curve and the predicted curves of color tv owned per 100 rural households of china governed
by bass model or model (11) respectively
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Fig. 8. Plots of the historical curve and the predicted curves of diffusion rate of color tv owned per 100 rural households
of china governed by bass model or model (11) respectively

Table 2. The predicted data of the color tv owned per 100 urban households at the year-end of 2002, 2003 respectively

Year 2002 2003
History data 60.45 67.80

Color TV owned per 100 rural P me 63.34 70.60
households at the year-end Error rate 4.78% 4.13%

P Bass 64.01 71.79
Error rate 5.89% 5.89%
History data 126.38 130.50

Color TV owned per 100 urban P me 126.67 132.14
households at the year-end Error rate 0.23% 1.26%

P Bass 125.08 129.11
Error rate -1.03% -1.07%

since their effect on the economic society system may be vital and significant. If we don’t take the shifting of
people in China into account, there would be less consumers in market potential, which we have validated
in the empirical analysis. Furthermore, compared with Bass model, we find this model is more effective to
predict the potential of color TV in China and the Bass model may underestimate the potential of innovation
because of the life-span of an new product. Since it is much more difficult to get the data, the data of the
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population are directly from related information and empirical estimation. Moreover, the simulation of data
is not accurate enough since we haven’t taken the economic environment, progressive living level, and the
influence of expense decreasing on communication into consideration. Thus, further studies are needed in the
future.
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Appendix

Lemma 1. [18] Let δ = detA and τ = traceA and consider the linear system (4).
(a) If δ < 0 then (4) has a saddle at the origin.
(b) If δ < 0 and τ2− 4δ ≥ 0 then (4) has a node at the origin; it is stable if τ < 0 and unstable if τ > 0.
(c) If δ > 0 and τ2 − 4δ < 0, and τ , 0 then (4) has a focus at the origin; it is stable if τ < 0 and

unstable if τ > 0.
(d) If δ > 0 and τ = 0 then (4) has a center at the origin.

Lemma 2. [20] If a, b ∈ R, then all roots of

h(s) = ses − aes − b = 0

have negative real parts if and only if a < 0 and a < −b < (v2 + a2)1/2, where v is the root of v cot v = a,
such that 0 < v < π.

Lemma 3. [20] Suppose there are differential equations

ẋi =
n∑

j=1

(aij + bij)xj(t), i = 1, · · · , n (13)

and difference equations

ẋi(t) =
n∑

j=1

(aijxj(t) + bijxj(t− τij(t))), i = 1 · · · , n (14)

if all of roots of systems (13) have negative real parts, then exits two positive numbers ∆(aij , bij) > 0, ε =

ε(aij , bij) > 0, if 0 ≤ τij ≤ ∆(j = 1, · · ·n), especially when n = 2, there exits 0 ≤ τ ≤ ab

256A4

[
1 +

48A2

B

]

and all of roots λ of systems (14) satisfy Re(λ) ≤ −ε where A = max{aij , bij}, (i = 1, 2; j = 1, 2),
a = −(a11 + b11 + a22 + b22),

b =
∣∣∣∣

a11 + b11 a12 + b12

a21 + b21 a22 + b22

∣∣∣∣ .

Theorem 1. Suppose θ1 = θ2 = 0, if p1−q1 < 1, and p1−q1 < m1p1 < (v2+(p1−q1)2)1/2, systems (10) has
one and only one positive equilibrium point, which is asymptotically stable. Where pi = biMi − ai − 2biN

∗
i ,

qi = βi1 + di1Mi + δi + θi, v is the root of v cot v = p1 − q1, such that 0 < v < π.

Proof. If ki = 0(i =1, 2), systems (10) can be reduced to




Ṅ1 = (a1 + b1N1(t))(M1 −N1(t))− (β11 + d11M1 + δ1 + θ1)N1(t)
−e−δ1τ1((a1 + b1N1(t− τ1))(M1 −N1(t− τ1)))

Ṅ2 = (a2 + b2N2(t))(M2 −N2(t))− (β21 + d21M2 + δ2 + θ2)N2(t)
−e−δ2τ2((a2 + b2N2(t− τ2))(M2 −N2(t− τ2)))

. (15)
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Denote mi = e−δiτi(i = 1, 2), it’s easy to find there is one and only one positive equilibrium point

(N∗
1 , N∗

2 ) in systems (15). In which, N∗
i =

1
2bi(1−mi)

[(1−mi)(biMi − ai)− (βi1 + δi + θi + di1Mi) +

([(1−mi)(biMi − ai)− (βi1 + δi + θi + di1Mi))2 + 4aiMibi(1−mi)2)1/2 ], (i =1, 2).
Linearize system (15) at equilibrium point(N∗

1 , N∗
2 ) and obtain





dB1

dt
= (p1 − q1)B1(t)−m1p1B1(t− τ1)

dB2

dt
= (p2 − q2)B2(t)−m2p2B2(t− τ2)

. (16)

In which pi = biMi − ai − 2biN
∗
i , qi = βi1 + di1Mi + δi + θi.

Since the two equations of systems (16) are independent, we just discuss the eigenequation of the first
equation.

λ = (p1 − q1)−m1p1e
−λτ1

λeλτ1 − (p1 − q1)eλτ1 + m1p1 = 0. (17)

Based on Lemma 2, the roots of equation (17) have negative real part if p1 − q1 < 1, and p1 − q1 <
m1p1 < (v2 + (p1 − q1)2)1/2. Where v is the root of v cot v = p1 − q1, such that 0 < v < π. Consequently,
if p1 − q1 < 1, and p1 − q1 < m1p1 < (v2 − (p1 + q1)2)1/2, equilibrium (N∗

1 , N∗
2 ) is asymptotically stable.

Similarly, if ki , 0(i = 1, 2), θ1 = θ2 = 0, the remark comes to existence. This completes the proof.

Theorem 2. Suppose ki , 0 (i =1, 2), θ1 = 0, θ2 > 0, if pi + qi < 1, and pi + qi < pie
−δiτ < (v2 + (pi +

qi)2)1/2(i = 1, 2), systems (10) has one and only one positive equilibrium point, which is asymptotically
stable. Where pi = biMi−ai−2biN

∗
i (i = 1, 2), q1 = −(d11M

+
1 β11 + δ1), q2 = −(d21M2 +β21 + δ2 + θ2),

v is the root of v cot v = pi + qi, such that 0 < v < π.

Proof. If ki , 0(i = 1, 2), θ1 = 0, θ2 > 0, systems (10) can be reduced as





Ṅ1 = (a1 + b1N1(t))(M1 −N1(t))− (β11 + d11M1 + δ1)N1(t) + k2θ2N2(t)
−e−δ1τ1((a1 + b1N1(t− τ1))(M1 −N1(t− τ1)))

Ṅ2 = (a2 + b2N2(t))(M2 −N2(t))− (β21 + d21M2 + δ2 + θ2)N2(t)
−e−δ2τ2((a2 + b2N2(t− τ2))(M2 −N2(t− τ2)))

. (18)

Denote mi = e−δiτi(i = 1, 2), and discuss the second equation of systems (18). It is easy to see N∗
2 is

the only equilibrium point of it. In which

N∗
2 =

1
2b2(1−m2)

[(1−m2)(b2M2 − a2)− (β21 + δ2 + θ2 + d21M2) + (((1−m2)(b2M2 − a2)

− (β21 + δ2 + θ2 + d21M2))2 + 4a2M2b2(1−m2)2)1/2 ] ,

Suppose N∗
1 is the positive solution of equation

Ṅ1 =(a1 + b1N1(t))(M1 −N1(t))− (β11 + d11M1 + δ1)N1(t) + k2θ2N
∗
2

− e−δ1τ1(a1 + b1N1(t− τ1))(M1 −N1(t− τ1)),

then

N∗
1 =

1
2b1(1−m1)

[(1−m1)(b1M1 − a1)− (β11 + δ1 + d11M2) + ((1−m1)(b1M1 − a1)

− (β11 + δ1 + d11M1))2 + 4(1−m1)b1(a1M1(1−m1) + k2θ2N
∗
2 )1/2 ] .

Linearize system (18) at equilibrium point (N∗
1 , N∗

2 ) and follow
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{

B
′
1 = (p1 + q1)B1(t) + k2θ2B2(t)−m1p1B1(t− τ1)

B
′
2 = (p2 + q2)B2(t))−m2p2B2(t− τ2)

. (19)

Where pi = biMi−ai− 2biN
∗
i (i = 1, 2), q1 = −(β11 +d11M1 + δ1), q2 = −(d21M2 +β21 + δ2 + θ2).

Then the eigenequation of systems (19) is governed by

D(λ, τ) =
[

p1 + q1 − p1e
−(δ1+λ)τ1 − λ k2θ2

0 p2 + q2 − p2e
−(δ2+λ)τ2 − λ

]
.

So the eigenvalue of systems (19) is λ = pi + qi − pie
−(δi+λ)τi . From Lemma 2, the roots of systems

(19) have negative real part, if and only if pi + qi < 1, and pi + qi < pie
−δiτi < (v2 + (pi + qi)2)1/2. Where

v is the root of v cot v = pi + qi, such that 0 < v < π.
Consequently, if pi + qi < 1, and pi + qi < pie

−δiτi < (v2 + (pi + qi)2)1/2, this equilibrium point is
asymptotically stable. This completes the proof.

Theorem 3. If ki , 0(i =1, 2), θ1 > 0, θ2 > 0, systems (10) has one and only one positive equilibrium

point (N∗
1 , N∗

2 ). If
2∑

i=1
((1− e−δiτi)pi + qi) < 0,

2∏
i=1

((1− e−δiτi)pi + qi)− k1k2θ1θ2 > 0, then there has a

positive number ∆ =
ab

256A4

[
1 +

48A2

B

] > 0, and when 0 ≤ τi ≤ ∆(i = 1, 2), this equilibrium point is

asymptotically stable. Where pi = biMi − ai − 2biN
∗
i , qi = −(di1Mi + βi1 + δi + θi), A = max

i=1,2
{|pi +

qi|, kiθi, |pie
−δiτi |}, a = −

2∑
i=1

(pi + qi − e−δiτipi), b =
∣∣∣∣

p1 + q1 − p1e
−δ1τ1 k2θ2

k1θ1 p2 + q2 − p2e
−δ2τ2

∣∣∣∣.

Proof. If ki , 0(i = 1, 2) , θ1 > 0, θ2 > 0, similarly to the proof of Theorem 3, there has and only has one
positive equilibrium point (N∗

1 , N∗
2 ) in systems (10). Linearize system (18) at equilibrium point (N∗

1 , N∗
2 ) and

follow

{
B
′
1 = (p1 + q1)B1(t) + k2θ2B2(t)− e−δ1τ1p1B1(t− τ1)

B
′
2 = (p2 + q2)B2(t) + k1θ1B1(t)− e−δ2τ2p2B2(t− τ2)

. (20)

In which pi = biMi − ai − 2biN
∗
i , qi = −(di1Mi + βi1 + δi + θi),(i=1, 2).

Denote mi = e−δiτi (i = 1, 2), if τ = 0, systems (20) can be written as
{

Ḃ1 = ((1−m1)p1 + q1)B1(t) + k2θ2B2(t)

Ḃ2 = (1−m2)p2 + q2)B2(t) + k1θ1B1(t)
. (21)

All roots of systems (21) have negative real parts if and only if

T =
2∑

i=1

((1−mi)pi + qi) < 0, D =
2∏

i=1

((1−mi)pi + qi)− k1k2θ1θ2 > 0.

If
n∑

i=1
((1−mi)pi + qi) < 0,

2∏
i=1

((1−mi)pi + qi)− k1k2θ1θ2 > 0, based on Lemma 3 there exit two

positive numbers ∆ =
ab

256A4

[
1 +

48A2

B

] > 0, ε = ε(aij , bij) > 0, and all roots of system (21)

satisfy Re(λ) ≤ −ε¡0 if 0 ≤ τi ≤ ∆(i = 1, 2). Where A = max
i=1,2

{|pi + qi|, kiθi, |pie
−δiτi |}, a =

−
2∑

i=1
(pi + qi − e−δiτipi), b =

∣∣∣∣
p1 + q1 − p1e

−δ1τ1 k2θ2

k1θ1 p2 + q2 − p2e
−δ2τ2

∣∣∣∣ .

Consequently, this equilibrium point is asymptotically stable. This completes the proof.
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